Stochastic Calculus 11 EPFL - Spring Semester 2008-2009

Solutions 2

1. a) We have
t 1 t
X, = sin(By) = [ cos(Bs)dBs — 2/ sin(By) ds,
0 0
1 t t 1 t
Y, = e?sin(By) = 2/ e*/? sin(By) ds +/ e*/? cos(Bs) dBs — 2/ e*/? sin(By) ds
0 0 0

¢
= /65/2 cos(Bs) dBs,
0

so Y is martingale, but X is not.

b) (X); = i cos(Bs)?ds, (Y); = [ e® cos(Bs)? ds,

t t t
(X,B); = / cos(By)ds, (Y,B); = / ¢*/? cos(By)ds and (X,Y), = / e*/? cos(By)? ds.
0 0 0

2. a) By Ito-Doeblin’s formula, we have
t 1 [t t
X3=2/ Xsts+2/ 2d<X>5:2/ XsdXs + (X)i.
0 0 0
Now, (X); = fot o(Xs)? ds, so
t t t
X = 2/ Xsu(Xs)ds+2/ Xsa(Xs)dBS—i-/ o(X,)? ds.
0 0 0
In the case where 2z u(z) + o(2)? = 0 for all z € R, we therefore obtain
t
X} = 2/ X, 0(X,)dBs,
0

which is a martingale.

b) In general,
t t
(0= [Colx)Pds and (X% =1 [ XZo(x,Pds
0 0

3. a) Since

t t 1 t t 1
/ X, 0dY, :/ XydYs+ 5 (X.Y), and / Y, 0dX, :/ YodX+ 5 (Y, X),
0 0 0 0
and since (Y, X); = (X,Y)s, the integration by parts formula reads

t t
Xth—XoYOZ/ XsOdYS+/ Ys0dX,.
0 0

1



b) We have

! 1 ! 1 [ 1
Mt_/ X5d}/tg+2<X7Y>t_/ €BSdBS—§ / eBS d3+*<eB,B>t.
0 0 0

2
t 1 t
eBtlz/eBSstJr/eBsds,
0 2 Jo

we obtain that (e, B); = fg ePs ds, so

t 1 t 1 t t
M; = / eBsdB, — = / eBs ds + = / ePs ds = / eBs dB,
0 2 Jo 2 Jo 0

is indeed a martingale (one can check that the technical condition E( fg exp(2B2) ds) < oo is verified
for all t € Ry).

Since



