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Solutions 5

1. a) comes from the fact that E(E(X|F)) = E(X).
b) comes from the fact that M, is F,-measurable.

¢) Let us show this by induction. We know that E(M,,4+1|F,) = M,,. Suppose now that E(M, 1, |F,) =
M, for some m > 1. Since F,, C F,+m, we have

E(Mn—i-m%-l‘}—n) = E(E(Mn—i-m—l-l’}—n—i-m)’fn) = E(Mn+m|fn) = My,

by the martingale property and the induction hypothesis. The conclusion therefore holds.

2. a) By Jensen’s inequality, we know that

E(p(Xnt1)|Fn) = o(B(Xni1]Fn))-

We also know that E(X,,11|F,) > X,, since (X,) is a submartingale. The function ¢ needs
therefore to be also increasing in order to ensure that

E(p(Xnt1)|Fn) 2 0(Xn).

b) In particular, (X?2) need not necessarily be a submartingale, whereas (exp(X,,)) is.

3. a) Clearly, since Sp = 0,51 = &1,...,5, = & + ... + &, (S0,51,...,5,) is a function of
(&1,...,&n), so the natural filtration

FS=0(Sy,...,5) Collr,....&),

On the other hand, &, = S, — Sp,—1 for all n > 1, so (&1,...,&,) is also a function of (Sy, S1,...,S)
and therefore,
U(glu'--7§n) C 0(307--~7Sn) :-7:5

b) For all n, S2 — n is clearly integrable and also F,-measurable. There remains therefore to prove
that
E(Spii—(n+1)|Fa)=Sp—n, VneN.

ie.

E(S2, | F,) =S2+1, VYneN.

This holds true, since

E(ng—f—l |-7'—n) = E((Sn + §n+1)2 ‘]:n) = E(Sg + 2Snfn+1 + 5721-1—1 |~7'—n)
= S24+25.E (&t | Fmn) + E(E 1| Fn) = S2 + 28,E(&ns1) + E(E 1) = S+ 1.



4. a) Yes. Let us denote by (&,, n > 1) the process defined as &, = +1 if the n” coin toss falls on
“heads” and &, = —1 if the n** coin toss falls on “tails”. The bet H,, at time n is given by

0, if& =+1,

Hy=1, Hpi1= { 2H,. i — 1,

and the gain of the player at time n is given by

Gn=) Hi&.
i=1

This process can indeed be shown to be a martingale. Let Fy = {0, Q} and F,, = o(&1,...,&).
Then following the same procedure as in exercise 3.a), it can be shown that (F,,n € N) is the
natural filtration of the process (G, n € N). So G,, is F,-measurable, E(|G,|) < oo for all n (this
requires a small check) and

E(Gn—i-l’]:n) = E(Gn + Hn+1 fn—l-l‘fn) = E(Gn’fn> + IE(Hn+1 §n+1‘-7:n)
Gn + Hn+1 E(fn—l—l‘fn) - Gn + Hn+l E(gn—i—l) - Gn +0 = Gna

—
*
~

where (%) comes from the fact that both G,, and H,;1 are F,-measurable.

b) Suppose that the first “heads” comes out at time 7"=n > 1. Then the gain of the player is
—1-2—4—.. . 2" lpon—1,

which does not depend on n. So whatever the time 7', the gain of the player at this time is 1 franc.

c¢) There is a seeming contradiction, as Gy = 0 and Gr = 1, so E(Gr) =1 # 0 = E(Gy). But as
we will see, stopping a martingale at a random unbounded time is not innocent...



