Stochastic Calculus 11 EPFL - Spring Semester 2008-2009

Homework 1

Exercise 0*. Let (M, t € R;) be a continuous square-integrable martingale with respect to a
filtration (F, t € Ry).

a) Show that Cov(M;, M;) is only a function of ¢t A s := min(¢, s), and not of ¢ and s separately.
b) Show that Var(M;) > Var(Mj), ift > s> 0.

c) Let (IV¢, t € Ry) be another martingale with respect to the same filtration (F, ¢ € Ry), such
that E(Ng) = E(Mp) and N; > M, a.s., for all t € Ry. Show that Ny = M, a.s., for all t € R;..

Exercise 1. Let (B, t € Ry) be a standard Brownian motion and let

t t
Mt:/ SdBS, Nt:/ SdMs.
0 0

a) Compute the quadratic variation of M.
b) Compute the quadratic variation of V.

¢) Knowing that the process N may be written as N; = fot f(s) dBs, can you deduce an expression
for the function f(s)?

Exercise 2. Let (B, t € Ry) be a standard Brownian motion and let

t t
Mt = / 68 dBS, Nt = / 6_8 dMs
0 0

a) Compute the quadratic variation of M.
b) Compute the quadratic variation of V.

¢) What can you deduce on the process N?

Exercise 3. Let (B, t € Ry) be a standard Brownian motion and let

t t
Mt:/ ¢S dBs, Nt:/ e~ dB,.
0 0

a) Compute the quadratic covariation of B and M.
b) Deduce from a) the value of E(B; M;).

¢) Compute the quadratic covariation of M and N.

t t
E(/ des/ Sst)-
0 0

d) Deduce from c) the value of



