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Solutions 2

1. a) We have

Xt = sin(Bt) =
∫ t

0
cos(Bs) dBs −

1
2

∫ t

0
sin(Bs) ds,

Yt = et/2 sin(Bt) =
1
2

∫ t

0
es/2 sin(Bs) ds +

∫ t

0
es/2 cos(Bs) dBs −

1
2

∫ t

0
es/2 sin(Bs) ds

=
∫ t

0
es/2 cos(Bs) dBs,

so Y is martingale, but X is not.

b) 〈X〉t =
∫ t
0 cos(Bs)2 ds, 〈Y 〉t =

∫ t
0 es cos(Bs)2 ds,

〈X, B〉t =
∫ t

0
cos(Bs) ds, 〈Y, B〉t =

∫ t

0
es/2 cos(Bs) ds and 〈X, Y 〉t =

∫ t

0
es/2 cos(Bs)2 ds.

2. a) By Ito-Doeblin’s formula, we have

X2
t = 2

∫ t

0
Xs dXs +

1
2

∫ t

0
2 d〈X〉s = 2

∫ t

0
Xs dXs + 〈X〉t.

Now, 〈X〉t =
∫ t
0 σ(Xs)2 ds, so

X2
t = 2

∫ t

0
Xs µ(Xs) ds + 2

∫ t

0
Xs σ(Xs) dBs +

∫ t

0
σ(Xs)2 ds.

In the case where 2xµ(x) + σ(x)2 = 0 for all x ∈ R, we therefore obtain

X2
t = 2

∫ t

0
Xs σ(Xs) dBs,

which is a martingale.

b) In general,

〈X〉t =
∫ t

0
σ(Xs)2 ds and 〈X2〉t = 4

∫ t

0
X2

s σ(Xs)2 ds.

3. a) Since∫ t

0
Xs ◦ dYs =

∫ t

0
Xs dYs +

1
2
〈X, Y 〉t and

∫ t

0
Ys ◦ dXs =

∫ t

0
Ys dXs +

1
2
〈Y, X〉t

and since 〈Y, X〉t = 〈X, Y 〉t, the integration by parts formula reads

Xt Yt −X0 Y0 =
∫ t

0
Xs ◦ dYs +

∫ t

0
Ys ◦ dXs.
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b) We have

Mt =
∫ t

0
Xs dYs +

1
2
〈X, Y 〉t =

∫ t

0
eBs dBs −

1
2

∫ t

0
eBs ds +

1
2
〈eB, B〉t.

Since

eBt − 1 =
∫ t

0
eBs dBs +

1
2

∫ t

0
eBs ds,

we obtain that 〈eB, B〉t =
∫ t
0 eBs ds, so

Mt =
∫ t

0
eBs dBs −

1
2

∫ t

0
eBs ds +

1
2

∫ t

0
eBs ds =

∫ t

0
eBs dBs

is indeed a martingale (one can check that the technical condition E(
∫ t
0 exp(2B2) ds) < ∞ is verified

for all t ∈ R+).
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