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1. a) Since Wt is a sum of stochastic integrals, it is a (continuous) martingale. Its quadratic
variation is given by

〈W 〉t =
n∑

i,k=1

∫ t

0

B
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s B

(k)
s

‖Bs‖2
d〈B(i), B(k)〉s =
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0
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s )2

‖Bs‖2
ds =

∫ t

0
1 ds = t.

Therefore, by Lévy’s theorem, Wt is a standard Brownian motion.

b) For x 6= 0, we have

f ′xi
(x) =

xi

‖x‖
and f ′′xi,xk

(x) =
δik
‖x‖
− xi xk

‖x‖3
,

so ∆f(x) =
n− 1
‖x‖

and

‖Bt‖ =
n∑

i=1

∫ t

0

B
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s
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s +
1
2

∫ t

0

n− 1
‖Bs‖

ds.

By using the result in part a), we therefore obtain that Rt = ‖Bt‖ satisfies the equation

Rt = Wt +
∫ t

0

n− 1
2Rs

ds.

2. a) A =
(

0 1
−1 0

)
, Σ =

(
0
σ

)
and z0 =

(
x0

0

)
.

b) By the class, we know that Φt = exp(tA), where

exp(tA) =
∞∑

n=0

tnAn

n!
.

As A2 = −I, we obtain that A2k = (−1)k I, A2k+1 = (−1)k A and

exp(tA) =
∞∑

k=0

(−1)k t2k

(2k)!
I +

∞∑
k=0

(−1)k t2k+1

(2k + 1)!
A = cos(t) I + sin(t)A =

(
cos(t) sin(t)
− sin(t) cos(t)

)
.

c) These formulas are easily proved using trigonometric relations such as cos(−t) = cos(t) and
cos(t+ s) = cos(t) cos(s)− sin(t) sin(s).

d) By the class, we know that

Zt =
∫ t

0
Φt−s Σ dBs + Φt z0.

Therefore,

Xt = σ

∫ t

0
sin(t− s) dBs + cos(t)x0 and Yt = σ

∫ t

0
cos(t− s) dBs − sin(t)x0.

e)
dXt

dt
= limε→0

1
ε (Xt+ε −Xt) = limε→0

1
ε

∫ t+ε
t sin(t+ ε− s) dBs + Yt = Yt,

as E((1
ε

∫ t+ε
t sin(t+ ε− s) dBs)2) = 1

ε2

∫ t+ε
t sin(t+ ε− s)2 ds = 1

2ε2 (ε− sin(2ε)/2) = O(ε).


