Stochastic Calculus 11 EPFL - Spring Semester 2008-2009

Solutions 5

1. a) Given the assumnptions made, we obtain that both f(¢,x) = u(t) x and g(t,z) = o(t) z are
jointly continuous in (¢, ) and also Lipshitz in z. Indeed, we have e.g. for f:

[f(t2) = f(L )] < u@®)] |z -yl < Kile—yl, Vi z,y.

By the theorem seen in class, we therefore know that there exists a unique strong solution to the
SDE. Let now Y; = log(X¢). By Ito-Doeblin’s formula,

1 11
dY, = — dX; — = — d(X);.
TX,T 2 x? (X

As d(X); = o(t)? X2 dt, we obtain that

1
dY; = p(t)di+o(t) dB; — 5 o(t)? dt,

i.e.
t 2 t
Y =yo+/ (u(s) — 0(;) > ds+/ o(s) dBs.
0 0
Therefore,
t 2 t
X (t) = xo exp (/ (u(s) - U(;) ) ds +/ o(s) dBS) )
0 0
b) Let M; = — g ch((j))gzg dBs; = — g 55‘3 dB,. We check that

The process Y; = exp(M; — (M), /2) is therefore a martingale and Pr(A) = E(14 Y7) is a probability
measure. By Girsanov’s theorem, we know that (X, ¢ € [0,7]) is a martingale under Pr. In
addition, the process defined as

Et:Bt—<M,B>t:Bt+/tHES;dS
0o O(s

is a standard Brownian motion under Pp, and

dX, = o(t) X, dB,, Xo=0,

X, = x0 exp (/Ota(s) dB, — /Ot 0(5)2 ds) :

For ease of notation, let us write o7 = fot o(s)?ds. Notice also that under Py, f(f o(s)dB; ia a

Gaussian random variable with zero mean and variance o7.

SO




¢) Following what has been done in class, we obtain that the premium is

~ _ 2

o = Ep(max(Xr — K,0)) = Erp <max (zo exp (/OT o(s)dBs — ‘72T> - K, 0)>
= /RdypT(y) max (1’0 exp <y - Uj) - K, 0> :

pr(y) = ! exp (— v ) .
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where

Let us push the computation further and define yo = log(K/xo) + 02./2. We obtain that

00 1 _ 2)\2 00 1 2
cg = xo dy exp <—(y02T)> - K dy exp <_y>

2
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0 <1—N<7*’0;T‘7%>> K (1—N (é’;)) = 2o N(d1) — K N(ds),

where

2. The premium C} at time ¢ must allow the seller to hedge the option with a strategy (¢s, s € [t,T])
so as to recover the wealth Cr = max(Xr — K,0) at time 7". Therefore,

T
CT—ct+/ 6o dX, = Cy + Gr — Gi,
t

where

t
Gt:/ ¢sts-
0

We have seen in class that under the probability measure E’T, X is a martingale, and so is the
process G. Therefore,

Er(Cr|F) = Er(Co|F) + Er(Gr — G| F) = Cy + Ep(Gr|Fy) — Gy = C,

i.e.

Ct = ET(CTLFt) == ET(max(XT — K, 0)|ft)
Besides, dX; = o X; dét, SO

~_c72t n _0'2T [ > _UQ(Tft)
X, =20e"B %, Xp=120e"P7""% and Xp = X;e (Br—B) 2

Given that X; is F;-measurable and ET — E is independent of F;, we obtain that

C; = Er(max(Xr — K,0)|F) = o(T — t, Xy),



where

oT —t,z) = Ep (max <m exp <g(§T — B, — "22 (T — t)> - K, 0))

= /Rdym_t(y) max (x exp (Uy = 022 (T - t)) - K, 0)

and

-1 v’
0= g o (o)

Defining now yo = = (log(K/x) + 02 (T — t)/2), we obtain that

g

I N A rac s
(T —t,x) = . dy T D) p( 2T —1) )

') 1 y2
I Vo ey (_2<T—t>>

(v () ) ke (1o ()

= xN(di) — K N(dy),

where

dy = a\/% <log (%) + 02(2_75)> and dy = a\/;Tt (log (%) — 02(1;_75)> .

Notice that this formula is actually the same as the formula seen in class with x( replaced by =z,
the value of the stock at time ¢, and T replaced by T — ¢, the time-to-maturity. We could therefore
have guessed this formula for ¢(7 —t, z) from the start. Notice also that we now have a description
of the option price as a process Cy = ¢(T" — t, X;) evolving in time.

3. Following again what has been done in class, the premium cq is given by
co = ET(lXT>K) = IF)T(XT > K)
As X7 =z exp(c By — 02T/2) and By ~ N(0,T) under Py, we obtain that
~ ~ a*T o
co = Pr <96'0 exp (UBT - 2) > K) = / dy pr(y),

Yo

where

_ lo K +U2—T and (y) = ! e —y—2
=5 1%\ 4% 2 i) =" P\ Tar )

o=1-N (5‘%) =N (-%) = N(ds) where dy= ml/T <10g (%) - ‘722T> .

Notice that ¢ = N(dz) is a probability between 0 and 1 (which is consistent with the fact that the
option payoff takes values in {0,1}). However, it is not the true probability that X7 > K given
that Xog = xzo; it is actually this probability under the risk-neutral measure Py, as the first line
shows.

So



