Stochastic Calculus 11 EPFL - Spring Semester 2008-2009

Homework 6

Exercise 1. (the “true” Feynman-Kac formula)
In this exercise, we are looking for a probabilistic representation of the solution of the following
PDE:

1
wi{t,@) + 5 () + et ) ult, ) = 0, (t,0) € [0,T] x R,

u(T,z) = h(x), z € R,
where T'> 0, h € C(R) and ¢ : [0,7] x R — R is a continuous function.
a) Let u be the solution of the above equation and (B{®", t > t3) be a Brownian motion starting

from z¢ € R at time ¢y € [0, 7. We define the processes

t
Cy = exp (/ c(s, Blo*0) ds> and M; = Cyu(t, B™), for t € [to, T).

to
Using successively the integration by parts and Ito-Doeblin’s formulas, show that the process
(My,t € [to,T]) is a martingale.

b) Deduce an expression for u(tg, xo).

Exercise 2. Let us consider the following PDE:

1
up(t, ) = —axul(t,z) + 3 ul (t,x), (t,z) € Ry xR,

U(O,Qf) = UO(x)v r eR,
where ug € C'(R).

a) For a given T'> 0 and x € R, find the process (X7, ¢ € [0,T]) associated to the above equation
and deduce a probabilistic representation for the solution u(7, x) of the equation.

b) Given what you already know on the distribution of the process X7, deduce an expression as
explicit as possible for u(T, x). Consider the particular case

uo(y) = max(y, 0).

Exercise 3. Let us consider the following PDE:

1
wh(t, z) = —%ug(t,x) + Ul (ta), (to) €R: xR,

u(0, 2) = (), PeR
where ug € C(R).

a) For a given T' > 0 and x € R, find the process (X[, t € [0,T]) associated to the above equation
and deduce a probabilistic representation for the solution u(7, z) of the equation.

b) What’s wrong here?



