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1. a) We have

An+1 −An = E(Xn+1 | Fn)−Xn = E(Xn + ξn+1 | Fn)−Xn = Xn + E(ξn+1)−Xn = 2p− 1,

that is, An = n(2p− 1) and Mn = Xn −An = Xn − n(2p− 1).

b) Here, we have

An+1 −An = E(Xn+1 | Fn)−Xn = E(S2
n+1 | Fn)− S2

n = E(S2
n + 2Sn ξn+1 + ξ2n+1 | Fn)− S2

n

= S2
n + 2SnE(ξn+1 |Fn) + E(ξ2n+1 | Fn)− S2

n = 2Sn E(ξn+1) + E(ξ2n+1) = 1,

so An = n and Mn = Xn − An = S2
n − n. Notice that we have already proven in Homework 5,

Exercise 3, that (Mn = S2
n − n, n ∈ N) is a martingale.

2. a) T is neither a stopping tiome, nor it is bounded.

b) T is an unbounded stopping time.

c) T is not a stopping time, but it is bounded.

d) T is a bounded stopping time.

3. a) We need to check that for all n ∈ N, {T = n} ∈ Fn. Indeed,

{T = n} = {|Si| < a, ∀1 ≤ i ≤ n− 1 and |Sn| ≥ a} = ∩n−1
i=1 {|Si| < a} ∩ {|Sn| ≥ a} ∈ Fn,

since each {|Si| < a} ∈ Fi ⊂ Fn.

b) Applying Doob’s optional stopping theorem, we have E(MT ) = E(M0) = 0, so E(S2
T − T ) = 0.

This implies that E(T ) = E(S2
T ) = a2, since at time T , |ST | = a (by definition of what T is).

4. Let m ∈ N and U be an Fm-measurable and bounded random variable. Let us also define

Hn =
{
U, if n = m+ 1,
0, otherwise.

Then (Hn, n ∈ N) is predictable and for m < N , we have by assumption taht Mm is Fm-measurable
and also that

0 = E((H ·M)N ) = E(U(Mm+1 −Mm)).

Therefore, Mm = E(Mm+1|Fm), so (Mn, n ∈ N) is a martingale.


