
Stochastic Calculus II EPFL - Spring Semester 2008-2009

Solutions 3

1. a) Let Φt be the solution of dΦt = µΦt dt, Φ0 = 1: Φt is given by the expression Φt = exp(µ t).

b) Set Xt = Φt Zt; we have

dXt = Zt dΦt + Φt dZt + 0 = µΦt Zt dt + Φt dZt

= µXt dt + σ Xt dBt,

where the first line follows from the integration by parts formula and the second line is obtained
by rewriting simply the equation for Xt. From the above equation, we obtain that dZt = σ Zt dBt.
Moreover, Z0 = x0 and

〈Z〉t = σ2

∫ t

0
Z2

s ds.

c) Set Yt = log(Zt); by Ito-Doeblin’s formula, we have (reminder: log(x)′ = 1
x and log(x)′′ = − 1

x2 ):

Yt − log(x0) =
∫ t

0

1
Zs

dZs −
1
2

∫ t

0

1
Z2

s

d〈Z〉s = σ

∫ t

0
dBs −

σ2

2

∫ t

0
ds = σ Bt −

σ2

2
t,

therefore

Xt = Φt exp(Yt) = x0 exp
((

µ− σ2

2

)
t + σ Bt

)
.

2. a) By the class, the solution of this SDE reads Xt =
∫ t

0

Φt

Φs
dBs, where dΦt = − Φt

1− t
dt, Φ0 = 1.

Solving this ODE gives

Φ′
t

Φt
= − 1

1− t
⇒ log(Φt) = log(1− t) + C ⇒ Φt = 1− t since Φ0 = 1.

So Xt =
∫ t

0

1− t

1− s
dBs and X1 =

∫ 1

0
0 dBs = 0.

b) E(Xt) = 0 and for t ≥ s, we have

Cov(Xt, Xs) = E(Xt Xs) = (1− t) (1− s)
∫ s

0

1
(1− r)2

dr = (1− t) (1− s)
(

1
1− s

− 1
)

= (1− t) s,

thus, for general t, s, we have

Cov(Xt, Xs) = (1− (t ∨ s)) (t ∧ s) et Var(Xt) = t (1− t),

where t ∨ s := max(t, s). Notice that for t, s close to 0, we have

• Cov(Xt, Xs) ' t ∧ s (that is, (Xt) resembles to a Brownian motion, close to t = 0);

• Cov(X1−t, X1−s) ' t ∧ s (that is, (X1−t) also resembles to a Brownian motion, close to t = 0).
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3. a) By Ito-Doeblin’s formula, we have

X2
t = 1 + 2

∫ t

0
Xs dXs + 〈X〉t = 1−

∫ t

0
X2

s ds− 2
∫ t

0
Xs Ys dBs +

∫ t

0
Y 2

s ds,

Y 2
t = 0 + 2

∫ t

0
Ys dYs + 〈Y 〉t = −

∫ t

0
Y 2

s ds + 2
∫ t

0
Ys Xs dBs +

∫ t

0
X2

s ds,

so X2
t + Y 2

t = 1.

b) We have

Zt = −1
2

∫ t

0
Xs Ys ds+

∫ t

0
X2

s dBs+
1
2

∫ t

0
Ys Xs ds+

∫ t

0
Y 2

s dBs = 0+
∫ t

0
(X2

s +Y 2
s ) dBS =

∫ t

0
1 dBs = Bt.

c) We have

dXt = d cos(Θt) = − sin(Θt) dΘt −
1
2

cos(Θt) d〈Θ〉t,

dYt = d sin(Θt) = + cos(Θt) dΘt −
1
2

sin(Θt) d〈Θ〉t.

Therefore, by a computation very close to the one above,

Zt =
∫ t

0
cos(Θs) d sin(Θs)−

∫ t

0
sin(Θs) d cos(Θs) = 0+

∫ t

0
(cos(Θs)2+sin(Θs)2) dΘs =

∫ t

0
1 dΘs = Θt,

so Θt = Bt!
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