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Solutions 3

1. a) Let @, be the solution of d®; = p ®; dt, P9 = 1: P, is given by the expression &; = exp(ut).
b) Set X; = &4 Z;; we have

dXt = thq)t+(I)tdZt+0:,u(I)ttht+(I)tdZt
== /,LXtdt+0XtdBt,

where the first line follows from the integration by parts formula and the second line is obtained
by rewriting simply the equation for X;. From the above equation, we obtain that dZ; = o Z; dB;.
Moreover, Zy = xg and

t
(Z); = 02/ Z2 ds.
0

c) Set Y; = log(Z;); by Ito-Doeblin’s formula, we have (reminder: log(z)’ = 1 and log(z)” = —%):
t 1 1 t 1 t 0_2 t 0.2
— - | —azi—= | —d2e=0] aB.-Z [ ds=oB, — T,
og(xo) /on 2/0Z52<> 0'/0 Q/OSO't 5

2
X = @, exp(Yy) = xo exp <<,u— U) t—i—JBt) .
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a) By the class, the solution of this SDE reads X; = / at dBs, where d®; = —
0
Solving this ODE gives ’

@' 1
=-1—; = log(®;) =log(l1—t)+C = @, =1—1t since Py=1.

1—t !
So X; = /dB and X = /OdBSZO.
0

b) E(X;) =0 and for ¢t > s, we have
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Cov(Xy, Xy) = B(X; Xy) = (1 — ) (1 s) /08( !

mdr:(l—t)(l—s) <1

- 1> =(1—1)s,
thus, for general ¢, s, we have
Cov(Xy, Xs)=(1—=(tVvs))(tAs) et Var(Xy) =t(1—1t),

where ¢V s := max(t, s). Notice that for ¢, s close to 0, we have
e Cov(Xy, Xs) ~ t A s (that is, (X;) resembles to a Brownian motion, close to ¢ = 0);

e Cov(Xy_¢, X1-5) >~ t A s (that is, (X1-¢) also resembles to a Brownian motion, close to t = 0).



3. a) By Ito-Doeblin’s formula, we have
¢ ¢ t t
X2 = 1+2/ XSdXS+(X>t—1—/ X3d3—2/ XSstBSJr/ Y2 ds,
0 0 0 0
t t t t
Y2 = 0+2/ YSdY;Jr(Y)t——/ des+2/ YSXSdBSJr/ X2ds,
0 0 0 0
so X2+ Y72 =1.
b) We have
1 [t t 1 [t t t t
Zy = —/ XSYSds—s—/ X2 dBS+/ Y, X, ds—l—/ Y2dB, = 0+/ (X24Y2)dBs = / 1dBs = B;.
2.Jo 0 2 Jo 0 0 0
c) We have
1
dX; = dcos(©) = —sin(0;) dO; — 3 cos(0y) d(O)y,
1
dY; = dsin(0:) = +cos(0;) dO; — 3 sin(Oy) d(O);.

Therefore, by a computation very close to the one above,

t t t t
Zy = / cos(0O;) dsin(@s)—/ sin(O;) d cos(B;) = (H—/ (cos(©5)?+sin(0,)?) dOs = / 1dOs = Oy,
0 0 0 0

SO @t = Bt'



