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Solutions 1

0*. a) If t ≥ s, then Cov(Mt,Ms) = E(Mt Ms) − E(Mt) E(Ms) = E(E(Mt | Fs) Ms) − E(M0)2 =
E(M2

s ) − E(M2
0 ) is only a function of s. So in the general case, Cov(Mt,Ms) is only a function of

t ∧ s.

b) Var(Mt) = E(M2
t )− E(Mt)2 ≥ E(M2

s )− E(Ms)2 = Var(Ms), since (M2
t ) is a submartingale.

c) By assumption, Nt − Mt ≥ 0 a.s., for all t ∈ R+. But since both M and N are martingales,
E(Nt −Mt) = E(N0 −M0) = 0, also by assumption. So Nt −Mt = 0 a.s., for all t ∈ R+.

1. a) 〈M〉t =
∫ t
0 s2 ds = t3/3.

b) 〈N〉t =
∫ t
0 s2 d〈M〉s. Since 〈M〉s = s3/3, d〈M〉s = s2 ds and thus, 〈N〉t =

∫ t
0 s4 ds = t5/5.

c) f(s) = s2. Indeed, 〈
∫ ·
0 s2 dBs〉t =

∫ t
0 s4 ds = t5/5 is equal to the quadratic variation of N .

NB: Mt =
∫ t
0 s dBs may be rewritten in differential form as dMs = s dBs, so Nt =

∫ t
0 s dMs =∫ t

0 s2 dBs.

2. a) 〈M〉t =
∫ t
0 e2s ds = (e2t − 1)/2.

b) 〈N〉t =
∫ t
0 e−2s d〈M〉s. Since 〈M〉s = (e2s−1)/2, d〈M〉s = e2s ds and thus, 〈N〉t =

∫ t
0 e2s e−2s ds =∫ t

0 1 ds = t.

c) Since 〈N〉t = t, N is the Brownian motion B.

3. a) 〈B,M〉t =
∫ t
0 1 es ds = et − 1.

b) E(BtMt) = E(〈B,M〉t) = et − 1.

c) 〈M,N〉t =
∫ t
0 es e−s ds = t.

d)

E
(∫ t

0
s dMs

∫ t

0
s dNs

)
= E

(∫ t

0
s2 d〈M,N〉s

)
=

∫ t

0
s2 ds =

t3

3
.


