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Abstract

In the past 20 years, codes on graphs have found their way from academic
research into everyday communication systems. Most modern communications
standards use codes on graphs as their main means of establishing an efficient
and reliable link.

The literature on codes on graphs is substantial, with most of it focusing on
code constructions and their analysis when the block length tends to infinity.
This has lead to a large number of known constructions which all perform well in
the asymptotic limit. But how do these codes perform for “practical” lengths?
This is a challenging question which has considerable practical relevance.

Scaling laws are perhaps the most promising avenue for answering this
question. For codes on graphs the idea of scaling laws was previously explored
for the binary erasure channel and it was shown in this case how to compute the
scaling parameters and how to accomplish a finite-length code optimization.

We show that a similar approach can be carried through for general binary
memoryless symmetric channels. More precisely, we investigate the form of the
scaling laws as well as means of computing the scaling parameters for various
iterative decoding algorithms and irregular low- density parity-check codes. We
first show how to compute the message variance for a fixed number of iterations
for irregular low-density parity-check ensembles. From these calculations the
basic scaling parameter o can be deduced. By means of examples we demon-
strate that the predicted performance is a very good indicator for the actual
measured data. This opens up the way of using scaling laws in a constructive
fashion, as part of a finite-length optimization routine.

Our aim is to provide an easily usable finite-length optimization tool that
is applicable to the wide variety of channels, blocklengths, error probability
requirements, and decoders that one encounters in practical systems. The tool
is aimed at non-experts in the field, who need to quickly find code designs that
are comparable with the best known codes available today but do not have the
luxury of spending months in doing so.






Résumé

En 20 ans, les codes sur graphes sont passés de la recherche académique a des
applications concretes dans les systémes de communication utilisés quotidien-
nement. En particulier, les standards de communication moderne utilisent les
codes sur graphes comme un moyen privilégié d’établir un canal de communi-
cation sur et de qualité.

Il existe de nombreux travaux relatifs aux codes sur graphes. Ces travaux
se concentrent en grande partie sur la construction de ces codes ainsi que sur
leur analyse lorsque la taille des blocs tend vers l'infini. Cela conduit a de
multiples constructions de codes avec de bonnes performances asymptotiques.
Mais quelle est la performance de ces codes pour les tailles de blocs utilisées en
pratique? Il s’agit d’une question primordiale d’'une importance considérable.

Les lois d’échelle sont probablement la piste la plus prometteuse pour es-
sayer de répondre a cette question. Dans le passé, cette approche a été ap-
pliquée au cas du canal binaire a effacement pour lequel il a été montré com-
ment calculer les parametres d’échelle et optimiser les codes de tailles finies.

Nous montrons qu’une approche similaire peut étre utilisée pour I’ensemble
des canaux binaires, symétriques, sans mémoire. Plus précisément, nous étudions
la forme des lois d’échelle et les facons de calculer les parametres d’échelle pour
différents types d’algorithmes itératifs de décodage et codes LDPC irréguliers.
Dans un premier temps, nous montrons comment calculer la variance des mes-
sages pour un nombre fixé d’itérations, pour les ensembles LDPC irréguliers.
De ces calculs nous pouvons également déduire le parametre d’échelle de base,
«. Nous utilisons ensuite des exemples pour démontrer que les performances
prédites sont trés proches des données mesurées. Ceci ouvre la porte pour
I'utilisation des lois d’échelle dans le contexte de I'optimisation des codes de
taille finie.

Notre but est d’offrir un outil d’optimisation des codes de taille finie facile a
utiliser et applicable a une grande variété de scénarios en terme de canaux, taille
de blocs, seuil de probabilité d’erreur et décodeur. Cet outil vise des utilisateurs
non-experts, désireux de construire rapidement des codes aux performances
comparables celles des meilleurs codes disponibles sur le marché.
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Introduction

1.1 History of Scaling Laws for LDPC Codes

Assume that you want to optimize a sparse graph code under iterative decoding
for a fixed length. In general, it is not optimal to choose the code with the
best asymptotic (in the blocklength) performance since the convergence speed
of different ensembles to this asymptotic limit varies considerably and this
difference can therefore not be ignored. We are hence looking for good finite-
length approximations of the performance. If the approach is to be of any
practical value it must be quite flexible, amenable to the analysis of the large
collection of ensembles as well as to the variety of message-passing decoders
(quantizations of BP) that have been proposed to date.

One possible approach is to use scaling laws, which have a long and success-
ful history in statistical physics. We refer the reader to the books by Fisher
[1] and Privman [2]. The idea of scaling laws was introduced into the coding
theory literature by Montanari [3]. By means of a specific example (regular
ensemble, binary symmetric channel (BSC) with parameter €) he showed that
if one plots the block error probability as a function of the “scaled variable”
z = /n(e®F — €) (where €®" is the density evolution threshold under belief
propagation (BP)), then the curves corresponding to increasing blocklengths
quickly converge to a single “mother curve”, called the scaling function. The
results of [3] are repeated in Figure 1.1.

This suggested that if one were able to analytically determine the scaling
function as well as the scaling parameters for a given system (degree distribu-
tion, channel and decoder) then it would be possible to efficiently and accu-
rately predict the finite-length performance of iterative coding systems.

The first analytic result was derived by Amraoui, Montanari, Richardson,
and Urbanke [4, 5]. They showed that, for transmission over the binary erasure
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Figure 1.1: Left: Simulation of the block error probability of(g_&),%)—code trans-
mitted over a BSC and decoded with a belief propagation decoder. The corre-
sponding threshold is €B” = 0.084. Right: Rescaled block error probability with
respect to z = y/n(e — 7). Note that the simulation points all cluster around a
single mother curve. Both figures are taken from [3].

channel (BEC) with parameter €, the block error probability behaves like
z
Py(z) = Q(Z) (1 +0n(1)),

where z = /n(e®F — ¢) and where €2F is the threshold of the ensemble under
BP decoding. They further conjectured that, more accurately,

Py(z) = Q(Z) (1 +0(n~)), (1.1)

W=

where z = \/n(e®” — fn=3 — ¢), and where the term Sn~3 represents a finite-
length shift of the threshold. More precisely, €5 (n) — €5F (c0) = An =3 4 0, (1),
where €2F(n) is the finite-length threshold, i.e., the channel parameter where
the average block error probability of the ensemble of length n takes on the
value one-half.

Analytically the scaling law promises the convergence of Pp(z) for a fixed z
and n tending to infinity. In practice, the scaling law provides accurate predic-
tions already for moderate blocklengths and also away from the threshold; see
e.g., the left-hand side graph in Figure 3.2. The analysis put forward in [4, 5]
was based on the so called peeling decoder by Luby, Mitzenmacher, Shokrollahi,
Spielman, and Steman, see [6]. This decoder is equivalent to the standard BP
decoder but represents the decoding process as a sequence of discrete steps,
where each step corresponds to determining a previously erased bit from its
known neighbors. It was shown in [4, 5] how to determine the scaling parameter
«a from the solution of a system of differential equations, which were dubbed
covariance evolution. These equations were then solved numerically in order
to evaluate a.

An alternative way to determine « for the BEC case was proposed in [7].
Recall that density evolution computes the average number of erased messages
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as a function of the iteration number. It was shown in [7] that « can be
computed by determining the variance of the number of variable-to-check mes-
sages. This computation was accomplished in [8] and an explicit value for «
as a function of the degree distribution pair (A, p) was given. Further, explicit
expressions for J were derived. Given these explicit expressions of the scaling
parameters, it is then easy to accomplish a finite-length optimization.

1.2 Thesis Outline

All the above developments were restricted to the BEC. In Chapter 2 we take
the first step towards extending the scaling law to more general channels. More
precisely, we consider transmission over the BSC and decoding via the Gallager
algorithm A. This algorithm has the property that for most ensembles the
threshold is given by a fixed point at the beginning of the decoding process.
This somewhat simplifies the determination of the scaling law and the scaling
parameter. During our investigation we will see an interesting new feature
of general message-passing decoders — if we consider density evolution on an
infinite tree above threshold, then even though the message densities converge,
the messages themselves do not. This makes the analysis more interesting but
also much more challenging. A detailed analysis of this general phenomenon,
which we termed “flipping,” is contained in Chapter 4.

In Chapter 3 we then consider a general setup. More precisely, we define
a broad class of quantized message-passing algorithms as well as an “EXIT-
like” curve which characterizes the decoding performance. Under some mild
regularity condition on this EXIT-like curve, we then show that it is possible
to extend the alternative derivation of the scaling law for the BEC which was
introduced by Ezri, Montanari, and Urbanke in [9].






Scaling Law for Gallager A

2.1 Introduction

As a first step in generalizing scaling laws to more general channels we con-
sider transmission over the BSC using the simplest message-passing decoder,
namely, Gallager A. To simplify things further, we only consider ensembles
whose threshold is given by a fixed point at the start of the decoding process.

2.2 Gallager A Algorithm: A Short Review

Gallager introduced in his thesis [10] what is now called Gallager’s decoding
algorithm A. Messages are from the set {0,1} and represent the current esti-
mate of the decoder of a particular bit. At check nodes, the message-passing
rules call for the computation of the XOR sum of the incoming messages. At
a variable node the outgoing message equals the originally received message,
except if all other incoming messages agree, in which case this common value
is sent.

The density evolution equations corresponding to this decoder were already
written down by Gallager. By convention, one round of message passing starts
with the processing at the check nodes, is followed by sending the message
to the variable nodes, then comes the processing at the variable nodes, and,
it concludes, by sending the messages from the variable nodes to the check
nodes. Let yy/x; denote the error probability of the check-to-variable/variable-
to-check messages in iteration ¢. Define

glo) =L 20T 72235)? :

fle,z) =e(1 = (1= g(2))' ") + (1 = e)g(x)* "
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We have zg = e. Then for £ > 1, y; = g(z¢—1) and z;, = f(e,y¢). Various
analytic properties of these equations and methods for an exact computations
of the threshold can be found in [11].

The threshold of a regular LDPC ensemble under Gallager A is determined
by one of the following three conditions: (i) the stability condition which reads
St = m (see [11]), (ii) a fixed point in the middle of the decoding
process, or (iii) a fixed point at the beginning of the decoding process, f(e,€) =
€. The last case is unusual in the sense that it does not happen under BP
decoding. But it was shown in [11] that (i) and (ii) are the most common cases
under Gallager A. Figure 2.1 demonstrates these three cases by means of three
regular ensembles.

0.02 0.04 0.06 0.08 O

f 02 0.04 0.06 0.08
-0.0025

- 0. 005
-0. 0075
-0.01f
-0. 0125
-0. 015
-0.0175]

Figure 2.1: Left: the function f(¢B7, ) for the (4, 5) regular code whose threshold
is given by the stability condition €*” = €2 = .. Middle: the function f(e®", )
for the (3, 3) regular code whose threshold is given by a “regular” fixed point and
equals €” & 0.2230467. Right: the function f(e®,x) for the (3,4) regular code
whose threshold is given by a fixed point at the start of the decoding process —
S (€8P, €BP) = €BP, €BF & 0.106924.

One would expect that the scaling is quite different in all these three cases.
Indeed, under BP decoding and the BEC the scaling for cases (i) and (iii)
were investigated in [4] and found to be of fundamentally different nature. We
investigate the scaling for case (iii). Somewhat surprising, the scaling law has
the same form as the case (ii) under BP decoding for the BEC.

2.3 Derivation of Scaling Law for Gallager A

We restrict our attention to ensembles whose threshold is determined by a fixed
point right at the beginning of the decoding process. Consider the following
experiment. Pick a code and a channel realization at random. Let X, denote
the number of erroneous variable-to-check messages in iteration £. Since the
graph and the channel realization are random, this number is also a random
variable. Fix ¢ to some integer and consider the following block error probabil-
ity estimator: if Xy, — Xy > 0, i.e., if the number of errors has increased after ¢
iterations then we estimate that the decoding process will fail (the actual de-
coder might run for many more iterations). Otherwise we assume that it will
succeed (breaking ties in a fixed but arbitrary way). Table 2.1 shows how good
this estimate performs for two regular ensembles and 1, 2, and 4 iterations. As
we can see from this data, even after one iteration the estimate is not too bad
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Ensemble | 1 iter. | 2 iter. | 4 iter.
(3,6) ‘ 85,2% | 90,7% | 96,6%

(3,4) 82,3% | 85,8% | 88.2%

Table 2.1: Performance of block error probability estimator based on observing
only the first ¢ iterations for the (3,6)-regular and the (3,4)-regular ensemble.
The blocklength is » = 1000. We see that e.g. in roughly 85% of the cases if the
number of erroneous messages decreased (increased) after the first iteration then
the final decoding was successful (the decoder failed).

and it improves as we increase the iteration number. Of course, if we fix the
length of the code and let £ increase to the true number of iterations of the
decoder then this estimator is exact.

Let us derive a scaling law for this estimator for a fixed ¢. Define Z,(¢) =

% . Compute

o7 (e) = E[Zi(e)*] — E[Ze(e)]*.

It is not very hard to show that if we fix ¢ then Z, converges in distribution
(as a function of the length n) to a Gaussian. We have lim,, o, E[Z;(e%7)] = 0
and by definition lim, . E[Z:(e?7)?] = 07(e®"). Imagine that we change €
by Ae, a very small quantity (our language below will reflect the case where
Ae > 0). Note that o7(e) is a continuous function of € so that the variance
remains essentially unchanged by this small change in e. But because of the
change of € the expected value of Z, changes from zero to

lim 1 dE[Z(e)] Ac — dze(e)
n—oo y/nl de de

where z(€) = x; — 29. This means that on average the number of errors in-
creases after one iteration. Nevertheless, there are instances for which the
number of errors decreases. More precisely, this happens with probability

dzp(e)
Q % , where we have made use of the fact that Z, converges in

Ae,

distribution to a Gaussian. This gives us the scaling law of our estimator.

Theorem 2.1 (Scaling Law for Estimator). Consider a (X, p) degree distri-
bution pair whose threshold under Gallager A is given by a fixed point at the
beginning of the decoding process. Let G denote an element of the ensemble
LDPC(n, A, p). Then for w = \/n(e — %) fized and n increasing

w

P(Zi(G,e) >0)=Q ( ) (1+0(1)),

ay
where

__oule)
oy = ———

dzy(€)
G

e=eBP
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Conjecture 2.1 (Scaling Law For Gallager A). Consider a (X, p) degree dis-
tribution pair whose threshold under Gallager A is given by a fized point at
the beginning of the decoding process. Let G denote an element of the ensemble
LDPC(n, A, p). Then for w = /n(e — ) fized and n increasing

w

Pa(w) = Q (=) (1 +o(1),

where
o= elirn Qp = elim %
Discussion: Note that we have phrased the scaling law regarding the error
probability of the real decoder as a conjecture. The reason is simple: the scaling
of the true probability of error follows by tracing the behavior if we first let the
number of iterations tend to infinity and then let the block length grow. Our
computations on the other hand are derived by exchanging the order of limits
and we have not shown that the scaling stays unchanged under this exchange.
There are two remaining tasks. The first one is dispensed with rather

quickly.

e=eBP

Lemma 2.1 (Computation of dzé;e(e)).
dze(e) 7b+(1—afb)aei1
dG c—eBP 1—a ’
where a = W le—yecnr and b= W le—g—eBP-
Proof.
dze(e) |
de ="
_ d(ze(e) = zo(e)) _ d(f(eme—1(e)) — €)
- T |e:5BP* de |5:eBP
_df(e,ze-1(¢))
== |e=er —1
de
_ Of (e,x) | . +8f(e,x) | . dze—1(€) e —1
ae E=T=¢€ az E=T=¢€ (i6 €=¢€
da,—
=b+ GLI(G) lc—emr —1
de
=b+ 0,M |e:eBP +a — 1.
de

By an explicit calculation we can check that the given solution fulfills this

recursion: indeed
b+ (1—a—b)a'?
b+a< +( 1a )a 1)+a1
—a

7b(1—afb)aei1
B 1-a '
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O

The second task is to determine af. This is much more involved. We show
how to compute this quantity for regular ensembles in Section 2.6.

2.4 Comparison to Simulation Results

Example 2.1. If we evaluate the recursions given in Section 2.6 we get for
0 =1,---,11, 07(3,4) = 0.13274134, 0.51677864, 1.23228379, 2.43133296,
4.28314003, 7.04461, 11.0377, 16.7088, 24.6399, 35.6128, 50.7295. This cor-
responds to op(3,4) = 1.22027, 1.122, 1.07487, 1.05214, 1.03644, 1.02608,
1.01828, 1.01248, 1.00792, 1.00432, 1.00211. We see that as(3,4) =~ 1.0.

In a similar manner the consecutive values of o7(3,6) are 0.0753008, 0.393956,
1.218374, 3.1463, 7.336317, 16.1522, 34.27, 70.9914, 144.5142, 292.62843. This
corresponds to ay(3,6) = 1.0705, 1.01968, 0.986506, 0.972334, 0.96299, 0.95742,
0.953647. We conclude that as(3,6) =~ 0.95.

In general, scaling laws are only guaranteed to give accurate predictions
“close” to the threshold and we have no a priori bound on the absolute size of
the error that one gets for a fixed size. Figure 2.2 compares the average block
error probability E¢[Pg (G, €)] determined via simulations with the performance
predicted via scaling for the (3,4) as well as the (3, 6)-regular ensemble. As we
see, in both cases the predictions are very good indicators of the performance
of the code. As one would expect, as the block length increases, the predictions
become more and more accurate.

2.5 Flipping Probabilities

Since we are working at the threshold, 2y and y,4; are constant (by definition
of the threshold) for all £ > 1. So, in order to simplify the notation, we drop
the iteration indices and use x and y in the following.

As a first ingredient we need to know the joint conditional probability that
a variable-to-check message is in error/correct at time ¢ and in error/correct
at time ¢ — j given that its received value is in error/correct. Note that these
quantities are more involved than the equivalent quantities for the BEC: for
the BEC messages are monotone — either they will become known at some
point in time and stay so, or they are permanently the erasure message. But
there are no equivalent monotonicity property for the present case. The fact
that even on an infinite trees, above the threshold, messages in general do
not converge but continue to “flip” is a main new ingredient when analyzing
general message passing algorithms (compared to the BEC case). It makes the
analysis considerably more difficult.

Lemma 2.2. Consider a variable node vn and its outgoing message v. The
event v = E means that message v is in error and the event v # E means that
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0.02 0.025 0.03 €0.035 0.04

Figure 2.2: Top: Comparison of the block error probability
EgeLopc(nes, 2nat) [PB(G, €)] (dots with 95% confidence intervals) determined
via simulations with the prediction given by the scaling law. The lengths are
n = 512, 1024, 2048, and 4096, respectively. Since the scaling law predicts
only large-sized errors, the ensembles were expurgated: only error events of size
at least 70, 100, 200, respectively, were counted. Bottom: Comparison of the
block error probability Egc ppc(nas,ines)[P5(G;€)] (solid line) determined via
simulations with the prediction given by the scaling law (dashed line). The lengths
are n = 2048, 4096, 8192, 16384 and 32768 respectively. Since the scaling law
predicts only large-sized errors, the ensembles were expurgated: only error events

of size at least 50, 70, 100, 200 and 200, respectively, were counted.
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message v is correct. Let us define

Then

Percle(l,l —7) =P(ve # E,v—; # Elvn # E)
Deele(ll —j) :=P(ve # E,v—; = Elvn # E)
Pecle(l, —j) :=P(ve = E,v¢_; # Elvn # E)
Peelcl, € —7) :=P(vy = E,v_j = Elvn # E)
Pe,cle(lil = j) = P(vg # E,ve_j # Elvn = E)
Deelc(ll—j) :=P(ve # E,v¢_; = Elvn = E)
Peclc(l,l —j) :=P(ve = E,v¢_; # Elvn = E)
Peselc(l,l —j) :==Pvy = E,v_j = Elvn = E)
Pecle(l,0) =1 =y Perele(l,€) =0
Pescle(l,€) =0 Peele(t,0) =y
Pescle(,0) =71 Pesele(t,£) =0
Pe,cle(,£) =0 Peele(l,0) =1 —5*!
Pesele(£,0) =1 -yt Peselc(£,0) =0
Pecle(£,0) =y~ Peele(f,0) =0,
Percle(£,0) =0 Peele(,0) =771
Pescle(£,0) =0 Peele(£,0) =1 -7
Pecle(l 4= j) = 1—291 Vb gee(f =gt
Peele(ll —5) =y = qe (£, —5)* !
Pecle(b, L =) =y — e (60— )"
Peele(l 6 — J)—qe,e(U !
Pecle(l, J)—qcc(M )
Pesele(ll —5) = T = ge (6,6 — )
Percle(ll —5) = 5" = qee(6, € — )+
Peele(l, L = j) —1—2y1 Yol € — )
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where

—J)
((Pe,c(ly € = §) + pe,e(l, € — )+
pec(gg ])+pee(€ K*]))r !
(_1)1{a:6} (pc,c(g 4 _.7) — Pe, e(f l— )
+Pe,e(l, =) = Pee(l, 0 — )" !
(71)1“7:8} + (pc c(g L — ) +pC 6(6 ¢ *‘7)
~Pe,e(lil =) = pee(l, L —3))" '
(_1)(1{a:6}+1{b:6}) (pc,c(gag - j) — De, e(f,f - .7)
“Pecllyl = ) + Pt L= )

ap (6 €
1
4

with

J) + el L= j
—J) +epeelelt,
) + De,cle(b, L — ]
) + €peele(l,

Pec(l, € —j) = (6,6 —
Pee(byl = J) = epeele(l, L

Pe,c(ll = J) = epecc(l, €
Pe,e(l, € =) = &P c|c(C, L

€pe, ,cle

)

—J
)

2.6 Variance Computation

Considering an edge connected to a variable node vn with its variable-to-check
message v. We associate to this edge a new value

r— O¢if vh £ E vy = E,
= lgifvan=FE, v # F.

Let us label all edges in the graph from 1 to nl. Consider an edge ¢ and let us
define x; ¢

o 1if Fy o = 00,
Nl = —1if Fiyp = 1.

By noting that X;—Xo = >, x4,¢, we can compute the variance at the threshold
for £ > 1:
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op (") = lim E[(Zy(""))?)

( Zi Xi ¢ ) ’
vnl
—  tm > i Bl X,
n—oo nl
— im nly  Elxie - xiel

n—00 nl

= lim ZE[XLZ “ X 0]

n—oo

= Ilim E

n—oo

— et

+(1—1)(ey* +et)
l

+ 77 (pr, (00,6, 05,6) — pr, (o, 15,0)
=1

—p1, (Lo,e,05,0) + pr, (Lo,es 1j.0))
¢

+> 77 (Pr4(00,: 05,6) = Pr (00,¢ L)
j=1

—prs(Lo,e,05.0) + prs (Lo, 15.0))
20

+> (1= 1)9 (p1,(00,6,05.6) — pr, (00,6 15.6)

j=1
—pra(Lo,e,05.0) + prs (Lo, 15.6)

where
y=1-1)E-1)

P11 (00,2, 05,0)
= (17 0,0, O)MJ(L 0,0, O)T ! gpe,e\c(ga l— .7)
+(15 07 05 O)MJ(Ov 15 07 O)T ' gpe,c|c(€a L — j)

Pri (00,6, 150)
= (15 07 Oa O)MJ (07 Oa 17 O)T ' 6pc,c|e(€7 l— .])
+(17 0,0, O)M](Ov 0,0, I)T ' epc,e\e(gv 0 — .])

pri(Lo,6,050)
= (07 0,1, O)MJ(L 0,0, O)T ! gpe,e\c(ga l— .7)
+(Oa 07 15 O)MJ(Ov 15 07 O)T ! gpe,c|c(£a L — .7)
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pri (o6 150)
= (07 0,1, O)MJ(Oa 0,1, O)T ' Epc,c\e(ga L — .7)
+(Oa 07 15 O)MJ(Oa 07 Oa 1)T ! 6pc,e|e(€a £ — .7)

P15 (00,0,05.) = pr, (00,2, 05 0)
P15 (00,0, 15,0) = pr, (Oo,e, 15,6)
P13 (Lo,e,05.0) = pr, (Lo, 050)
pr;(Lo,es 15.0) = pr, (Lo, Lj0)
Ifj<ée:
prs(0o,e,05,0)
= (1,0,0,0)A0B; (0
€y fe, e(£, £ —J)
HA Yt 217+fee(f€—1)y)
0
P, (0o, 150)
= (0 0,170)A0B‘( )
€yfe,e(£, £ —J)
HA Y 2y+fee(fl71)y)
0
Py (Lo,e,0j.0)
j—1 0
0
'HAj(k)Bj(k)< @2y + fe ot £ — 1)) )
k=1 egfe,c(, € —3)
pr, (Lo, Lje)
= (0,0, 1,0)A0Bj(0)
-1 0
0
'HAj(k)Bj(k)< €@y + fe ol £ — D)D) )
k=1 e€gfe,c(€, € —3)
TF e < j < 2

1. (00,6, 0.0
= (15 07 05 O)MjieAOB] (] - f)

/—1 (1,0,0,0)M7~¢(1,0,0,0)T
) ) A (1,0,0,0)M7~%(0,1,0,0)"
H AJ(k)BJ(k)Al( (1,0,0,0)M7~(0,0,1,0)T )

k=j—t+1 (1,0,0,0)M7~4(0,0,0,1)T
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pr,(00,, 15,0)
= (0,0,1,0)M7~*AB;(j —
-1
I AR)B; (A
k=j—{+1
pry(Lo,e,05,0)
= (1,0,0,0)MI~*AB;(j —
-1
I AsR)B;(k)A,
k=j—t+1
pry (Lo, 150)
= (0,0,1,0)M7~*AB;(j —
-1
- I AskB,(RA,
k=j—t+1
If j = 2¢:

pr,(00.2,04.0) (1,0,0,0)M7~*

pr,(00.0,15.0) (0,0,1,0)M7~*
pr,(L0.0,04.0) (1,0,0,0)M7~*

pr, (Lo.e, 15.0) (0,0,1,0)M7~*

6@172 + gyl—Z

efe,c(C—k,L—3+k)

t)

(1,0,0,0)M7~%(1,0,0,0)T
(1,0,0,0)M?~“(0,1,0,0)"
(1,0,0,00M7~*(0,0,1,0)”
(1,0,0,0)M7~*(0,0,0,1)T

0

(0,0,1,0)M7~%(1,0,0,0)T
(0,0,1,00M7~*(0,1,0,0)”
(0,0,1,0)M7~(0,0,1,0)7
(0,0,1,0)M7~#(0,0,0,1)T

£)

(0,0,1,0)M7~%(1,0,0,0)T
(0,0,1,00M7~*(0,1,0,0)”
(0,0,1,0)M7~%(0,0,1,0)7
(0,0,1,00M7~*(0,0,0,1)"

0
€(1,0,0,0)M?~4(0,1,0,0)T
0
€(1,0,0,0)M?~4(0,0,0,1)T
0
€(1,0,0,0)M?~4(0,1,0,0)T
0
(1,0,0,0)M7~¢(0,0,0, )T
0
€(0,0,1,0)M?~4(0,1,0,0)T
0
€(0,0,1,0)M7~¢(0,0,0, )T
0
€(0,0,1,0)M?~4(0,1,0,0)T
0

€(0,0,1,0)M7~¢(0,0,0, )T

and
eyt ?ge eyt g, e g, eyt %ge
€1 —y"Pge) E1—y'%g,) E(1—y%g0) €1 -y ?ge)
M fr—
v g0 2T ey ?ge v g0
5(1 - '517290) 5(1 - 17172.‘78) 5(1 - '517298) 5(1 - 'gl 290)
e+ éfee(t—k,&—j+k) (1~ @1*12)2
() — feel—k t—j+Fk) 2 4 eyt
A; (k) c1—g? efee(t—k,&—j+k)
0 efe,c(—k, £ —3j+k)
efe,e(d —k, L —j+k) 0
Efee(t—k, £ —j+k) e1—y?)

e1-y'7?)

efe,e(t—k, 6 —j+k)+é
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gere(l =k —1,L=j+K)

() — [ seete—k—1e—G k)
B](k) - ge,od —k — 1,0 — 35+ k)
Gorolt —k — 1,6~ + k)

ge,o(6 —k—1,0—j+

ge,e(f_k_L[_j"’

go,e(£ —k—1,L—j+k)
gee(d—k—1,L—j+k)
go.o(t —k —1,L—j+ k)
ge,od —k—1,L—j+k)

go,o(‘e—k_lae_j+k)

Go,e(£ —k —1,L—j+k)
gee(l —k —1,0—j+k)

k)

go,0( —k —1,0—j+k) ge,o(d —k —1,0—j+ k)
k)
k)

go,e(l —k —1,0—j+

yefe,e(£, £ — )
_ yEfé,e(e,Z—j)
Ao = yey

0
yeyl—2

§' 72 + gefee(l, € — j)

ye+ye(1—y1 2) ye(l— g %) + gefe (L, £ — j)

1-2

yefe,e(L, € — j) + yey
172)

yéfe,e(l, € — j) +ye(l—y

?2

0 0
A 0 0 &1 —yt7?)
AO = 0 g1—2 0

6 _

ye(l —y' %) + ge

0
gefe,e(t, €~ 5)
gefz,e(t, £ — )

eyt—2

o
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v

QG e(g E _j)172
P gee (60— )
2yl 2+

Ge,e (0,0 — )2

:gl qCC(E Ei])l 2

ff,c Eag_j :gl QLL(KK_J)]- 2
1

( )

( )

( )

( )=1-
feollil = j) = qee(l, 0 — §)2
feol )

( )

( )

focll b —5)=1—20""2 4 qeo(6,0 — 5)* 2
14 (1 —22)2 1—(1—2z)2
Je = ( ) s Go = ( )
2 2
96,6(5737.7)

1 . .
=1 ((Pe,c(£, € — 3) + pe,e(€,£ — )

‘H”e,c(zvz -

3) 4 Pe,e(l, £ — §)F 3

+ (Pe,e(bsl = J) — pe,e(, € = j)
+pe,c(l, £ — 5) = pe,e(£,£ — 5))7 72
+ (Pe,e(€ £ — J) + pe,e(l, € — J)
—Pe,c(b, £ — j) — pe,e(l, € — j))r72
+ (Pe,e(€ £ — J) — pe,e(l, € — J)
~pe.c(l € = ) + peccllst = 1)) )
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96,0(5767.7) = 96796,6(6757.7)
go,e(fvf_j) = ge—ge,e(f,f—j)
go,olil—3) = 1—2ge+ge,e(l,€—7)

2.7 Summary and Open Problems

We investigated the scaling law for the Gallager algorithm A. More precisely,
we considered ensembles whose threshold is determined by a fixed point right
at the beginning of the decoding process. We saw how to derive the scaling
law and how to compute the scaling parameters. By comparing the predictions
to simulation results we confirmed that these predictions are very accurate al-
ready for moderate lengths. Two major new ingredients entered in the analysis
compared to the analysis for the BEC. First, for the present the fixed point was
located at the beginning of the decoding process. This is somewhat specific to
the Gallager A algorithm and does not seem to be the typical case for message
passing algorithms with higher quantization. The second ingredient though
seems typical for the general case. When we consider density evolution above
the threshold on an infinite tree then the desities of the messages converge but
the actual messages do not. This “flipping” of the messages introduces a sig-
nificant new component which makes the analysis both, more interesting but
also more challenging.

Many interesting questions remain open. One could investigate the scaling
of ensembles whose threshold is given by a fixed point in the middle of the
decoding process or the scaling of ensembles whose threshold is determined
by the stability condition. The latter one is likely to be of a different nature
than the preceding two. In order to use these scaling laws in a context of
optimization it is also necessary to accomplish the variance computations for
the general irregular case and to determine the error floor under Gallager A.
What are the pseudocodewords of this decoder?






General Scaling Law

3.1 EXIT-Like Curves

Consider transmission over a BMS channel decoded with a generic quantized
message-passing (QMP) decoder which satisfies the standard message-passing
symmetry conditions [12]. To be concrete, assume that the messages sent in
the decoder are quantized and that they take their values in a real-valued finite
alphabet {—wp,,...,wn}, m € N, where 0 = wy < wy < -+ < wy,. We do
allow the MP decoding rules to be time dependent for a finite number of steps
before they settle on a fixed rule. Given the symmetry of the channel and the
decoder, we can assume that the all-zero codeword was transmitted.

In order to derive our scaling law we need several ingredients. First, we
need to define a suitable “EXIT-like” curve. By this we mean a scalar quantity
which characterizes the behavior of the decoder as a function of the channel
parameter. Many choices are possible. Let the channel be parameterized by h,
the entropy of the channel. For every h € [0, 1], initialize the density evolution
process with (a suitably quantized version of) the density agms(h). Let a denote
the resulting fixed point of density evolution. (This density is a function of the
channel parameter, but to simplify notation we omit this dependence.) More
precisely, this is the variable to check node message density. Pick a function €&,
¢ : R?™*! s R. For the sake of definiteness, let us assume that for a density
v € R ¢(v) = 1 — vy, where v,, is the value of the maximum component
of v. Our language below will reflect this particular choice, but mathematically
many other choices are possible and might sometimes be more convenient. E.g.,
in Section 3.4 it is notationally more convenient to pick &(v) = v,,. A futher
natural choice would be to pick the number of negative messages (which is equal
to the error probability). Generically, all these choices give identical result.

Define x = &(a). Note that x “measures” the performance of the decoder.

19
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The special case ™" is the value that x takes on when h = h™F the threshold
value. To derive from the family of fixed point an EXIT-like curve we can
e.g. plot (h,z). Our choice of € implies that if we are below the threshold, we
expect x to be equal to 0 (at the end of the decoding process all messages are
positive and take on the highest reliability), whereas above the threshold it will
have a non-zero value. This will give us a curve which is somewhat reminiscent
of a standard EXIT curve (of the overall code), explaining our choice of name.

X

0.8 1

0.6 T

0.4 1

0.2 T

1
|
|
1
0.0 02 04 06 08 h

Figure 3.1: EXIT-like curve for the (3,6)-code over the BEC: h™F &~ 0.42944.

Consider the EXIT-like curve depicted in Figure 3.1. Mathematically it is
given by
[ ,(®,0), he[0,nMP)
‘T(h) B { (h(x),x), h e (hMP, 1] —xE (xMP7 1]. (31)

In order for an EXIT-like curve to be suitable for our derivation, it must have
the following property: at the threshold, the curve must have an infinite slope
and the second derivative must be strictly non-zero. One can glean from the
picture that this is true for the specific curve shown. We will say that an
EXIT-like curve is regular if it has the above property.

3.2 General Derivation of Scaling Law

We will proceed in the following way. We first rederive the scaling law for
the BEC using the EXIT-like curve instead of the density evolution curve
associated to the peeling decoder. Although the derivation will depend on
the specific channel and decoder which we assume we will see that the final
expression is meaningful in a much broader context. This will then be the
starting point for the general scaling law.

Therefore, consider transmission over the BEC. Imagine the following ex-
periment. We start with a randomly chosen graph from the ensemble and all
bits erased. Choose a random bit and reveal it to the decoder. Next run the
iterative decoding process until it is stuck and the decoder hits a fixed point.
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This gives rise to one fixed point pair (H, X), where H equals the number of
not yet revealed variables and where X is equal to the number of still erased
variable-to-check messages. We continue now in this fashion, each time choos-
ing at random a new bit which we then reveal and running the decoder until
it is stuck. This gives us a sequence of fixed point pairs (H®, X®). Let us
denote H® normalized to n, the length of the ensemble, as H® = H® /n and
X® normalized to nA’(1), the number of edges, as X = X® /nA’(1). If we
connect the points (H®, X)) then we get a “curve”.

Such a curve is of course random, but if we increase the blocklength, then
we can observe a concentration of the individual instances around an “average
curve”. The exact description of this average curve is easy to write down in
terms of density evolution quantities.

Let Xy denote the random variable which we get if we look at X® at the
time when H®) = h. In a similar way, let H, denote the random variable which
we get if we look at H® at the first time when X® = z. Imagine that we are
sitting just above the threshold at h = h™" + Ah. Due to the assumption that
the EXIT-like curve is regular, this corresponds to the parameter x = zMP +
V/Ahe, where ¢ is a constant. Note that E[H,] = h™F + Ah. Let 02 = E[(H, —
E[H,])?]. Note that oy is a continuous function of the channel parameter
so that we can consider opmp = lim,_,,mp 0. Consider again the decoding
process as described above, which gives rise to the sequence of random variables
(H® X®). Assume that we measure the X-component of this process for a
particular instance ¢. We claim that if X < 2P then with high probability
the decoder for this instance will finish without revealing any further bits. On
the other hand if X(® > 2P then with high probability further revelations of
bits will be necessary. This is due to the shape of the EXIT-like curve: around
the point #MF the curve has an infinite slope, indicating that the decoder
is at the brink of successful decoding with the given information. Hence, if
HzMP < h, then the given instance would not have decoded successfully with
high probability if we had transmitted over a channel with parameter h, and
conversely it would have been successful with high probability if HIMP > h.
Our probability of error estimate is therefore

Pg(h) = P{H, vp < h} :Q( Ab ) :

opMP

In the last step we have assumed that the distribution of ﬁmMP is Gaussian
with mean h™* and standard deviation o,mp. This was shown to hold in the
original derivation in [4].

In general it is not an easy task to compute oymp directly. But we can relate
it to the variance of the messages which is amenable to an analytic analysis in
the following way. Due to the regularity of the EXIT-like curve, we have for
Ah sufficiently small

Xh — E[Xh]

Ah =1h'(z)Az =h'() TN



22 General Scaling Law

If we take the square and the expectation on both sides we obtain

o _ (W(2)*V
Uh = )
nA’(1)
E[(Xa—E[Xa])?]
nA’(1)

where V = lim,, . If we take the limit z | P, we thus have

0’1? |h:hMP

2
) lim (z —2M7)2Y

zleP

; 2 _ ,.MP 2
) Jim <w) ¢
pegMP /) @laMP \ 1 — Aa(z)
The last step warrants some remarks. When i | hMP | ie., when the channel

parameter approaches the threshold from above, then the variance V diverges.
Indeed V has the form

m”(ﬁm)’

where A\2(7) is a function so that lim, |, mp A2(z) = 1. In fact, A2 is the second
largest eigenvalue of a matrix related to the density evolution process.

As we remarked at the start of this section, although the derivation was
based assuming that transmission takes place over the BEC, the final expression
we have derived can be meaningfully be interpreted in a general setting. We
are therefore now able to conjecture the following scaling law.

Conjecture 3.1. Consider a BMS(h) channel and an EXIT-like curve which
is regular. Then

n(h—hMP — gn=3
P = (VR 4 o), (3.2)
2 MP
where o = 661;(29”) ’z:xMP lim,, | ,mp % F§(1_) and (3 is the shift parameter

of the threshold that we mentioned earlier*.

Therefore, in order to compute «, we need to compute

0?h(z)
02

' (m _ :CMP)
_wp, lim
| p— P T )

)

LIn these notes, we do not give further details about the parameter 3. Nevertheless, let
us mention that Amraoui et al. conjectured its expression for the BEC case in [8]. As for
a, the computation of B in [8] is based on the peeling decoder behavior. A mew approach to
compute B in the general case has been proposed in [13]. Finally, Dembo and Montanari
proved the scaling law in the case of Poisson ensembles in [14].
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as well as £&. The most difficult quantity is the last one. The computation
of £ has been accomplished for regular ensembles in [9]. Therefore, for regular
ensembles the scaling parameter o can be computed and can be used to predict
the performance. In the left-hand graph of Figure 3.2, we compare the predic-
tion given by the scaling law, where a = 0.93, for a (3,4)-regular code used
over a binary additive white Gaussian noise (BAWGN) channel and decoded
with a quantized BP decoder with simulation points. We see that there is a
good aggrement between the prediction and the simulation.

The aim of the remainder of this chapter is twofold. First, in order to be
of practical use, we want to compute the parameter « in the case of irregular
ensemble. In this case, as we will see later, the computation of £ is more
challenging. Second, we want to present a detailed account of all nessary
computations, since such an account has never appeard in the literature.

In order to compute ¢ for the irregular case, we proceed in steps. Let us
define for each fixed channel parameter h, V*) = lim,,_ ., Var(XIEZ)/\ /nA'(1)),

where X}EZ) is the number of variable-to-check messages not equal to w,, after
{ iterations, according to our choice of €. For each channel parameter unequal
to the threshold, the limit limy_, V® exists and is finite. But as we already
mentioned, when we let the channel parameter approach the threshold from
above, the value of this variance, ie., V = lim, ,vp limeoo V©  diverges.
Thus, as a first step in the computation of &, it is useful to compute V. This
computation is performed in Section 3.4. One can then hope to extract £ by
taking the limit limy_,.. V) when we approach the threshold from above. We
start in Section 3.3 by defining the precise model that we consider as well as
the notation and the conventions that we will use.

Pp

10t

1073

105

Vn(h — k")

Figure 3.2: Rescaled block error probability with respect to z = /n(h — h"F),
where h = ha(0) and where ho(-) is the binary entropy function. Note that the
simulations points all cluster around the single mother curve. This curve is the
standard Q-function.
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3.3 Notation

Consider transmission over a family of BMS channels characterized by their
channel entropy h and decoded with a QMP decoder that satisfies the standard
message-passing symmetry conditions [12]. Further, assume that the messages
sent in the decoder are quantized and that they take their values in a real-
valued finite alphabet W = {—wp,, ..., wn} = {—mA,...,mA}, m € N, where
A > 0, denotes the spacing between the members of the alphabet. In the
following, in order to simplify the notation, we denote a message value iA, by its
“position” i. Let us define the operator Q : R — W, such that Q(s) = sgn(s)m,
if |s| > m and |s + 0.5] otherwise, where the function sgn(s) corresponds to
the sign of s. Let ¥ : W% - W denote the variable node message map, where
d is the node degree. We assume that this map corresponds to the addition
of the incoming messages and the quantized channel information followed by
a mapping back into the alphabet. More precisely, ¥(c, 71, ...,0q-1) = Q(c +
Z?;ll ;), where 7; are the incoming messages and ¢ is the channel information.
Let ® : W91 = W denote the check node message map, where d is the node
degree. We assume that the map ® performes pairwise operations. More
precisely ®(vy,...,v4-1) = Q(...Q(Q(v;, Bui,) Br,)B-- By, ), where y;
are the incoming messages, H is the check rule corresponding to the decoder
and the indices i1 to i4—1 are assigned randomly from {1,...,d — 1}.

Consider a QMP decoder whose processing rules are the ones defined above.
In order to define a QMP decoder which closely mimicks a given corresponding
non-quantized MP decoder, it is natural implement the processing rules of the
non-quantized MP decoder followed by a mapping back into the alphabet. This
is what we do at the variable node side, since the addition of two messages is
still in a set whose components are equally spaced. On the other hand, the
result of i H j, where 7,7 € W, does not belong in general to a set whose
components are equally spaced. Thus, in order to avoid complexity explosure,
it is more convenient to perform the check node rule pairwise.

Since by our assumption both the channel and the decoder are symmet-
ric, the performance of the code is independent of the transmitted codeword.
Therefore, let us assume that the all-zero codeword was transmitted. Let a(®)(h)
denote the variable-to-check node density of density evolution in iteration £ as-
suming that we initialize with the channel density agms(h). We also define
b (n) to be the check-to-variable density of the messages in iteration £. (In
the following, in order to simplify notation, we will omit the parameter h from
our notation.) Density evolution is defined as b\ = =, pg(ali=1)B(d-1),
where ® denotes the check node operator on a pair of densities followed by
the quantization and a¥) = agys * > Aa(bU)*@=1) "wwith a(®) = agys, which
corresponds to the average over the ensemble of the convolution of the channel
density with (d — 1) check-to-variable densities, followed by the quantization.

As explained in the previous section, many choices of the function & are
possible and give identical result. From now to the end of these notes, we chose
€(v) = v, where v € R?"+1 We thus have () = &(a®)), and the special
case zMF is the value of x corresponding to fixed point of the density evolution
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threshold.

Let us number the edges in the graph from 1 to nA’(1). To lighten the
notation, we define & = {1,...nA’(1)}. Given an edge i € £, we define VZ-(Z) to
be the variable-to-check message on edge ¢ in iteration ¢. Similarly, we define
f/i(e) to be the check-to-variable message on edge i in iteration ¢. Finally, let us

define uz(-e) =1 according to our choice of €. Note that

{V“):m}’
Elu"] = P{y{” = m} = ¢(a®) = 2. (3.3)

We can then rewrite V() as

®
VO — Jim Var( et ) (3.4)
nsoo W (D)

Example 3.1. [Quantized Belief Propagation] The class of quantized belief
propagation (QBP) decoders is particularly important. In this case the variable
and the check message-passing rules are respectively the maps ¥ and @, as
defined above. But, in order to have a proper threshold, we need to add the
following condition to the check node rule. If we consider two messages v7 and
vo of highest reliability, the result of 11 Brs should also be of highest reliability.
In other words, H is the standard BP check node operator to which we add the
condition that if |v1] = |va| = m, then |v; B s = m.

3.4 Computation of Variance for Fixed /

1
nA’(1)
the graph and on the noise realization. As stated in (3.4), its variance is equal
to V). We have

Consider Yice uz(-e). This is a random variable which depends both on

E {(Zz‘es Ngl))ﬂ - E[Zies /%('8)] ’

0 — 1
Vi =l nA'(1)
4 14 4 14
— lim Zjes E[Zies l‘; )/%(' )] - Zjes Dice E[u§- )]E[Mz(' )]
C nsoo nA’(1)
2 tim B[S "] B Y Bl
€€ €€
D tim B[ p700] - nd/ (1)), (3.5)
€€

where, in step (i), we have used the fact that the ensemble is invariant under
permutations of its components.

The computation tree of VZ-(Z), with ¢ € £, is the tree of height ¢ which has
edge i as root and which is formed by all edges whose messages influence the
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0

Figure 3.3: Computation tree of l/i(e).

value of l/i(e). This is depicted in Figure 3.3. Consider V%Z) and let T be the
set of indices of all messages whose computation tree intersect the computation
tree of l/ié), where both trees have depth ¢. This is shown in Figure 3.4. For
convenience, we also add to T¥) indices of edges which are connected to the
same variable node as an edge already in T(¥). For instance, the edges (b) and
(f) in the left-hand side graph of Figure 3.4 are added to T()| even though their
computation trees do not intersect the computation tree of the root edge. Let
Gg) be the tree formed by all edges which belong to T(). Thus, Gg) is formed
by ¢ variable node layers “above” the root variable node and 2¢ variable nodes
layers “below” the root variable, as depicted in the right-hand side of Figure
3.4.

Let us partition T) into four sets. Orient all edges in G from variable node

to check node. Let T?) denote the set of edges which are in the “future” as seen
by the root edge and which are directed in the same direction as the root edge
itself. More precisely, these are the edges within Gg) which can be reached by
paths starting at the root edge and which point in the same direction as the

root edge. Next, let Tge) denote the set of edges in the future of the root edge

but which point in the opposite direction. Let T:(f) be the set of edges in the
past of the root edge and which point in same direction and, finally, let Tff)
be the set of edges which are in the past of the root and in which point in the

opposite direction. These four types of edges are depicted in the left of Figure
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20 ————————————————————————————————————————————— 3—;}

Figure 3.4: Left: Graph representing the four types of edges contained in T(?):
(a) root edge, (b) element of T(z) (c) element of TgQ), (d) and (f) are elements

of ng) and (e) and (g) are elements of T( ), Right: The graph G( ) It contains
¢ layers of variable nodes “above” the root node and 2¢ "below”. The gray area
represents the computation tree of the root edge.

3.4. Moreover, we define for i = 1,...,4, B; j, to be the set of edges which are
in TZ@ at distance k from the root (which means k levels of variable and check

nodes). Finally, let (T())¢ be the complement of T) in {1,...,nA’(1)} and let
(Gg))c be the graph formed by the edges in (T(“)¢. Let us expand (3.5) as
VO = lim E[ Z /L(é) ()] + hm IE[ Z u(é) (6)] —nA (1)x7

n—oo

€T ie(T®))e
= lim E[(,u() —|— hm E[ Z u(e) (8)} + hm IE{ Z M(e) (8)}
%)_/ ZeT(z) ZeT(z)
edges in T(“ edges in T;[)
+ lim E[Z u(é) ()] + lim IE{ Z M(Z) (Z)]
n—oo ZET([) n—oo ZET([)
edges in Té[) edges in Ty)
+ lim (B[ 3 al%u%] —nn' ()@ ©)?). (3.6)
ie(T(l))c
Se

The next lemma gives an explicit expression for V) in terms of quantities
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which can be computed via density evolution. Starting from (3.6), we show
how we derive this lemma in the Appendices 3.A.1-3.A.5. In Lemma 3.1 we
use the following convention for matrix products; we write Hf: y M®) to mean
MOMED . M®) | where £ > k and MY) is a matrix depending on j. Note
that if ¢ < k, the product is simply the identity matrix.

Lemma 3.1. [Fixed-¢ Variance] Consider the irregular LDPC ensemble char-
acterized by its degree distribution (A(z),p(z)). The variance V) is given
by

PO — 4 ©

Y4 m (—k+1

+ lim Z Z e H v ol-De P(M k)

k=1r=—m

L
+ 1im ()23 /(1) V)"

n— 00
1

k=
m l—k+1

+nlirgoz Z H v olu- leP(“ k)

k=1r=—m

20 1
Jrnli—»H;o Z x“)(p'(l))\’(l))(k_e)eglHV(j)C(j_l)aBMS

k=041 j=t
e-n/21 1-1 ‘ T
+im 3 (LB el ) )
=0 Jj=0
-1
(FBZZ’O) H B2l7‘jB2l7j+1eZb872l]].{m:r}
=0
[(£-1)/2] T
. N20+1,jp2l+1,j+1 T 0—20—1
lm S (TIBB el )
1=0 Jj=0
. -1
(B2l+1’0) FB2l+1,—1B2l+170 H B2l+17.7B2l+17_]+1ezbé—2l—1 l{m:T}
=0
¢ (—1—1 R . . 20—-21+1 T
fim Y (L BB I vty
I=[(¢-1)/2]+1 ~ j=0 k=t
—1—1 202141

FR240 H BQl,jBZZ,jJrleﬁ H V(k)C(kfl)er]l{szo}
e k=t
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L £—1—2 R ) ) 20—21 T
+hm Y ([T BEBEetiel TT vICt Ve 1))

n—oo

I=l(¢-1)/2]+1  j=0 k=¢

(B2z+1 0) Tpp2i+1,-121+1,0
P 20-21
[ B2Betittel TT vt Ve, 1y
o k=t
L i+1

+3 T ehv®ct-n (ZdIE OV 10 — a0 (a))
i=1 k=/{
Z>ZdE P cS )b - Z>(d)))

0—1£0—5+1

ST I BV CED (Bl 1Byl +[Ba,2e))]a ) —E[u{” (|By,e| +[Ba.2¢))a

j=1 k=t

. (£)
— lim 2 OE[(V) (1)p),

n—oo

where

(£)
BV wzp g

l—j+1

+Z)\deT H VE Ck=D5 =) (g)

+ Z Aa(N(1)p' (1) el [T VI C* Vaps,
j=0+1 k=¢

¢ 1—j+2
+3 pael, H VI QU= Dy (=D (=341 ()

L—j5+2

2/
+ Z pd )j -1 T H V C(k 1V(€ ]Jrl)eO
j=0l+1 k=¢

Bt ([Bel + [Bael)] = (X (1) (1) (29 + X (1), r [Ivct- Dagus ).
k=¢

)
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Elul? (|B1,e| + [Bazel)al 7]

J

1 1
:(l_(é) + )\/(1)62 H V(k)C(k_l)aBMs) ()\I(l)pl(l))j H V(k)C(k_l)aBMs.
k=0 k=0—

The matrices V@) and C9) are defined in equations (3.9) and (3.8) respectively
in Appendix 3.A.1. The matrices B/, B4/ and F are defined in equations
(3.35), (3.33) and (3.23) respectively in Appendix 3.A.4, and the matrix P(¢:¢=F)
is defined in Appendix 4.6. Moreover, the density a¥/)(d) is the outgoing density
at a variable node of degree d in iteration j and similarly b(#)(d) is the outgoing
density at a check node of degree d. Finally, e is the unit vector of length
2m + 1 whose k'™ component is equal to 1.

Example 3.2. As a first example, we consider the (3,4)-reqular ensemble used
over a BAWGN channel. The decoding is performed by a QBP decoder with
15-quantization levels where the reliability in the decoder is bounded by 8.12.
In other words, we choose A = 1.16 and the messages are w; = 1A, where
i€ {="7,...,7}. The message-passing rules are the QBP message-passing rules
defined in Example 3.1. The threshold of this decoder for a BAWGN channel
is 015812 ~ 1.2043. Figure 3.5 represents the variance VO as a function of
the channel after £ = 0,...,6 iterations. The crosses in Figure 3.5 represent
empirical measurements of VO for n = 10*. We see that there is an excellent
agreement with the analytic expressions.

Example 3.3. In our second example, we consider the irreqular ensemble char-
acterized by A(z) = 0.062+0.8222+0.122% and p(z) = 0.07522+0.823+0.125z%.
Again we consider transmission over a BAWGN channel. Assume a quantized
BP decoder with 15-quantization levels, where the messages are w; = i, with
A =199 and i € {-7,...,7}. The corresponding threshold is 015 1395 ~
1.0489. We plot in Figure 3.6 the variance VO as a function of the channel
after £ =0, ...,5 iterations. We also plot some points which correspond to an
empirical evaluation of the variance for n = 10*. Again, we see an excellent
agreement.
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Figure 3.5: The variance V¥ as a function of the channel parameter o for
¢ =0,...,6. The ensemble is (3,4)-regular, transmission takes place over a
BAWGN channel, and decoding is accomplished by a quantized BP decoder with
15-quantization levels and a maximum message of +8.12. The threshold of this
combination is o7f ¢ 1, ~ 1.2043. The crosses represent the empirically computed
variances for n = 10%.
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Figure 3.6: The variance V¥ as a function of the channel parameter o for
¢=0,...,5. The ensemble has degree distribution \(z) = 0.06x+0.8222+0.1223
and p(x) = 0.0752% + 0.8z + 0.125z*. Transmission takes place over a BAWGN
channel and decoding by a quantized BP decoder with 15-quantization levels and
a maximum message of £13.96. The threshold of this combination is 0§ ;3 95 ~
1.0489. The crosses represent the empirically computed variances for n = 10%.

3.A Details of Fixed-/ Variance Computations

(i
3.A.1 Edges in Tg)

i 5] X 4]

iet!
‘
. o) (¢
= Jim STE[ 37 uiu]
k=1 i€By

14 m
H £) (e {—k (—k
= 1im > 3 B[ 3 6l | = =1
k=1r=—m i€B1 1
14 m
i L £— 14 0— —
= 1im 3 ST E[ S 0 [ = o] B | AP = P (=)
k=1r=—m i€B1 )
4 m

:nlirgoz Z IE[ Z uy) | Vfé_k):r} ]P’{l/ié):m, l/ié_k) =r}. (3.7)

k=1r=—m  i€By j
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. S (2
Figure 3.7: Edges in Tg ),

We have just seen in Appendix 4.6 how to compute ]P’{V}Z):m, z/y_k) =

(4.1)). Let us therefore focus on E |3,y uy) | yfé_k):r .

r} (see

Assume we are in iteration [. Consider a check node of degree d.=d. Pick
one edge connected to this check node and let j be the value of the incoming
message on this edge. We want to compute the expected number of outgoing
messages (on the d — 1 other connected edges) which are equal to ¢. This

expectation is equal to (d — 1)]P{ﬁ((,il+t1):i | Vi(i) = j,d. = d}. Therefore, if we
pick a random edge and if we assume that its variable-to-check message has

value j, then the expected number of check-to-variable messages of value ¢ on
the outgoing edges is equal to Y, pa(d — 1)]}”{&(”1):@' | yi(rll) =j,d. = d}.

out

Vroot

Figure 3.8: Tree which has an edge directed from check to variable as root and
whose root node is a variable.
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Let us define the (2m + 1) x (2m + 1) dimensional matrix C) as

Zpd DS =i | =), d.=d)
! !
:Zpd -1 > LG, jd.z>:i}a§-1)---a§-d)_2- (3.8)
d J1yeesJd-2€EW

Define also the vector c,(cl)

The i** component of cg) is the expected number of check-to-variable messages
in iteration [ which are equal to i, at depth k of a tree which has an edge
directed from variable to check node as root and a variable node as root node,

as depicted in Figure 3.8. We can then write

of length 2m + 1 whose indices go from —m to m.

D _c, ),

where al¥) is the variable-to-check density in iteration {. In a similar manner,
we define the matrix V() for variable nodes. We have

l l l
VZ(,J) - Z >\ P{Vf()u)tzl | Vl(n)ijvdv:d}

1 l
= Z MNa(@=1) 3 Vw(esigijes—ip(@sus)e b b (3.9)
d C,J15-5Jd-2 €W

Further, let v,(cl) be the vector whose i*® component is the expected number

of variable-to-check messages at depth k of the tree which are equal to 7 in
iteration [. We can then write for a full layer

D v g0,

Let us define e; as the unit vector whose 4t component is equal to 1. We
can then write

l—k+1
E[Z Mg@)} = () = el = el [ VOCU-Dalh),
i€By g j=t

If we condition on the value of the messages on the root, we obtain

l—k+1

]E{ S 4 |V§H>:r} —el J[ v@cU-De
j=¢

i€B1 K
Therefore, we can rewrite (3.7) as
tim B[ 3 u"u”]
n—oo ' T(f)

l—k+1

nlLIr;OZ Z H vcl-De IP’{V =m, k):r}. (3.10)

k=1r=—m
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3.A.2 Edges in T\

Figure 3.9: Edges in T( ),

Variable-to-check messages carried by edges in T;Z) in iteration ¢ are in-
dependent of the root message in iteration ¢. Further, the value of the root
message as well as the value of messages in By j is independent of the size of

this layer. So we have

nILHQO]E[ ST il ]— lim ZE{ ST }

6T(i) 1E€EB2 i

= lim (z\9)%E [|B27k |}

4
= lim (¢)” SNt (3.11)
k=1
3.A.3 Edges in T}
tim B[ 37 "]
n—oo ) T(E)
=JLH;OZE{Z i
1€B3 &
:nh—{goZE{ Z ul ul }+ hrn Z [Z uge)ﬂge)] (3.12)
i€B3,k k=41 i€B3 )

Let us first look at the first term of the last expression, namely

Jim. ZE[ > u?u?].

i1€EB3 K
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Figure 3.10: Edges in Tg2).

We have
14 14
JLH;OZE[ > uul)]
1€B3 K
4 , ,
= 1im S Bys [E[6l” > ul? | [Bal]]
k=1 i€B3 &
4
:nh—{I;OZEws,k\ { Z [M( ),uz | |B3 kl}
= i1€EB3 K

0) (¢ l—k —k
*J;H;ozﬁlw[Z S B | ol 9 = B = )]

1€B3 p r=—mm

< lim ZE\BM\[Z ZE 1B ol o B[ [ LR

16B3 kT=—m

nh_,m ZE|B3 K { Z Z 2) | |B3,k|al/i(87k) = T]P{Vi(e) = mv’/i(e*k) = 7“}}

16B3 ET=—m

(i)nlingoZ iE\Bm[Z Blui” | [Boxl, vt = 1] PO = m, o = 1}

k=1r=—m 1€B3 &

(3.13)
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where in step (i) we have used the fact that knowing Vz-(efk)

pi and pf”

, where ¢ € Bs,
become independent. In step (ii) we can drop the index 4, since
P{I/i(é) = m, Vfé_k) = r} does not depend on i. Let i1 be the fisrt message in
Bs i. Since E[Mgé) | B3k, I/i(é_k) = r| is invariant for any ¢ € Bs j, we can then
rewrite (3.13) as

lim Z E{ Z ugé)uy)]

1€B3 &

= lim Z Z E[Bsilul” | v = rlP(vO=m, D=}  (3.14)

k=1r=—m

Vroot

Figure 3.11: Tree which has an edge directed from variable to check as root and
whose root node is a variable.

We know how to compute P{v(Y)=m, v(*=® =} from Appendix 4.6. Fur-

(® | (b _

ther, the derivation of the quantity E[|Bs |u; is similar to the

one of E[>_, 5 . ule) | v (e P = = r] in Appendix 3.A.1. We proceed as follows.
Consider a variable node of degree d. Pick an edge connected to this variable

node and let Z/C()u)t be the variable-to-check message on this edge in iteration /.

Moreover let V = {Vhi?l, cee Al(rll e 1} be the set of the check-to-variable mes-

sages on the d — 1 remaining edges in teration [ (the message indices in the set

V' are assigned randomly). Let 1/( )1 = 4, we want to compute E[1 w0 = }|V| |
1(1?1 = j,d, = d]. This is equal to (d — 1)P{1/(()2 =i D m1 = j,d, = d}.

Therefore, if we pick a random edge and we look at its message Z/C()fl)t, we obtain

~ (1 . l N
E[ 0 [V 950 = i1 = Sy Aald = DP{wiy, = i | o4, = j,d, = d}. Now

in,1 —
consider a tree which has an edge directed from variable to check node as root



3.A. Details of Fixed-¢ Variance Computations 37

and whose root node is a variable, as depicted in Figure 3.11. Let us define v,(cl)

as the vector whose i*" component is equal to the expectation of the number
of edges which are directed from variable to check node at depth k of this tree,
multiplied by ]l{ WO iy where l/r(fz,t

root. We thus have

is the variable-to-check message on the

Vée) = VOpO,

where VI = Y, 0(d — DB, = i | o) = j.d, = d}, as defined in

out in,1
Appendix 3.A.1. In the same way, we also defined the vector cg) whose 7!
component is equal to the expectation of the number of edges directed from
check to variable node at depth k of the tree, multiplied by 1 w® as well as

oot =1}

a matrix for check nodes, Cg? = gpald—1)P{p p{l) — il ul(rl])l =j,d. = d},

Vout

as defined in Appendix 3.A.1. We can the write for a full layer

el — O =151

We thus have

l—k+1

¢ ¢ ¢ _ -
Bl[Bs.clin) = (e )m = efiei” =ep, JT VOO0,
1=¢
e (e—Fk) .
Conditionning on v, = r, we obtain
L—k+1
E[[Bs ilpt” | i = 1] =el, [ vOCIVe,. (3.15)
1=¢
So, we can finally write
JLH;OZE[ >
1€B3 &
3.14,3.15 Qe
AL i Z Z H v ci—be, P{p®) = m, v =F =},

n—oo
k=1r=—m

(3.16)

Let us then consider the second term of (3.12). More precisely, we consider
limy, oo Zk 041 [216B3 . Mg@)ﬂg@)] Note that ,uge) depends on the realization
of its computation tree, and thus depends on the size of the boundary of this
computation tree, i.e. u( ) depends on |Bs ¢|. Next note that the average num-
ber of edges in Bj 1, k: > [, is proportional to the average number of edges in
B3 ¢. More precisely, E[|B3,k|]:(p’(l))\’(1))(’“_2)E[|B375|]. Let us define S¥ to be
the tree of height k whose root is edge i and let N(S¥) its noise realization. For
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Figure 3.12: S’f and Sf, with 7 € B3 .

a particular realization S¥, we denotes its boundary by Bs x(SY). Finally, let
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Jis- vy Jjpg i (st)) e the indices of edges which are in Bs k(S ). We have

lim IE[ 3 ug%ﬁﬂ (3.17)
n— o0 i€B3 .
(i)
=lm > > >
st N(sp)sf,....s5 N(S§ ). N(S5 ) i€B3,k (S})
g g p(sky) It 1B 1 (851

yP{N(s; L)

Tieg 511

u§‘>ME”P{s’f}P{N(s’f)}P{sh}P{msﬁl)} P{s],

@ h_)m ac(é)z Z Z M(E)P{S]f}P{N(S]f)}

sk N(sk)ieBs,k(sF)

= lim 29 )" 3" [Ba(s] ) OP{sh P {N(sh)}

FAclal

sk N(sk)
= lim oOE[[Bs.x|}"]
= lim z@E[(p' ()N (1))*=9 By o|ul")]

= Tim 2 (o' (1N (1) *OE[Ba,el i)

1
= lim 29 (o' ()N (1)) el TT VP CUVagys, (3.18)

n—oo "
j=t

where in step (i) we were allowed to write a product of probabilities since

sk, Sgl, ce Sg‘ o are independent, and in step (ii) we have used the fact
BS ke S
that ge st i P{sE YN (st ) =2, for allb € {1,... B3 x(S})|}. The

last step is similar to the computation of IE[|B3,;€|,u1 | y(efk)

;. =r] above.

3.A.4 Edges in T\

In this section, let us use a new notation as depicted in Figure 3.14. In a chain

of I layers, we label the variable nodes from 0 to [ and the check nodes from 1 to
(0

—j+1
denotes the variable-to-check message in iteration £ which is sent from Varlable
node j to check node j + 1. For a moment let us consider a regular code (d,,,d.).
(& (f) ( )

l. Let us also rename the v’s as depicted in Figure 3.14. For instance, v,

We also define w;’ and ws 7 “summarizes” the value received from the
channel and the d -2 remammg incoming messages at variable node j in
. . o ¢ . e .

iteration ¢; similarly, w;_ ) summarizes the d. — 2 remaining incoming messages

at check node 7 in iteration £ (see Figure 3.14).
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40
; . s om(2)
Figure 3.13: Edgesin T,”.
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Figure 3.14: Chain of alternating variable and check nodes.

Consider two edges separated by a distance [, where [ is even.

‘ [
Py (lo =Y z( )l+ =m}
_ o _ (/3) _ (¢-1/2) S
ZP{V =my 7 =mly Yija—ize = P Vijaciy2 =7}
w2 _ 2
P{VI/A2HZ/2 - 1/291/2 =7}
_ 0 _ S EU/2) SEU2) (e1/2)  _
ZP{V(y—o l/2—>l/2 ’ 1/291/2 P { z/2 1/2 = s}
_ (¢-1/2) JE2) (e-1/2)  _
{ l—>l+1 =m|v l/2~>l/2 ’ 1/2 /2 T}P{szzq/z =7}
_ 0 _ g U2 (&1/2)  _
ZP{VOHO m, z/zﬁz/z =5 | l/2Hl/2 r}
(0 JE2) -1/2)  _
P{VIHZJFI =MV e =T | v YN = s}, (3.19)
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where in the second step we have used the fact that conditioned on l/l(/e;/ 21)/2 and

SEU2) 0 (0 (€-1/2) (¢-1/2)

l/2 12 V5o and V), Are independent and that z/l/2 l/2 and v l/2 12 them-
selves are mdependent The computations of the two terms in the last equation
are almost identical. Let us consider P{l/(e) =m, D | 2 =r}.

—0 1/2—1/2 1/21/2
We have (see Figure 3.15)
0 _ (€1/2)  _ (e-1/2)  _
IEI){V()Ho - m’yl]2—>l/2 =5 Vz]2~z/2 =7}
_ 0 _ /2y _ /21 o (6/241)
- kz P{V o™ Vz/2—>l/2_s’ 1/2-1-1]2" ’Vz/2-1hz/2_k|
Jok,uw
(0-1)2) (121 (6-)2)
Vz/zkl/z_r’ wl/Q u,ww =v}
(0-1/2-1) (¢-1/2)
P{ 1/2 —h %, v}
o (e-1/2+1) (e-1/2) (é l/2)
- kz {Vl/2-1(—lf2_k | Vz]2~z/2_r’ 1/2 v}
Jok,uv
(2) o (e-1/2-1) . (6-1/2+1)
oo™ Vz/z 1— 172_3 v 1/2 1172 =k}
/2 _ (-1/2-0) o (1/2:1)
{ 1/2—4/2 | 1/2 1-1/2 =Jw /2 u}
(0-1/2-1) (e-1/2)
P{ 2 =W, 5, =v}. (3.20)
L2 -1/2)
12 ’ 1/2
L (e-1/241) (e-1/2)
Yoo 1/2-1—1]2 1/21/2
-~ -~ -~
0 l/2—1 l72 l/2 1
e e
(e-1/2-1) L-1/2)
1/2-1—1]2 1j2—1/2

Figure 3.15: Chain of even length [.

(e-1/2- D /241

1/2-1 l/2 1

O] (€-1/2+41) (e-1/2+41)
Yoo 1/2-1—1/2-1 1/2-1—1]2

-~ -~ -~

0 s 1/2-1 1/2-1 1/2 s l

e e

(£-1/2-1) (£-1/2-1)
1/2-1—1/2 1/2-1—1]2

Figure 3.16: Chain of even length [.
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Similarly (see Figure 3.16),

{ éé)o_m, V(Z-l/?-l) _j | V(é-l/2+1) _k/’}

1/2-1-1/2" 1/2-1—1]2"
(e-1/241) (€-1/2+1) (e-1/241)

Z Py Y15 1el/2-1 r Vl/2_1hz/2 k, 'Yy =v}

) S (e-1/241)
P{VOHO m,y 1/2-1—1/2-1 =s | Vl/é—l(*l/Q—l_T}

(€-1/2-1) .\ (L-1/2-1)  _  (e-1/2-1)
IEI){V1/2-1H1/A2_ | VZ/Q 1—1/2- 1 %2 =u}

£-1/2-1 £-1/2+1
P{wl(/Q_/l )=y wl(/2/1 D =v}. (3.21)

Note that in (3.21), v and v belong to {—(d—1)m, ..., (d—1)m}, according to
our definition of the variabe node rule. Let us define the two vectors ¢/’ and
&bt of length (2m + 1)2, where we denote the index of their y*" component by
(a,b), such that y = a(2m + 1) + b, as

’ 1/2 i—1/2-i 1/2-i—1/2-i

_ P{y@ . U2 (0-1/2+1) —i).

cl( : 7P{V(e) i, B2 g 2Dy
l =7l
( 00" " iyt W ipanicay2lin

Note that by symmetry we also have

_ () _ (0-1/2-4) _ (0-1/241) .
(S r) ]P){me =m, Vl/2+i<fl/24;i+1 =5 Vl/2+i<fl/24;i+1ir}
AL (/3) o (€-1/2-1) )24
G { TV s iy Y | VZ/QAJrHl/eri*k}'

We also define two (2m + 1)2 x (2m + 1)? dimensional matrices BZ(JZ k) (rs)

L,
and B(J k), (rs) B8
lyi (£—1/2—1) (—1/2—i—1) .  (=1/2—i—1) _
B(JJC) (rys) = ZP{ 1/2 i—l/2—i =s| V1/27¢71H1/2L¢ B J’MZ/iﬂ' = u}
(e—1/2+4i+1) (e=1/24i) (e—1/2+4i)
]P){Vm i—lel/2— Fk|yl/é i—l/2— iiT’wm i = v}
(e—1/2—i—1) _ (e—1/2+i)
Plw 1/2—i u,wl/2 =},
and
lyi (£—1/2—1) (£—1/2—1) (e—1/2-i) _
B(J»k) (rs) — ZP{VI/271'~>Z/2;1'+1 7l Yis—imija—i — O %ij2—i u}
(e=t/24i) (£—1/2+1) . (6=1/2+4) _
P{yl/i—i(—lﬂ—i_r | yl/2 i—l/22i41 k, Wiy v}

0—1/2—1 L—1/2+1
Pl = bl U = o,



3.A. Details of Fixed-¢ Variance Computations 43

According to (3.20) and (3.21), we can write ch/=Bbighitl = BLiBhitlchitl,
Thus we can expand (3.19) as follows

¢ ¢
P{Véloz ’Vl(ll$1 =m}
(3.19) (e-1/2) _ (£=1/2) _
- Z]P){V()Ho T e e T | Yijoeiy2 = r}
o (e-1/2) _ (e=1/2) _
P{Vzﬂzm_m’ Vz/2~z/2 =l Vl/2—>l/2 = s}

B 1,0 L0

= Z C(s,m) C(r,5)

:(Cl’O)TFél’O
:(Cl,O)TFBl,OCl,O
:(BZ,OBl,l . Bl,min{l/Q,Z—l/Q}—1Bl,min{l/Q,Z—l/Q}cl,min{l/Q,Z—l/Q})T

FBl,OBl,OBl,l . Bl,min{l/Q,Z—l/Q}—lBl,min{l/Q,Z—l/Q}Cl,min{l/Q,é—l/Q}

min{l/2,0—1/2}—1

:( H Bz,jBl,j+1Cl,min{l/Q,e—l/z})T
j=0
min{l/2,0—1/2}—1
FBZ’O H Bl,jBl,jJrlCl,min{l/?,éfl/Q}7 (322)
j=0

where F is a (2m + 1)? x (2m + 1)? permutation matrix which switches the
order of the two indices. More precisely,

1 ifi=1landj=k,

Fa. e :{ 0 otherwise. (3.23)

Ifi<e

Lmin{l/2,6—1/2} _ 11/2
Cs.m) = C(s,m)

=ulb" (3.24)

Ifl > ¢
Lmin{l)2,0—1/2} _ 1,0—1/2
C(s.r) = )
(2e-1)
1Zbe—l—0 r}

4 20—1
= P{I/S ) —m | Vl(ieggfe = T}]].{SZO}

= IP’{VOHO =m,v-, =S | v

=ul, J[ V€U a1 (3.25)
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So far we have considered the case of even [. If [ is odd, we define

At 0 _ (L=(+1)/2—1) _ (L—=(l=1)/2+1) _
Clsir) = ]P){VOHO =m V(l715/27i~>(l71)/27i =5 V(l 1)/2—i—(1—1)/2—i r}
P 0 _ (L=(+1)/2—1) _ (L—=(1=1)/2+1) _
€k = ]P){VOHofm’ V(lfl)/27i~>(l71)/2fi+1 jlv (1-1)/2—i—(1—1)/2—i+1 =k},
and
51,
B, rs)
—(+1)/2-i) _ (e—(14+1)/2—i—1) (e—(+1)/2—i-1) _
_Z { (1-1)/2—i—(1—1)/2—i =5 V(l—l)/2—i—1—»(l—15/2 i =J w(l 1)/2—i = u}
(t—(1=1)/24i+1) _ (L= (1—=1)/2+1) (e=(1=1)/2+4) _
Py (1-1)/2—i—1—(1—1)/2—i =k | (1-1)/2—i—(1—1)/2— zfrw(z 1)/2—i =}
(6= (1+1)/2=i-1) (e—(1=1)/2+3) _
Plw (1-1y/2—i T 12— =}
Li
B, rs)
—(14+1)/2—1) L (=(1+1)/2—4) WD /20 _
_Z { (I-1)/2—i—(1—1)/2—i+1 _3|V(1—15/2—i—>(z—1)/2 i - 2-i =u}
(£=(1=1)/2+4) _ (£=(1=1)/2+4) _ (e=(=1)/2414) _
P{V(lfl)A/ine(lfl)/Q i’ | V(l 1)/2—i—(1—1)/2—i+1 =k,w “-1)/2—i = v}
(L=(+1)/2—1) (L=(=1)/2+i) _
P{w(lfl)/2fi =UWi_1y/2-0 =v}.

By symmetry we have

o _ (€—(1+1)/2~1) (e—=(-1)/2+1) _
(S v Py Yiciin T ’V(z+1)/2+m(z+1)/2+i+1 =s| V(l+1)/2+i~>(l+l)A/2+i =7}
i o _ (€—(1+1)/2~1) — |, (=1)/249) _
€k = =Py Vg1 = ’V(z+15/2+w(l+1)/2+z‘ =7l V(l+15/2+i~>(l+1)/2+i =k}
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Then
0 _ (£) _
P{y Yoo Yt =m}
_ 0 _ (£=(1+1)/2) _ (L—=(-1)/2) _
= ZP{VGHO =MV -1y 8 | Yi—1y2—=1y/241 r}
0 _ (e—(1-1)/2) _ (£—(1+1)/2) _
W =m Yi—iype—-1y/2+1 " | Yi—iye—a-1/2 s}

~1,0 l,—1
> oS
r,s
(él’O)TFCl’_l
T A1 —
(Bl,Ocl,O) FBL lBl,OCl,O

(Cl,o)T (BZ,O)TFEZ,ABI,OCI,O
min{(I—1)/2,0—(1+1)/2}—1

Bl,jBl,jJrlCl,min{(lf1)/2,27(l+1)/2}) T

j=0
min{(l—1)/2,6—(1+1)/2}—1
(BZ,O)TFBZ,ABI,O H BLiplitlclmin{(1-1)/2,6—(1+1)/2}
j=0
(3.26)
Ifi<e:
cl(sm;z)n{(l 1)/2,6—(1+1)/2} C(S(lr)l)/Q
[ -1 [
:]P){l/é)o—m,l/é 0)*5|Vé10:7’}
-1
= ]P{Vé_}o) = 8} {m—r}
=ul by, (3.27)
Ifl > ¢:
GLmind(=1)/2,0=(141)/2} _ L= (1+1)/2
(s r) (s T)
(8) _ (0) _ (2e—1)
- P{V T 0TS | Yicecre = r}
_ (5) _ (2¢=1)
=Pl o =mlv>, 5, =rHl=0)
2-141
=u) [ VOVCU D1y (3.28)
j=¢

In order to simplify the notation, let us redefine ¢>* such that it holds for
even and odd [:

If 1 </

(5) _ (e-1/2-3) (e-1)2+i)
) P{V TV iy | Vl/A2-i<7l/2—i7T} (3.29)

=ulb’" l]l{mzr}. (3.30)

(sr
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Ifi>¢
20141
chi =l H V(j)c(jfl)ur]l{szo}, (3.31)

So far we have consider two variable nodes separated by a distance [ for a

regular code (d,,d.). But in order to expand lim,, E[ZzeT(“ ug )[LZ( )], we

need to know how to compute the correlation between the root messages and all
messages in By, i.e., lim, I[E[Z:le]34 . ;Lgé)uy)} This derivation is similar to
the one above when we considered only the correlation between two messages,

ie. P{u(e) =m, 1/52141 = m}, except that we need to add a factor d, — 1 in

B and d. — 1 in B in order to take into account the number of messages in
By ;. Finally for irregular ensembles, we need to average the degrees. Thus we
redefine the two matrices

S
B(j,k),(r,s) (3.32)
fz —1)p
Z { (e—1+1)/2] %) S| (e—10+1)/2]—=i-1) =j,w (e=1(+1)/2]=i—=1) u}
[(I—1)/2]—i—[(1—-1)/2]—i [(I—1)/2]—i—1—[(I—1)/2]—i v [(—1)/2]—i

(= [(1=1)/2]+i+1) (- T=1)/2140) (6= T(-1)/2]+i)
P o) et ey -7 B Vs ity T Ym0
P D211 e TAD/214L g gy

[(1—1y/2]—i s [(l 1)/2]—i
©)]
= Z(d —1)pa Z 1s—jmu) L {p=rBo}
d u,v
(P(f—L(H‘l)/%—i—lvf—f(l—l)/21+i))ﬂ(d-2)) , (3.33)
Li
Bk rs) (3.34)

= (d—1)X\
d

ZP{ (e—10+1)/2]—9) v (e=1(+1)/2]=1) —s, oL /2] 1) u}
[(1-1)/2]—i—[(1—1)/2]— z+1'7 [(1—1)/2]—i—[(1—1)/2]—4 “r-1)/21-i

((=T(1=1)/2]+1) (e=T(1=1)/21+1) (e=T(1=1)/27+i)_
]P){V[(z 1)/2]—i—[(1—1)/2]—i =rlv [(l 1)/2]—i—[(1=1)/2]—i+1 k’wf(l 1)/2]—i v}

PLoELED/21=0 = TD/2140 g

Yra-n/21-i = @ra-n 21—
@ Z = DAY Ljme(sruy Lr—e(iro)}
d w,v
(Q:(CBMS o (Q(Z—L(l+1)/2j—i,€—f(l—l)/21+i))®(d'2)))uv7 (3.35)

where steps (i) and (ii) are performed according to Appendix 4.6. Note that
in order to simplify the notation we have defined the matrices above such that
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they hold for even and odd [. Then we have

hmnﬂooE[ > M(é)ﬂz(é)}

iet!?
. 0 (¢
= lim,, o E {Z D M() ()}
1=01€By —
@
[(£-1)/2] &
— hmnﬁoo Z ( H B2h’]B2h j+1 2h, h) @
h=0 j=0 *BF
w
h-1 o o
(FB2h,O) H 2h,gB2h,J+1 2h,h s
=0 IA
~
3
=
03
L2l o vt Soh1jR2ht 11 2ht k) o5
) B 3 W
+ 3 ( T B2h+LiB2htLlitlc ) G-
h=0 \j=0 Do
h-1 e
(B2h+1,0)TFB2h+1,-1B2h+1,O 11 B2h+Lip2h+1,i+1c2h+1,h Sy
: L
J=0 IA
Y
¢ Chel _ T E
+ ) ( 11 B2h,JB2h,j+1C2h,€7h) 2%
h=[(¢-1)/2]+1 " j=0 NS
£-h-1 co ll
FB2h-0 H BQh,jB2h7j+lc2h,27h gg
1 v
j=0 <
£ e b1 2kt 11 2h 1,0 (h+1) T £
+ ( B B JHle A= ) 5
_ 2 1:[ w7
h=[(¢-1)/2]+1 * j=0 N
T 5 =)
(B2h+1,0) FB2h+1,—1B2h+1,0 vw§
0-h-2 S
11 B2h+1,ig2h+1,5+12h+1,0—(h+1) —
0 : Vi
J= ~

3.A.5 Computation of 5S¢

Let us now concentrate on the sixth term

Scznggo( [ S }_nA'(n(:g(f))?).

i€(T))e

At first one might think that the root message and a message on an edge
in (T®¥)¢ are uncorrelated since their computation graphs do not intersect.
Indeed, this is the case for a regular ensemble, for which S¢ is equal to — | T |
()2, The computation of S¢ for irregular ensembles is more challenging. The
number of edges in T() for irregular ensembles is not constant but is a random
variable which depends on the graph realization. Thus we cannot move the
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sum over i € (T®))¢ outside the expectation. It is clear that ,uge) depends on

() 0

G(Z) but as we will see in the two following sections, p, ” also depends on Gy

It is therefore natural to condition on Gg ). We have

ot (2 T uOW0] o)

B i€(T®))e
i (o [E] T w04 160]) - ran)
i€ (T(0))e
= tim (Ego [ 30 E[ a0 6] - v ))?)
e ie(10)e
= lim (Ego | E[nf” 1687] 30 E[u | G{]] —na (1) )?).

ie(T(®))e
(3.36)

Degree Distribution Correction

The message of the root node is a function of the specific realization of Gg).
For the regular case, if we consider a fixed number of iterations and the limit
of n tending to infinity, there is only one Gg) which has a positive probabil-
ity (namely a regular tree of the appropriate height). But for the irregular
case many such computation graphs have a strictly positive probability in the
asymptotic limit.

Suppose, e.g., that Gg) contains an unusual large number of variable nodes
of high degree (as compared to A(z)). In this case we expect the average (over
the noise realization) reliability of the message emitted by the root node to be
higher than what is predicted by density evolution.

But Gg) indirectly also influences the messages in (Gg))c. This is true since
the total number of nodes of a given degree is fixed. Therefore, in the above
case we know that (Gg))C contains fewer variable nodes of high degree than
expected. This causes a small deviation of the degree distribution of (Gg))C as
compared to A(z) and, hence, a small deviation of average message in (Gg))C
as compared to density evolution. Even though this deviation is only of order
1/n, there are of order n messages inside (Gg))C and so this deviation gives a
non-vanishing contribution in the limit of infinite blocklengths. pp Let us write
down this effect explicitly. Given the degree distribution polynomials A(z) and
p(z), define the operators A(x) = 3", Apx*(=1) and p(x) = 3=, pix®~1 | where
x is a density, * is the convolution at variable nodes, and & is the convolution
at check nodes. This extends to the respective derivatives in the natural way:
N(x) =3, — DAx*72 and p'(x) = 32, — 1)pixBE=2). Let us also define
the two operators VGt x)=>; ViGy)x” and CC+” x) =3, C’Z-G;[)xi, where

O] )
ViGT and C’Z-G " are the number of variable nodes and check nodes of degree
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1 in Gg), respectively. Again let us extend the notation to their respective
cvati alfys G (i1 ISAY} G @i

derivatives (VG ) (x)=3",iV, T x*(=1 and (C% ")/ (x) = Y, iC;"™ xBO-1),
Consider the degree distribution of (Gg))c. We know the overall degree

distribution and we are given the degree distribution of Gg) itself. By remov-

ing Gg) from the overall bipartite graph the distribution of (Gg))C changes by
AX(z) and Ap(x), respectively. Let us compute these deviations. Consider a
bipartite graph of variable and check degree distribution A(z) and p(x), respec-
tively. Assume that we remove a variable node of degree j from this graph.
Thus the total number of edges becomes nA’(1) —j and the new variable degree
distribution of the graph, call it 5\(30), is

Mz) = Z izt

B Z nA (DNt =t — jai=t
- nA/(1) — j

_ Z (nA'(1) — )Nt =L + j =t — jad—t

- nA'(1) —j
JAz) — jal
BT O
JA@) = gal 7t 2
)\(:L') + T(l) + O(l/n )

O]
The number of edges in Gg) is equal to (VGél))’(l):Zi z'ViGT . Therefore,
if we remove Gg) from the complete graph the variable degree distribution
changes by

(VY (A@) — (V) (@)

AX(z) = WA (1) +0(1/n?). (3.37)
Similarly, the check degree distribution changes by
CGg) (1 _ CG;[) 1

nA’(1)

Let us write the variable and the check degree distribution of (G@)C as \(z) =
Az) + AX(z) and p(z) = p(z) + Ap(z), respectively.

Consider the effect of this small deviation on density evolution. As defined
earlier, let al?) be the variable-to-check node message density in iteration j
and let Aa) be the deviation of this quantity due to the deviation of the
degree distribution. Let b() and AbU) be the equivalent quantities for messages
flowing from check to variable nodes. Assume that Aa@) and Ab¥) are of order
O(1/n) (the recursion and the initialization will show that this is indeed the
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case). Consider first the evolution at check nodes. We have

bW — ApW@)
=p(a¥ =t — Aal—)
:Z/;i(a(jfl — AaU=1)E-1)

_Zp (D)1 _ (; — 1)Aal=) @ (a0=0)""? 1 0(1/n2))

=3 pa0 )" YR m Y- 1)@ o /e?)

p( U=D) = AalU=D @ p/(aV 1) + O(1/n?). (3.39)
Next comes the evolution of the densities at the varible-node side. We have

26) _ Aa(j)
=aBMS *)\( Ab(]))

B2 15ms * A(p@U~D) — AaU=D @ p/(ali=V) 4 O(1/n2))
—agus * Ap(a0 ™)+ Ap(a0 ™) =A™V @ p/(207))+0(1/n?)
—aBMS*ZA aU™D) £ Ap(ali )~ Aali) @ o (a0D))* =D 1. O(1/n?)

=apms * Z ()\z‘p a(]—l))*(i—l)

+ Xl = D(Ap@U ™) =Ra D @ (207)) x pat =) D) 1 O(1/n?)
—agms * Z Aip(@UTDY D 4 apys « (Ap(@l =) — AalU=Y @ o/ (ali— D))

* 20= DAl 0

—aBMs*)\( (al (G- ))) + apms * (Ap(a (- 1)) — Aal-1D p/(a(jfl)))
«X(p@Y™Y)) +0(1/n?)

—agus * A(p(a¥ ")) + agms* AA(p(a¥ ")) +agus « Ap(a¥ V) x N (p(aV V)
— s * AaD @ /(207D N (p(ali D)) + O(1/n?)

=2 4 agus * AN(bD)) + agws * X' (b)) x Ap(al—1)
—apms * ' (bW) x (Aal=Y @ p/(al=1)) + O(1/n?). (3.40)

Note that @a(o) = 0. Since this is of order O(1/n), the recursion confirms that
Aal) and AbY) are of order O(1/n). If we now combine (3.37) and (3.38) with
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(3.40), we get

.40

AaD 2 _apys x ANbDY)) — agus * X (b)) x Ap(ali=1)
+agms * N (b)) x (AaU=D @ p/(ai=1)) + O(1/n?)

(8.37.3.38) (VG (D)ABD) — (V&Y (b))

_ Gy G=1Y _ (CG7 (36D
~ aos £ X (b9) 5 ((O e ) - (0 >)
+agms x X (b9) x (Aa=V @ p/(aU =) + O(1/n?)

- n/\_’zl) ((VG;Z) Y (1)agms * A(bY) — agus * (VO )'(b(j)))
B nﬁu) (") (Dagus « X (6P) x p(at =)

— agus * X' (b)) x (CG;E) )/(3(];1)))

+agus * X (b)) x (AaU=D @ p(al0~D)) + O(1/n?)
-1 Q)

= WA (VS (1)29) — agus » (V) (b)

+ (CGy))’(l)aBMS X (b)) % bW) — agys x N (bW)) (CGé“)/(a(j—l)))

+agms * N (b9)) x (Aali=V @ p/(aU=1)) + O(1/n?).

cSil(d)
(b(j))“d*z)
e S—

A

&

Figure 3.17: Variable node of degree d.

(3.41)

The preceding formula characterizes the deviation of the densities in (Gg))c
due to the realization of Gg). As with all previous quantities, let us now write
this quantity in a matrix notation. To that end, we need to write in a matrix
form the quantity agms * X' (b")) v which appears several times in (3.41) where
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v is a vector. Let ci(ﬁ) be a density. We can write

agms * N (b)) x ) = Z(d — DAgasus + (b)Y
Z )\dcg]u)t (d).
d

(7)

o (d) as the outgoing density at a variable node of degree

where we defined ¢

d which has one incoming density c(J ) and d — 2 incoming densities b (sce
Figure 3.17). Let us look at the i*" component of this vector. It is equal to

Z(d ))‘dcf()u)t(d)
d
=Y (@ = DAP =i | dy = d}
d
:ZZ(d* 1))\(1]}]){1/5311 =1 | A(J) _ k d, = d}P{I/(J) — k}
k d
:(V(j)ci(g))_,

according to the definition of V() in Appendix 3.A.1. In other words, agms *
N (b)) *ci(g):\/( (J) . Similarly, p/(a=1)) ci(g_l):C(j’l)ci(g_l).

Now let us look more prec1se1y at the quantities which appears in (3.41). Fisrt
we have agms * X(b(j)) * b=V Then

[ . .
agms * X (b@) % (€Y (aU—D) ch "agms * N (b)) % (ali=1)@(@-D)
—ZdCG( W (J 1 )l(dfl)
(j (CGél)) (a(rl))_

Finally consider the density 30— = al—1) — Aal—1), We have

apms * N (b)) x (p/(a(jfl)) 5(]'*1)) = apms * N (bY)) » (C(jfl)g(jfl))_
(3.42)

The i*® component of the vector CU=D30=1 is equal to
(C(jfl%(jfl))
fZZpd — P =i |9 =k d. = PV = k)

fzpd (d—1)P{oS), =i | de = d}.
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In other words CU—D30=1 =3~ p,(d —1)(30~Y)B=1 S0 we can write

apwms * A (b)) % (C(J’—l)g(j—l)) - Zpd(d ~ 1)agms + N (b0 x (30-1)B(-1)
d
=3 pald — VY (30D
d

— v Zpd(d —1)(aU-yBl-1
d

_ v ol-D36-1) (3.43)
Combining (3.42) and (3.43), we obtain

aBMs * )\/(b(j)) % (p'(a(j_l)) g(j—l)) v l-Dz0-1 (3.44)
—vWaU-Da6-1 4 yOU-D A6,

According to (3.44), if we replace 3~ by al=1)  we have that agms x ' (b1))*
(p'(@U=D)ymali—Y) = v CU-Dali=D. We can then conclude that

aBMs *X(b(j)) % (p/(a(jfl)) Aa(jfl)) = V@O oU-D ARG,
Moreover, we have that

©
aBMS*(VG([)) b* *ZdVdGT apwms * (b(9)*(4=1)

G“’)
= g dV. al ),

where a(¥)(d) is the outgoing density at a variable node of degree d in iteration
£. In the same way we can write

(€G- ZdC’pr() d).



54 General Scaling Law

We can thus write Aa®) as

~ —1 (z) (0)
0 — Gy Gy (f)
Aa oA (VG ZdV a

+ (7Y v OBO v S acS b0 ()

+ v<@>c<f—1>Aa<f—1> +0(1/n?)
el
) (Zd (a® —a®@(@) + VO S dci (b® — b(l)(d)))

v<f>c<f DAY + 0(1/n? d
s ®
~r 2 LIV (v @0 o)
i=1 k=/{
+V(”Zd0 T — ) (d))) + O(1/n?). (3.45)

Messages Correction

The second term which gives a non-vanishing contribution in the irregular
case is due to messages that flow across the boundary from Gg) to (Gg))c.
These messages influence the neighbors of Gg) and thus the average densities
in (Gg))c. Indeed, assume that the density of messages which flow from Gg)

across the boundary to (Gg))c at time j < £ is not a) but a¥’. This influences
messages up to a distance £ — j away from the boundary.

More precisely, consider an outgoing edge at a variable node at a distance
j from the boundary of Gg). Let éga be its message density at iteration ¢ and
let n; be the number of such edges. In the same way define Béj ) and m; for an
outgoing edge at a check node. Thus, if we pick uniformly at random an edge

from (Gg))c its message density is

4 ) < (0
Jo _ (N () IG5 m)a® + 55T my(al” — Aalf)
nA/( —|G“>|
=al - N Z Aa". (3.46)
n '7

Aa®)
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A0 O]

In order to compute n;Aa;”, we can expand n;a; " as follows

njé(-e)

—aBMs*ZA (e) *(i— 2) ]—By)

—aBMs*ZA 1)(b®) x(=2) (sz N 1))l(Z 2) mn,_ age . )

—aaus Y M- 1)) 0 (Zp (a“ 1>>“‘2>nj_1<a<ef1>_Aa;€z”>)
(b©®)* G (at-D)B2 (-1

—aBMS*Z)\ i—1 m;b —Zp 1—1 ) En;— 1Aa] 1

—n,; a<>—aBMS*ZA i—1)(b®)" (Zp (a0 gy, Aalt 11))

:nja( )faBMS*)\ (b)) % (o (alt= D) nj,lAage_ll)).
Thus we can derive Aay) from the recursion

njAa;l) = apMS * )\/(b(e)) * (p’(a(l’l)) nj_lAag-ljll)),

with

nodaf ™ = (Biel + [Baael) (2P —al™?),

. e . . AL .
As we did for the degree distribution correction, we can rewrite njAag ) in
a matrix form as

njAage) = V(E)C(efl)nj,lAa§é__11)
VO Ly =40 =) g A=)

l—j+1 ]
= I V00 (B + Buad) G - i),

Thus the deviation due to the messages correction can be written as

=1 0—j+1

1 ) iy
Z H V(k)C(k_l)(|B1,e| + |B4,25|)(a@_3) _ agf J))_

Aa(é) - —(8)
nA(1)— | Gy |j:1 k=¢

(3.47)

Putting it Together

In order to derive S°¢ we need to compute for i e (T (e)) the expectation of ,ugé)

for a particular realization of G\, i.e. E[ | Gl ] (see (3.36)). According
to the two corrections, we know that the varlable to-check density on an edge
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picked uniformly at random from (T®)) is equal to a® — Aa(® — Aa(®). Thus
we can write

¢ 0 ¢ X A
> Bl G = (1) e — Aa® — Aa)
i€ (T())e

- |(T<4>)C|(@(a<f>) — ¢(Aa®) — @(Aa“)))
= (1) (0 - €(Aa®) — €(Aa")).  (3.48)

We can now expand (3.36) as

s= lim (Eqo [E[” [617] Y E[u ]G] —na'(1)")?)
ie(T®)e

i (B (OB | 6] (00 — €(Ba)-€(8a0))]-n' (1))

n—oo

= lim (Egen [(nA' (O-TONE[Y | 617] (a-¢(3a?)-€(R2al))]-na'(1)()?)

n—oo

(3.48)

= lim nA’( ( G(“[ () | G(e)] (e)] (z ())2)

— Tim nA'(1)(Eqo [€(Ba“)E[nf” | Gi7)] + Egeo [€(Aa®)E[uf” | G17]])
= Jim B [T | )]
+ lim (Ege [ITVE[” | Gi7)(€(3a) + €(Aa))])

2

2 lim (1) (o Egeo B | GF7)) ~(=)%)

n—oo

 Jimy (1) (E[e(3a)u"] + Ee(30)ui")

n—oo

— lim 2By [IT]E [} ey

n—oo

D tim an()e(E[Ra®p(")) (3.49)

n—oo

— lim nA'(1)€(E[Aa®u{]) (3.50)

— lim x(é)E[(VGél))’(l)uge)],
where in step (i) hmn_,oo( al® [|T(Z)|E[u§e) | Gg)]((‘f(ﬁa(@) + Q‘E(Aa(‘})))])zo,

since Aa® and Aa® are of order 1/n, and in step (ii) we replaced [T()| by
(VGge))’(l). According to the derivations in Sections 3.A.5 and 3.A.5, we are
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now able to expand (3.49) as

o Lo+l
- ] i ST e (S 0 -0
FVO S a0 b0 (@) ] + 0(1/n?)
¢ i+1 ’
B[ ST VO s (S v @ a0 @)
i=1 k=¢
VO ST acS (b b0 (d)))}
L i+1 ’
:*ZHV(k)C(k 1>(ZdE “)v (a® —a®(a))
i=1 k=¢

VO S a0 )b b “(d))),
d
and (3.50) as

lim nA/(l)E[,uge)Aa(e)}

(0) 0—1L—j+1
. i y—
nlango”A’“)E[m Z [T v otk-1(Buel+ oz N —al=)]
0—10—j+1 _
=E (1?3 T] VPCU = 1)(Brel + Bazd) (@@ —al )]
j=1 k=¢
{—14—j+1 ]
=3 I vOCE DR[O (Brd] + [Bae) (@7 —al™")]
j=1 k=t
0—10—j+1 ‘
=>_ T VOCH VR (Bl + [Buad) 77 = al™)]
j=1 k=t
0—10—j+1 _
= Z H v k=D (E [Mge)(|B1,é| + [Bao])]a ) — E[Hy)ﬂBLd + |B4,2e|)3ieﬂ)})
j=1 k=t

® ®
Finally it remains to expand E[ugé)VdGT 1, E[ugé)CST 1, E[ugé)(|B17g| + |Ba,2¢/)]
and E[,ul (|B1.¢| +|Ba,2¢|) al ])} in order to be able to compute S¢. Let us look
at each of these terms separately.
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0)1,G0
Elui? v

®
Let us define VdGT (7) as the number of variable nodes of degree d at distance

j of the root in the future of Gg) if j is positive and in the past of Gg) if j is
negative. Thus we have

eI . cl = eI
VT =Y VTG 4D VT ()

j=1 =0

Then we can write

7j=1 7=0
: () ,G 2 (),
=D EpVT ()] 4D BV (=)
Jj=1 j=0
First we compute
(0,68 ® e
ZE[M Vit ()] = Elwy ]ZE[Vd J
j=1 j=1
‘
=2 " (1N (1) A
j=1

@
Secondly, we can expand Z?iOE[ugé)VdGT (—7)] in the same way we expand

E[|B3_,k|u¥) | I/i(f_k) =r| in Appendix 3.A.3. If j < /¢
f—j+1

£) .
B Vi (i) =ep [T VDA )
k=t

(2) .
Further, note that if j > £, then E[V,T ()] = E[|Bs.¢|(N'(1)p/(1))7~Ag]. We
can thus write if j > ¢
al?, . i
Elui? V" (<) = B [Bs,el (N (1)0' (1))~ Ad]
¢ i—
= B[ B3 o)V (1)p' (1))~ Ag

1
= [TV C* Vagus (X (1) (1)) Aa-
k=¢
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Combining everything, we obtain

J=1
¢ 0—j+1

+Y el JI VW CtDra ()
=0 k=

20 1
+ Z eﬁHV(k)C(kfl)aBMS(A/(l)P/(l))jieAd' (3.51)
j=f+1 k=/¢

0) AGLY
Eluy’ 0y ]
S . . al? .
The computation is similar to the previous one. First let us define C;" (j) as

the number of check nodes of degree d at distance j of the root in the future
of Gg) if j is positive and in the past of Gg) if j is negative. Thus we have

SO = X G .
Cq" :ZCdT (J)JFZCdT (=J)-

7=0 Jj=1
-1 0 G 20 (0 GO
= Elpuy Cy" (J)]"‘ZMM Cym (=
7=0 j=1
First we compute
S (0 G (073 /0L
ZE[ 10y ()] =Elw ]ZE[C J
Jj=0 j=0
-1
=2 (N (D) pa
7=0

4
Secondly, we look at the second term Z?il E[Mgé)cd T (—j)]- Again we have

to distinguish between two cases. If 7 </

—j+2
G([) ) - . o
E[Mgf)cdr (—j)] = el II VE =1y (E=i+1) , b ]Jrl)(d),
k=t
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and if j >/
0 G® bg+2 , ,
E[Mg )Cd T (7])] _ eﬁ H V(k)C(kfl)v(lfjJrl)eO(A/(l)p/(l))gflflpd.
k=¢

Combining everything, we obtain

-1
G(E) .
Elpi?cd 1 =23 (0 ()N (1)) pa
7=0

‘ 1—j42
+Ze£ H V) =Dy (E=i+1) 5 hE=i+1) ()
j=1 k=¢
20 —j+2
+ Z eﬁ H V(k)C(kfl)v(éfjJrl)eO()\/(l)pl(l)y’féflpd'
j=f41 k=
(3.52)

Y4
[l (|B1,e| + [Ba,2e])]
First note that

l l l
Eld? (1ol + [Bazel)] = B[l By e]] + Elpt? B 2el]
Y4 Y4
=E[u"] ElBiel] +E[ul?Bazell.
S—— N——
a0 (N ()p (1)

Let us rewrite E[M§8)|B4125|] as

‘ ‘ al®
Bl Baoel] = B[ 3 (d = 1)V, (-20)]

d
S (@ - DE[IVE (20).
d

®
The computation of E[MEZ)VdGT (—2¢)] has already been performed in Ap-
pendix 3.A.5. So we have

1
B[t [Bael] = S (d = DAV (1) (1) el [T VEC* Vagws
d k=¢

1
= NNV 1) e, [T VHC* Vagus.
k=¢
We can thus write
1

Bt (1Bel + Baze)] = X (1) (1) (2 + X (W)e], T VO CEDagus).
k=t
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Elut” (|B1,¢| + [Bazel)al ]

Blt” (Bl + [Baae)al ™) = B[t Brelal ™) + Bl [Baaelai™
L £— 4 £—j
= Efui " JE[B1elal "] + Bl [Baarlal ]

= 2 OE[[B1 ¢[al ") + E[u}” B zrlal )

Now let us make the following observation. First let us number the edges in
By from iy to djg, . Then for all edges i; € By, j € {1,...,[Bas|}, let us
call B;; the boundary of its support tree of edge height /. We can thus write

By, 213|— Z|B4 | |Bi,|. So we can write

Y4 l—3 l—
Ell” Baoelal ] = Eps, , [Elnl” Ba2elal™ | [Bael]]
—
=Ejn, (| [El1l” | Bae[JE[Bs2e[al ™ | [Bael]

[Ba,el

4 l—
= Bip, o [E” | BueIE[ S 1B, [a 7 | Bacl]]
j=1
[Ba,e]

— B, [Elt” | Baell Y BByl | [Bacl]

j=1
=Eps, , [E[1\"” | Bael][BaelElBi [al 7 | [Bael]]

l l—7
=Eps, | [E[1\” | [Bael]Bacl]Eps, , [ElBir[al™ | Bael]
Y4 l—3
Elul” By [JE[ B, [al7].

First we compute

[ )|B Z| )Z G() K)]
S (d - 1E[ ‘“vG“)Hn
d

1
Z — I)Adeﬁ H V(k)C(k_l)aBMs
d k=¢

_ )\/ T Hv(k)c k‘ 1)aBMS
k=¢
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©
where the derivation of E[,uge)VdG’ (—¢)] in step (i) has been performed in

Appendix 3.A.5. We still need to compute
Ef[B1elal ™) = VIO COR[By ]2l "]

1
=[] vWc* VE[sB,, 1]
={—
1
= VB CED V(1) (1)) agws.

Finally we note that E[|B;, |a,(f*j)] = E[|B17g|a,(f*j)] for all i; € Byy. We can
thus write

Y4 l—3
Elul” (|B1,¢| + [Ba, Qe|> il

1
( © 4 N(1)el Hv(k)c(k l)aBMS) (N (1)p'( H VE CE=D 506,
=t

k=¢ k=(—j

3.B Details of Asymptotic Variance Computation

3.B.1 Edgesin T;

lim lim E[ Z u(e) (8)}

£—00 Nn—00
zGT(E)

{—k+1

i i L l—k
i 3 3 [T voeou, 2047 =m0 =)

k=1r=—m

k
=ul, Z(VC)’“P
k=1
=ul VC(I - VC)~ 11— (VO)¥)P,,. (3.53)

We can then write (3.53) as

2m+1

—u! VC(I - VC)~'P,, —ul VC(I — VC)~ Z pie;

2m+1
=ul vC(I-VvO)~tP,, —ul VC(I Z epie
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3.B.2 Edges in Ty
k
Jim i B 52 %0l = i i 0 300 N )
> ierl® > k=1
(Y / k

= NP (1)

3.B.3 Edges in T3

y4
lim lim E[ Z ugé)uz(-é)}

{— 00 n—00 )
k=1 1€B3 &

. 2k m  A—k+1
® tim lim UZ@Z Z H VO U=y, P{p®) = m, F =}

froon= h=lr=—m j—¢
2k
=u}, Y (VC)*P,,
k=1
=ul VC(I - VC)~ (I - (VC)*)P,,
2m—+1
=ul VC(I - VC)'P,,, — u, VC(I = VO) ™' > Apje;.
1=0
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3.B.4 Edgesin Ty

s i 2[5 0l
iet®

2k
— lim i ) ge)}
Jim tim B[ 3
1=0 i€By,;

k h-1 h-1
— lim lim < Z ( H BQh,jBQh,jJrlth,h)TFBQh,O H B2hiR2h.d+12hh

{— 00 n—00 !
h=0 j=0 Jj=0

k-1 h-1

. , 4 T
i E: ( H B2h+1,JB2h+1,g+1c2h+1,h)

h=0 j=0

h-1
2h+1,0\ T 12132k +1,-1 15 2h+1,0 ~2h+1,i2h+1,j4+1 2h+1,h
B FB B B B c

j=0
k T k—1 T
= lim <Z ((BB)%) FBo(BB)"c + Y ((BB)%) BTFBOB(BB)%>
h=0 h=0
k—1
= ((BB)"¢)"K(BB)"c + ((BB)*“c)"FB,(BB)"c. (3.55)
h=0

where in the last step we define K = FBgy + BTFByB in order to simplify the
notation.
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We can then rewrite (3.55) as:

k—1
> ((BB)"e)"K(BB)"c + ((BB)*c)"FBy(BB)*c
h=0
k—1 (2m+1)? (2m+1)?
=Y (BB)" > ceK®BB)" > e
h=0 i=0 i=0
(2m+1)? (2m+1)?
+(BB)* Y «&FBo(BB) > cd
i=0 i=0
k-1 (2m+1)? 7 2mtl
:Z( Z S\?Ciéi+h5\§7163é2) K( Z S\?Ciéi+h5\§7163é2)
h=0 i=1 i=1
(2m+1)? T 2m+1
+< Z S\E{(Ciéi+k5\ﬂ2§_1€3é2) FB()( Z X%CiéiﬁLkS\ﬂ;_ngég)
i=1 i=1

k—1 (2m+1)?
=S (X Mol Ke; + hAE Vel e,
h=0 ij=1
(2m+1)?
+ > h)\g_l)\?Cg,ci(éQTKei+éiTKé2))
=1
(2m+1)?
+ > Nedkeie;eTFDe; + kA el FDe,
ij=1
(2m+1)?
+ > kAT Niese; (8] FDg; + &/ FDéy)
=1
(2m+1)? Y%K
1— (M) e
= Z 7( J cz-cjeiTKej

b EP Y
1423 -0 - N0+ N kA ooy
N 3%2 2
(1-23)3
(2m+1)* R T3 k=1
1= (A)E k(o [
+ Z )\i( (~2~ ) — (A2 ~)~ )63C¢(e2TKei+eiTKe2)
i=1 (1 - >\2>\i)2 1- >\2>\i
(2m+1)?
+ > Nedcic;eTFDe; + kA3 del FDe,
ij=1
(2m+1)?
+ > kNS Afese; (6D FDe; + 6] FD&y). (3.56)

=1
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We can thus finaly write,

lim lim E[ Z ugé)uz(é)}

£— 00 Nn—00

iet(?
1— A3 1— 23
= 1 ~1 C%é,{Kél + 2 CoC3 (82 Kég + €3 Keg)
M N2
(2m+1)? T s
1— (X)) T
+ ~—=—c;c;e; Ke
z_: D !
1,j=3 J
(2m+1)* o %k o3 yk—1
< 1= ad)E k(o e
+ Z )\i( (~2~) G ~)~ )03ci(e2TKei+eiTKe2)
i=3 (1 - )\2)\1')2 1-— )\2)\1-
2m+1
+ AT ciel FBoé, + A3 cocs (6] FBoés + € FBoé2) + > AfNicic;8] FBog;
1,j=3
(2m+1
+ Z kXS~ Necsei (8T FBge; + 67 FBoés). (3.57)

3.B.5 5S¢ for linfinite Number of Iterations and Finite Support
Tree of Size k

Size Correction

(£)

Zlirn lim x(e)E[(VGT )/(l)ugé)]

- zlggo 2 Z dE [VdG;k) Ml}

d
— 1 (f) J !
ZILH.EO Zd)\de N(1) (3.58)
2k £—j+1
+$(4)ZUT H v () h— 1)Zd)\da(€ I (d))
7=0 h=¢
k—1
=2 (1)(1+ N (1) Y p' (1) N (1) + zul, Z (vey Zd)\da
j=0

L (N | R 1A
v ° > [y

i=1

aluT e,

—2?p (1)(1+ N (1))

where in the last step we define the vector a =3, dA\qa(d).
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Degree Distribution Correction

lim lim nA'(l)(’E(E[AaMﬂ)

{—00 N—00

¢ i+1
= — Jim uf, > T vt 1>(Z dE[u a® — a0 (q))
i=1 h=/(
+v0O ZdE (6® — @ (d)))
s =1 0-141 " G(
::* _ T (h) v(h—1) (Z—l) _ =D
Jim ) lz; th Ve (Zd]E Ve a=D(q))

LD ZdE (E)C S ](b(e—z) _ b“‘l)(d)))

——ul 3 (VO) (ZdE Vs Y(a — a(d) + VY B 5 (b~ b(d))),
d

>0
where
I IE(e)G _1 %) ye=1
Jm V" lim o Zp Ad
2k £—k41
+ lim Y " Auf T v®ct=Dal=Ra)
Rl 1=¢
k—1
—p'(1) 3 (0 ()N (1))
k=0
2k
+ 3 Aqu, (VC)*a(d)
k=0

Note that in the first equality, we already take into account the fact that ¢ > 2k.
We also have

k—1
(k)
lim E (€) ~Gr — I () (1IN (1 k
Jim B[”Cyt ] = Jim @ ;O(p( X (1)*pa
2k—1 l—k+1
1i T () (I=1) 7 (b—k+1) |, (£—k+1)
+éir20kz_0pdum 111 vihct-Hy b (d)

(N (1) 0
k=0

2k—1

+ ) paub, (VC)*Vb(d).
k=0
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We finally have

lim lim nA’(1)€(E[ Aa,ul])

£— 00 Nn—00

:fuTZVCl

>0

AV (@~ a(d) + V3 B 5 (b~ b(d))

=—u, > (VO ( a2/ (1) (N (W) + 0T, 3 (VO a(d) ) (2 — (@)
k

>0 paurt =
AT (xﬂ;z_é(p'(l)x’(l))k u, 252;1(VC)ka(d)) (> b<d>>)
_ x% T ; (VO) (Zd)\dp (a—a(d) + Vzd:dpd(b - b(d)))
- ;(VC) ( zd:z (VO)*dga(d)(a — a(d))
+Vul, zd: 25 C)*dpaVb(d)(b — b(d))). (3.59)

Let us look at the first part of (3.59). We have an expression of the form
> 150(VC)! Ac, where Ac is a vector of weight 0. The first eigenvalue of VC is
equal to A'(1)p/(1), but it turns out that the first coefficient of the expansion
of a vector of weight 0 in the basis formed by the eigen vectors of VC is equal
to 0. We can thus write the firs part of (3.59) as

1— (P ()N (1))*
7$W T(1—-vC)~ (Zd/\dp a—a(d))JrVded(b*b(d))),

(3.60)

even though that the first eigenvalue of VC is larger than 1.
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Let us expand...

2k

—ul Y (vey (ug 3 S (VOFdrga(d)(a - a(d))
1>0 d k=0
2k—
+Vul, 37 ST (VC)rdpaVb(d) (b — b(d)))
d k=0
2m+1 2k
=—ul, Y (voy (ug 33 S Madei(a - a(d))
1>0 d i=1 k=0
2m—+1 2k—1

Va3 S Y Abi(d)ei(b — b(d))

d =1 k=0
2m—+1
o1 A

=—ul, Z(VC)Z( Z e Z a;i(d)ul e;(a —a(d))

1>0 i=1 d
2m+1 1— )\2]1{ B -
+ ; =" zd:bi(d)umei\/(b— b(d))). (3.61)

Let us define the two vectors a; = Zd a;(dyul e;(a—a(d)) and b; = 3, b;(d)ul,e;V(b—

b(d)). We can then rewrite (3.61) as

2 1
m-+ 1 _ )\2k+1

—ul S (vo) ( Z ——L— Y aldufei(a—a(d)
tod

>0

2m+1 ]k -
4 Z . Zbi(dmﬁeiwb—b(d)))
i=1 d
2m+1 )\2k+1 2m+1 2]k
(X Ao 3 I Yoo
i=1 >0 >0
2m—+1 2k+1 2m—+1 2m—+1 ok 2m+1
1— A2 1 1— A 1 -
:’<Z v Dl WL LD Dl vl 1—A»biﬂj“mej)'
1=1 j=2 J =1 Jj=2 J

(3.62)

Note that in the last step the sum over j starts at 2. This can be done because
as we said above, the first coefficient of the expansion of a vector of weight 0
in the basis formed by the eigen vectors of VC is equal to 0.

Messages Correction

lim lim nA/(l)(‘E(E[AalM])

{— 00 N—00

{—14—j+1

—lim S ] VPO (E (B + [Basl)]a P — E[ul? (1Br| + [Baoil)al

{—00

j=1 h=t

*j)]),
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where

Jm E[ "Bkl + [Ba2il)] —Z{IQO(X(l)p’(l))kw“)

£—2k+1
+Jim i, J[ VOOV @ -0
=(N'(1)p' (1) +uf (VO 3 (d — 1)Aqa(d)

=(X'(1)p'(1))*z + uy, (VC)* Vb,

Letus1ookatan,o (89 (1B |+ 1Ba2e))a ™) = limy— oo B[l By k2l ™)+
limy— 00 Efpg )|B42k|a(é ])] We have

Jlim E[ OByl )

= hrn Z (Z)|B {9 | I/y_j_]k) = T]P{Vy_j_k) =r}

. . 4 L—j— £— L—j—k L—j—k
= Jim 37 B[ [ = Bl A = P =)
= Jim 37 P{AY =m0 = (B efal ™ )T =]

= i Pm,T(VC)keT

r=—m

=(VC)*P,

where P is the variable flipping matrix at fixed point and P,, is its m'" row.
Then

gli,TO]E[ )|B4 2k|a(@ J)]

m k—1 k—1

_ elim nlinéo ( H BQk,jB2k,j+1Cinit(m)) FR2%0 H B2kig2kitle it ()

T =0 =0 j=0

m . T .
-y ((BB)kcinit(m)) FBo(BB) cinit (r)u,
where

¢ -k ¢
elim (let( ))(5 = IP’{V( ) — z,yé 0) =s| A )O =)

= hm P{I/(é o = s}lyi—p}
= éli>r20 eZbe ]k]l{i:r}

T
=€ b]].{i:,_}.
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Finally we have

lim lim nA'(l)QE(E[AaLH])

{—00 N—00

—ul S (vey (((A’(l)p’(l))kxa ~ (VC)*P.n)

j=1

+ (Wh(VC)*Vba - i ((BB)kcinit(m))TFBO(BB)kcinit(r)uT))

r=—m

—uZVC(I - VC)~L (((A'(l)p'(l))kxa - (VC)kPm)

+ (2’”2“ Mepul eja — i ((BB)kcinit(m))TFBO(BB)kCinit(r)uT)),

1=1 r=—m

where in the last step we again use the fact that the first coefficient of the
expansion of a vector of weight 0 in the basis formed by the eigen vectors of
VC is equal to 0.
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3.B.6 Put It Together

Ti + To + T3 + T4 + ddc + mc + sc
2m+1
=u,, VC(I - VC)™'P,, — u} VC(I Z Nipiei

- ((W)p' ()"

+ o O )

2m—+1
+ul VO(I = VC) ™ 'Py, —uf VC(I - VC) ™ Y~ A pre;
=1
1— 5\2]1« 1— 5\2]1(
7;20%@{1@1 + =-cacz (€5 Kes + &5 Ke,)
- M — N2
(2m+1)? Y% Nk
1- ()‘i)‘J) T
+ ———c;c;€; Ke
,2_33 1=y
1,]=
(2m+1)? 1.3 Ak 3.3 \k=1
< T—(A)E k(N I,
+ )\i( — — — )ccie Ke; + e; Ke
; (1—eh)?  1-Jon /0 (& 2)
2m+1
+ APc18] FBo&1 + A3 cacs (65 FBos + 85 FBods) + Y AfNicic;&] FBog,
1,j=3

(2m+1
+ Z KA\ g (8T FBoé; + € FBgés)

= /(N (L)
2m—+1 2k+1 2m—+1 2m—+1 ok 2m—+1
1— >\ 1 1— A2 1 -
+ Z ; 1_)\ a’zju € + Z 1—)\ 4 - 1_)\jbi7jumej
2m—+1

fuﬁvcafvc>*1(<x’<1>p’<1>>kzaf > Nipe:)

+$M B VO (S dhar ()6 - 2(d) +V b b(e)
d

2m—+1
—ulvcI-ve)! ( Z Mepul e;a
i=1
(2m+1)? T (2m+1)? . )
_ Z ( Z N8y + kL™ 03é2) FB0< Y Mealre +k)\“2<1¢3(r)é2)ur>
r=—m 1=1
1= (PN R —)\2“‘“

—pr’(l)(l—l—)\'(l))ﬁ —x Z aluTel

(3.63)
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T1 + To + T3 + T4 + ddc + mc + sc

2m—+1
=2u) VC(I - VC)™'P,, — ul, VCI - VC)™" > Mpie;
i=1
1— 5\2]1{ 1— 5\2]1(
ﬁc%é’{Kél + ~22 0263 (égKég + égKéQ)
A1 — A3
(2m+1)? Y%Kk
1- (Ai)‘y T
+ —=—c;c;€; Ke
]z::g 1—\ ’
(2m+1)? 3% \k 3% k-1
< 71— (AN k(Ao \; A Trre AT~
+ Z )\1( (~2~ ) — ( 2 .,)., )c;;ci(eQTKei +eiTKe2)
— (1 — A2\;)? 1— Ao\
1=3
(2m+1)?
)\2k01e1 FBge: + )\2 C2C3 (e2 FBoes + €3 FB0e2 Z )\k)\kczcje FBoe;
1,j=3
(2m+1)? } }
+ > kAT Niesei (85 FBog; + & FBoés)
i=3

1- (P(XN)*

2m—+1 1— )\QkJrl 2m—+41 1 2m—+1 1— )\Qk 2m—+1 1 B
t+ Z D T W T D T — biitmes
L T, Lo TN L T
j=2 i=1 j=2

- (X( )P (1)) zuﬁVC(I*VC)fl
2m—+1
—ulve(I-vo)! < Z Myl eja

i=1

(2m+1)? T (2m+1)?
- Z( Z Aee;8; + kAL cség) FBO( 3 X]fci(r)éﬁm“;1cs(r)é2)u,.>

r=—m i=1
1— (o' (1N (1)) 2’"“1—)\2“‘*1
— 22,1 /1—_ r 64
x“p (LN (1) = N0) x E ——a;u,,e;. (3.64)

We know that the terms wich multiplies A¥ and A?* should be equal to
0. According to the derivations above, the term which multiplies \§, i.e.,
(p' ()N (1))¥ is equal to:
=i ul, (1-VO) "L (X2, dhap! (1) (a=a(d))+V X2, dpa(b—b(d)) ) —aul,VC(I-
2_p (MN(A)
VO)™a+ 2
and the one which multiplies )\2]]‘ is equal to:
—ul VC(I-VC)~1pie e Ké,+c?e] FBoe ’\)\ Z?:;l ﬁdl,jugej—

1- A
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T 2ej=2 1=

T 1ii\1 dluﬁel .

One can check that for any particular example, these two terms are indeed
equal to 0. According to this observation, we are now able to let the size of
Gg) going to infinity, which means taking the limit ¥ — oo. To that end, we
will use the fact that for ¢ > 2, \; < 1, when z > 2MFP. We can thus write

L yhamtd T bgune; —uy, VC(I-VC) T (muﬁemcl D c1(T)é1TFB0é1> +

lim (Ty + T2 + T3 + T4 + ddc + mc + sc)

k— o0

2\ T
= ﬁ cgeQTKe3 +
2

1— s
(3.65)

1 - 1
Y (@zoules + booules) + O< >



Flipping

4.1 Introduction

In this chapter we look more in depth at the “flipping” phenomenon. As briefly
discussed earlier, this refer to the following. Assume we are transmitting above
the threshold. Consider an infinite tree and consider density evolution. Then
generically for a well-defined message- passing algorithm the message densities
converge but the actual individual messages do not — they flip. Although
this flipping can be observed routinely when decoding sparse graph codes, it
is usually attributed to the cycles which are present in a finite-length code.
We show that in fact this phenomenon is also present on a tree. Besides
being of independent interest when trying to understand sparse graph codes,
the flipping properties are crucial in deriving the scaling law. There is one
prominent exception to the above rule. For the BP decoding we will show that
even above threshold the messages themselves converge.

In the sequel we assume a message passing algorithm over an alphabet M.
This alphabet can either be discrete. In this case we assume that it is of the
form M = {—m,--- ,m}, where m € N. Or it can be continuous. Our notation
will reflect the case of a discrete alphabet.

4.2 Stability Condition for Flipping Matrix

We assume an infinite tree and an infinite number of iterations so that all
densities have converged. We also think of transmitting above the threshold so
that we get a not-trivial fixed point of density evolution.

Let p and ¢ denote the stationary flipping probabilities. More precisely,
we pick two time instances which are fixed non-zero time apart (time here is
measured by an integer since it refers to an iteration). We will see that the
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actual value of the time separation does not play a role. Since further we
assumed that the system has already converged to its steady state, the actual
time instance does not play a role either. Hence we will not specify either of
them further.

Then p; ; is the joint probability that at the first time instance the mes-
sage emitted by a given variable node along a given edge is ¢ and that at the
later time instance this message is j. Some thought shows that the flipping
probabilities must fulfill the following fixed point equations:

q=p®=Y,

p=V(exg®Y),

To be more precise. Assume that the message-passing decoder fulfills the fol-
lowing conditions. At the check nodes the message passing rule can be specified
pairwise. This means that if we have a node of degree r then the output can
be computed by performing r — 2 pair-wise operations. At the variable nodes
we assume that the sum of all incoming messages (including the received one)
is a sufficient statistic. If these conditions are fulfilled then the following com-
putations are made somewhat simpler, but they are not absolutely necessary.
With this restriction let us first look at the check node side. It suffices to define
the pairwise convolution of two flipping matrices at the check node side. For
two input flipping matrices p") and p® we then have

( W .p(2) Z p117]1p127]2 {c(ir,iz2)= i}]l{c(jlﬁjz):j}'
01,%2,J1,]2
This defines p—1) and, hence, ¢
At the variable nodes cx¢*(*~1) has the following meaning. Let ¢(!) and ¢(*
denote two flipping matrices, where the matrices might be over an extended
alphabet, i.e., the matrices are no longer necessarily over M. It is easiest to
assume that the matrices are infinite with entries in Z but that only a finite
submatrix has non-zero entries. We define

1
(q(l)q@))ivj: Z qfla)quZ(Za)JZ {ir+iz=i} L{ji+a=3}-
91,92,71,J2

Finally, the projection operator V maps a possibly extended matrix back onto
the alphabet M by mapping any element outside the range {—m,--- ,m} back
to either the element —m or m.

Note that the flipping probabilities must have the following marginals. We

must have
Zpi,j = ij,i =T
i i
Z%‘,j = Z%’,i =Yj
i i
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If there is no flipping then the flipping matrices must therefore be the
following. Let p and q denote the following “stable” flipping probabilities. We
have

Dij = %i0ij,

Gi.j = Yidi j,

where x and y are the fixed point densities at the output of the variable and
check node, respectively.

To show that there is flipping we will show that these “stable” matrices are
not stable.

4.3 Gallager A

Let us look at the example of the Gallager algorithm A and a (1,r) ensemble.
In this case a flipping matrix has the form

- a T_1—a
p= rT_1—a x1—2_1+a
_ a Yy_1—a
1 Yy-1—a Yy1—Yy-1+a
The time invariant matrices have the from
_ Xr_q 0
p= 0 T
_ Y-1 0
! ( 0 o )

We will now show that these matrices are not stable. Assume we have a small

perturbation.
o Xr_q + A 7A
p= ~A oz +A

Consider first the check step. We think of A as very small. Then up to terms
linear in A

(y1+(r1)A —(r—1)A )
—r-1DA  yi+(x-1A

Now close the circle by considering the variable node step.

Xr_q +A 7A
-A 1+ (r—1)A
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where A = (1 —1)(r — 1)(*72(1 — €) + y1 ~2€)A. Therefore if
1= D - D0 - + 912 > 1

then the time invariant matrix is not stable.

Consider e.g. the (3,3) ensemble. In this case we have at the threshold
y—1 = 0.284307 and €¢* = 0.2230463. A quick check shows that the left hand
side is equal to 1.5221 and that it is increasing for increasing channel parame-
ters. We conclude that we should expect a non-trivial flipping matrix. Indeed
this is what we observe.

We know from the above that the time-invariant matrix is a fixed point of
the recursion but is not stable. In particular, if we start with a = x_; — 9, for
0 sufficiently small, then we get a value of a strictly smaller than x_; — § after
one recursion. On the other hand, the matrix with @ = 0 is not a fixed point of
density evolution and gives us a value strictly larger than 0 after one iteration.
From this we conclude that the recursion has at least one stable fixed-point
matrix. If we can show that it has exactly one then it follows that for any time
difference the flipping probabilities converge to this fixed point matrix.

4.4 General Stability Condition For Time-Invariant Flipping
Matrix

Consider the time-invariant flipping matrices

Dij = Tilij,

Gi,j = Yii ;-

To simplify matters assume for right now that x is component-wise strictly
positive. Consider any small deviation from it. Represent this deviation as

p= ]j + Z A(ivj)A(ivj),

—m<i<j<m
where A7) is a (2m + 1) x (2m + 1) matrix defined by

l=k=1,
-1, I =k=},

A =01, 1=ik=j
L, l=jk=i,
0, otherwise.
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Consider now the evolution of this deviation for one round. First consider the
convolution at check nodes. Up to terms linear in the deviation we have

q=p=CY
=@+ Y. AlDAG))EE-D
—-m<i<j<m
= pBEE—D 4 (r — 1)pBECE-2) Z A©) 45
—m<i<j<m
=G+ (r—1) Z AN 5BE=2) g A(0.9)

—m<i<j<m

Let us define A+ = pB(r=2) g A9 Then we have
) _ N @)
A5 =32 (egniy=ry Lethgy=1) + Lethiy=ry Lie(hi)=1})
h

B(r-2)
=2y (Leqniymiy Legni=1y + Lie(ngy=k} Leth.i=1})
h

and we can write

A6 — Z Aéi)j)A(k,z).

—m<I<k<m

Then

dmreo) X AW S g
—m<i<j<m —m<k<l<m
=g+ > (-1 > AEDAT)AED
—m<k<l<m —m<i<j<m
—g+ > AGDA®

—m<k<l<m

Consider the vector A of length (*”%™) with components Ay = A®*) where ¢
is a bijective map from {1,..., (2m2+1)} to a ”valid” pair (i, ).

Then we have

A=(x-1)0CA

where C; ; = flig))
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Now let us consider a variable step.
*(1—1)

p=V]|ecx|qg+ Z AFD A (k,1)

—m<k<Il<m

Vlex q*(lfl) + (1 - 1) Z A(k»l)q*(]-*Q) *A(k,l)

—m<k<Il<m
=V (exq )

S @ DAEIY (x gD atD)

—m<k<l<m

+

Let us define AFD =V (ex =2 x ARD) . Thus

p=p+ Y. @-DAED N ARG

—m<k<I<m —m<i<j<m

. S (- DAKDARD 4G

—m<i<j<m —m<k<Ii<m

£ Al

—m<i<j<m

I
i1

Il
b~

As before, we have

A=1-1)VA
where V; ; = AiEZ))

It follows that after one complete iteration the deviation coefficients have
evolved according to the equation

A =~VCA.

Therefore, if YV C' has a spectral radius strictly larger than 1 then this recursion
is not stable and flipping occurs. But if the spectral radius is smaller than 1
then this fixed point is stable.

4.5 Time-Invariance of BP Decoder

Let us show that the messages of the BP converge on a tree. In the sequel
it is convenient to assume that the messages which are passed along the tree
are posteriors. Consider a tree of depth £. We will then show that for most
instances of channel realizations the posterior of the message sent along the
root edge changes by at most ¢y and that d, tends to zero as ¢ tends to infinity.
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For notational simplicity assume that the channel has a discrete output
alphabet. The statement remains true however for the general case. Let X
denote the value of the root bit, X € {£1}. Let Y;, ¢ = 0,1,---, denote
the collection of observations of the tree channel at level i. Let Yy denote all
observations up to level £.

Lemma 4.1. [Convergence of Messages for the BP Decoder] Consider trans-
mission over a tree channel. Then

> e | vh) - pla | yg )|

£
Z,Yo

< VIH(X | V)~ H(X | Y.

Further, if

G=1{y5:lIp(z | y5) —p|y5s ™) < pl,

then

P{Y{ ¢ G} < ?JH(X | Ye) - HX | Y,

Discussion: Note that H(X | YY) is decreasing as a function of £. Further,
it is upper bounded by 1 and lower bounded by 0. It follows that it converges
to a limit. Therefore, H(X | Y ~') — H(X | Y{') converges to 0 as a function
of £. The statement therefore says that for most instances of the observations
the messages change only slightly as we add one more layer of observations.

Proof. We have

> po)lp( | yg) — (e [ yo ")l

£
Z,Yo

=" Ip(@,v8) — p(a | y&)p(yh)]

'l
Yo

<\/2D(p(e,y8) Ip(a | v§~ p(uh)

Vo H(X | YE) - H(X | YY),

where the second step is the so-called “Pinsker inequality.”

4.6 Flipping after a Finite Number of lterations

In the previous sections we considered the flipping probabilities once the system
has reached steady state. But it is also of interest to compute the flipping
probabilities in the transient phase before the decoder has converged. We will
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see that in this case the flipping probabilities can be expressed by means of a
recursion.

Consider v) to be a variable-to-check message in iteration j. Let us show
how to compute P{v¥) = 7, v(*=%) = s} where r and s are two message values.
We call this the ”flipping” probability recursion.

Consider a variable-to-check message v and let us define the 2m+1x2m+1
dimensional variable-to-check flipping matrix as Pgt;’m = P{r(t) = p(t2) =
j}. Note that the indices i and j go from —m to m. In the same way considering
a check-to-variable message ©, we define the 2m + 1 x 2m + 1 dimensional
check-to-variable flipping matrix as Qgt;’tZ) =P{ot) =4 p(t2) = j}. Finally
we define the 2m + 1 x 2m + 1 dimensional “channel” matrix as (Cams)i,j =
1¢i—j1(aBms )i, where apus is the density coming from the channel. Consider the
matrix K of size (2k+1) x (2k+1) and the matrix L of size (21+1) x (214+1). We
define the operator © : REZF+D X 2k+1) y REIFDX(2+1) 1, RE(+)H1)x (2(k+1)+1)
such that

(K © L)i,j = Z Z Kr,sLu,v ]]-{r+u:i} ]]-{s+v:j}-
rs€{—k,...k} u,ve{—1,...,l}

Consider two matrices M and N of size 2m + 1 x 2m + 1, we also define the
operator [ : RE@m+1)x(2m+1) o RECm+1L)x(2m+1) |, R(2m+1)X(2m+1) ¢ch that

MBEN);,; = > M, s Nuo Lo (i) =i} L{a(sBo)=j}

r,s,u,ve{—m,....m}

where H is the operator which corresponds to the check node rule and Q
is the operation which performs the quantization as defined in Section 3.3.
Finally, by an abuse of notation, we extend the definition of the operator

£, to the framework of flipping matrices. So, we define the operator 9 :
R(2k+1)><(2k+1) — R(2m+1)><(2m+1), where k Z m, as

P if |i] < m and |j| < m,
(Q(P)) = Zuzm Psgn(i)u,j if |Z| = m and |j| <m,
I ZUZm P; sen(j)v if |7] < m and |j] = m,

ZuZm,UZm Psgn(i)u,sgn(j)v if |Z| = m and |.7| =m,

where sgn(i) corresponds to the sign of i. We can now write the recursion

ptit2) — Z)\dQ(CBMs ® (QUr 1))@y
d

Q(t1,t2) _ z:pd(P(h-l,tz—l))E|(d—1)7
d

with the initial condition Q{'""*” = (b(142)),1(;_;. Finally we have

P{v® = 0 = g} = pL—F) (4.1)

»S
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T set of indices of all messages whose
computation tree intersect the
computation tree of l/ie), 26

Tg : set of edges in the future of the
root edge and which point in
the same direction, 26

Tg): set of edges in the future of the
root edge and which point in
the opposite direction, 26

T:(f): set of edges in the past of the root
edge and which point in the
same direction, 26

Tff): set of edges in the past of the root
edge and which point in the
opposite direction, 26

VO Var(lim, o0 \/ﬁ Yice MZ([))
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V.”™ : number of variable nodes of de-
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