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Abstract

This thesis deals with the asymptotic analysis of coding systems based on
sparse graph codes. The goal of this work is to analyze the decoder perfor-
mance when transmitting over a general binary-input memoryless symmetric-
output (BMS) channel. We consider the two most fundamental decoders,
the optimal maximum a posteriori (MAP) decoder and the sub-optimal be-
lief propagation (BP) decoder. The BP decoder has low-complexity and its
performance analysis is, hence, of great interest. The MAP decoder, on the
other hand, is computationally expensive. However, the MAP decoder analysis
provides fundamental limits on the code performance. As a result, the MAP-
decoding analysis is important in designing codes which achieve the ultimate
Shannon limit.

It would be fair to say that, over the binary erasure channel (BEC), the
performance of the MAP and BP decoder has been thoroughly understood.
However, much less is known in the case of transmission over general BMS
channels. The combinatorial methods used for analyzing the case of BEC do
not extend easily to the general case.

The main goal of this thesis is to advance the analysis in the case of trans-
mission over general BMS channels. To do this, we use the recent convergence
of statistical physics and coding theory. Sparse graph codes can be mapped
into appropriate statistical physics spin-glass models. This allows us to use
sophisticated methods from rigorous statistical mechanics like the correlation
inequalities, interpolation method and cluster expansions for the purpose of
our analysis. One of the main results of this thesis is that in some regimes of
noise, the BP decoder is optimal for a typical code in an ensemble of codes.
This result is a pleasing extension of the same result for the case of BEC.
An important consequence of our results is that the heuristic predictions of
the replica and cavity methods of spin-glass theory are correct in the realm of
sparse graph codes.

Keywords: Low-Density Parity-Check Codes, Low-Density Generator-
Matrix Codes, Maximum A Posteriori Decoder, Belief Propagation Decoder,
Statistical Physics, Spin-Glass.










Résumé

Le sujet de cette these concerne I’analyse asymptotique de systemes de codages
basés sur les graphes dilués. Le but de ce travail est ’analyse de la performance
du décodage lors de la transmission a travers un canal symétrique sans mémoire
a entrées binaires (BMS). Nous considérons les décodeurs les plus fondamen-
taux, le décodeur optimal maximum a posteriori (MAP) et le décodeur sous-
optimal de propagation des messages (BP). D’une part, le décodeur BP possede
une faible complexité et son analyse est donc d’un grand intérét. D’autre part,
bien que le décodeur MAP possede une grande complexité, celui-ci donne les
limites fondamentales de la performance du code considéré. Par conséquent
son analyse est importante pour construire les codes qui atteignent la limite
de Shannon.

Il est justifié de dire que sur le canal binaire & effacement (BEC) les per-
formances des décodeurs MAP et BP sont bien comprises. Par contre, sur les
canaux généraux BMS la situation est beaucoup moins bien comprise. En effet
les méthodes combinatoires utilisées pour ’analyse du BEC ne se généralisent
pas aisément au cas général.

Le but principal de cette these est de faire des progres dans ’analyse du
cas de la transmission a travers des canaux BMS généraux. Pour cela nous
utilisons la connexion récente entre la physique statistique et le codage. Les
codes correcteurs d’erreurs basés sur les graphes dilués peuvent étre trans-
formés en modeles équivalents de physique statistique des verres de spins. Ceci
nous permet d’utiliser des méthodes sophistiquées provenant de la mécanique
statistique rigoureuse telles que, les inégalités de corrélations, la méthode
d’interpolation et le développement en clusters. L’un des résultats princi-
paux de cette these est que, dans certains régimes de bruit, le décodeur BP est
optimal pour un code typique dans I’ensemble considéré. Cela constitue une ex-
tension du méme résultat obtenu précédemment sur le BEC. Une conséquence
importante de nos résultats est aussi que les prédictions heuristiques de la
théorie des verres de spins obtenues par la méthode des répliques et de la
cavité, sont correctes en ce qui concerne les codes correcteurs sur des graphes
dilués.

Mots clés: Low-Density Parity-Check Codes, Low-Density Generator-
Matrix Codes, Décodeur Maximum A Posteriori, Décodeur Belief Propagation,

il
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Physique Statistique, Verres de spins.
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Introduction

The title “Statistical Physics Methods for Sparse Graph Codes” is in reference
to the recent convergence of communication science and statistical physics. In
this thesis we focus on the performance analysis of sparse graph codes when
transmitting over binary-input memoryless symmetric-output (BMS) channels
(see Section 1.2 for a definition) using tools from statistical physics.

Low-density parity-check (LDPC) codes based on sparse graphs (see Sec-
tion 1.1) have emerged as a new chapter in the theory of error correcting codes.
This is largely because they are amenable to low-complexity decoding and, at
the same time, have good performance (measured as the gap to Shannon’s
capacity) [1], [2]. After their invention by Gallager in 1962 in his thesis [3],
LDPC codes were largely forgotten due to a lack of computational resources to
implement them. In 1993, Berrou, Glavieux and Thitimajshima provided an
impetus to the search of low-complexity decoding by inventing Turbo codes
[4]. They showed that Turbo codes achieved performance very close to the
Shannon limit under low-complexity decoding.

Shortly afterwards, LDPC codes were re-invented by MacKay and Neal [5],
[6] and independently by Spielman in his thesis on LDPC codes based on ex-
pander graphs [7]. One of the two most notable outcomes of this resurrection
was the discovery of irregular LDPC codes (see Section 1.1) by Luby, Mitzen-
macher, Shokrollahi and Spielman [8], which by optimizing the degrees, could
approach the capacity of the binary erasure channel (BEC). The other no-
table outcome was the density evolution technique of Richardson and Urbanke
[9]. This technique allowed to design codes which empirically approached the
Shannon limit on the binary-input additive white-gaussian noise channel (BI-
AWGNCQ)! [1].

It was shown by Wiberg in his thesis [10], and independently by Tanner in

1See Section 1.2 for a definition of the BEC and BIAWGNC.





2 Introduction

[11], that both Turbo codes and LDPC codes fall under the umbrella of codes
based on sparse graphs. They also showed that their low-complexity decoding
algorithm was an instance of a general sum-product rule, and is equivalently
known as the belief propagation (BP) decoder. A summary of this development
can be found in [12]. We would like to mention at this point that the BP rules
have multiple and independent origins: they were suggested by Kim and Pearl
in [13], [14] to approximately compute the a posteriori marginals in Bayesian
inference networks in the field of artificial intelligence; they also appeared as
the Bethe-Peierls equations for computing partition functions in the field of
statistical physics [15].

The analysis of codes based on sparse graphs has evolved in two directions:
(i) analysis of the optimal decoding (decoder minimizing the average bit-error
rate) and (ii) analysis of the low-complexity (sub-optimal) BP decoder. There
is an obvious interest in analyzing the BP decoder, as it is the choice for any
practical decoding system. However, there is also an interest in analyzing the
performance of the optimal decoder, since it makes it clear whether attempts
to increase the performance should focus on finding better codes or better
decoding algorithms.

It is probably fair to say that the analysis of the optimal decoder has
lagged the BP decoder analysis. The basic techniques for analyzing the optimal
decoder has not evolved much from its inception in Gallager’s thesis. Although
much effort has gone into refining the techniques and applying them to a large
set of communication scenarios [16], [17].

The BP decoder analysis of sparse graph codes has been the main focus over
the last decade. In the case of transmission over the BEC, the BP decoder has
been thoroughly analyzed [18], [19], [20]. In fact there are code constructions
which achieve the Shannon limit of the BEC under BP decoding [21], [22].
We refer to the recent book [23] for the state of the art of this general theory.
However much less is known for the case of transmission over more general
channels. One of the goals of this thesis is to advance the analysis of the BP
decoder in the more general case.

Recently, Measson, Montanari and Urbanke in [24] have demonstrated the
optimality of the BP decoder, with high probability, for some regimes of chan-
nel erasure probability, when transmitting over the BEC. The codes they use
for transmission belong to a fairly general class of LDPC code ensembles. This
is one of the few instances, where it is known that BP rules perform exact in-
ference, with high probability, even in the presence of loops in the graphical
representation! It would be desirable to have such a statement in the case
of general channels. For this, the combinatorial techniques, employed in the
analysis of the BEC, do not seem to be useful and radical new ideas seem to
be necessary.

Sourlas in his work in [25], showed that the decoding problem of sparse
graph codes can be mapped to the computation of local magnetizations or
magnetic fields of a spin-glass system in statistical mechanics. Building on
the work of Sourlas, Kanter and Saad in [26], Murayama, Kabashima, Saad
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and Vicente in [27] and Franz, Leone, Montanari and Ricci-Tersenghi in [28]
used methods from statistical physics to study both, optimal and BP decoding
LDPC codes.

Recently, Montanari in [29] showed that predictions of statistical physics
are tight bounds on the performance of the optimal decoder, when transmitting
over general BMS channels. The methods used in [29] have their origins in
the analysis of mean-field models of statistical physics of disordered systems.
These methods were pioneered by Guerra, Toninelli and Talagrand in [30],
[31], [32] for the analysis of the Sherrington-Kirkpatrick model of statistical
physics.

In this thesis our main focus is to use tools from statistical physics for
performance analysis of sparse graph codes when transmitting over general
BMS channels. We study various quantities appearing in the optimal-decoder
analysis. As a consequence of our analysis we show that the BP decoder does
exact inference, with high probability, for appropriate regimes of channel noise
value. We employ tools from statistical physics for the purpose of our analysis.

In the next section we define codes based on sparse graphs. We mention the
two most popular codes based on sparse graphs, namely, the low-density parity-
check codes and the low-density generator-matrix codes. This thesis focuses
solely on the performance analysis of these two codes. We also describe the
channels over which the transmission takes place. In Section 1.3, we describe
the optimal MAP decoder. The sub-optimal BP decoder is outlined in Section
1.4. In Section 1.5 we mention the associated tools for performance analysis.
A brief history of the performance analysis of sparse graph codes in given
in Section 1.6. We show the connection to statistical physics in Section 1.7.
Finally, we end the chapter by delineating the contribution and organization
of this thesis.

1.1 Codes based on Sparse Graphs

It is our aim to study the performance of block codes defined on sparse graphs.
We have k bits of information. We transform them via encoding into a code-
word. Throughout this thesis, n will denote the block-length of the code. The
two families of codes we consider are low-density parity-check codes and low-
density generator-matrix codes. Most of our results deal with ensembles of
codes rather than a fixed code. However, wherever applicable, we show that
our results hold also for any fixed code. The codes we consider are defined
over Fy = {0,1}. Let us now describe these two code families in more detail.

1.1.1 Low-Density Parity-Check (LDPC) Codes

A parity-check code, C, is defined by a parity-check matrix H of dimension
m x n. Each entry of H belongs to {0,1}. Here, m represents the number of
parity-check constraints on the n code-bits. The codewords of C are all the
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n length binary tuples z = (z1,9,...,x,) which satisfy Hz = 0. Thus the
code is the null space of the parity-check matrix H. The rate of the code is
defined to be the dimension of the null space normalized by the block-length.
A related quantity is the design rate of the code, denoted by R. It is given by
R=1—". Note that the rate is always at least R. The inequality is strict if
some of the constraints are linearly dependent. Throughout this thesis we will
call z; the “code-bit” i. An example of a parity-check matrix code is shown in
Example 1.1.

Example 1.1 (Parity-Check Code). Consider the parity-check matriz

1101100
H=[1 011010 (1.1)
0111001

We have n =7 and m = 3 (i.e., the block-length is 7 and there are 3 parity-
check constraints). The design rate of the code is R = (7 —3)/7 = 4/7. The
code consists of all T—tuples x = (x1, X2, T3, T4, T5, Te, T7) Satisfying the three
equations

$1+$2+$4+$5:O,
r1+ w3+ x4+ 26 =0,
$2+$3+$4+$7:O.

It is not hard to see that the above set of equations are linearly independent
over the field Fy. Thus the rate of the code is equal to the design rate.

We use the standard Tanner graph representation [23], [33] to visualize the
parity-check code. In this representation the code-bits are represented by a
circle and the parity-check constraints are represented by squares. The circles
are usually called variable nodes and the squares are called check nodes. The
Tanner graph is a bipartite graph with two sets of nodes; one set, U, consists
of the variable nodes and the other set, €, consists of check nodes. There
is an edge between a variable node i € U and a check node a € €, if the
corresponding code-bit ¢ participates in the parity-check constraint a. Figure
1.1 shows the Tanner graph corresponding to the parity-check matrix of (1.1).

Low-Density parity-check codes are parity-check codes which have a sparse
Tanner graph representation [23]. By sparse we mean that the number of edges
in the Tanner graph is proportional to n. From the Tanner graph one can
deduce a degree distribution of the variable nodes and a degree distribution
of the check nodes. The variable node degree distribution is given by the
function A(x) £ Y, A;z?, where A; denotes the fraction of nodes with degree
i. Similarly, the check node degree distribution is given by P(z) £ Y Pia’. Tt
is standard practice to represent the code by its node degree distribution pair
(A(x), P(x)). We will also be interested in the degree distribution from the
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€
X2
€3
Ty
Zs
Te
X7

Figure 1.1: The Tanner graph corresponding to the code in Example 1.1. Here

n =7 and the (design) rate is equal to 2. The variable node degree distribution is

given by A(z) = %x + %1’2 + %xS. The check node degree distribution is given by
12

P(x) = z*. The average variable node degree is equal to 1,,, = A’(1) =  and

average check node degree is equal to r,,, = P’(1) = 4. The edge perspective

degree distributions are given by A(z) = 1 + 1z + 127 and p(z) = 2.

edge perspective. We denote by \(z) = > Azt the edge degree distribution
of variable nodes. Here \; denotes the fraction of edges attached to variable
nodes of degree i. Similarly, we denote by p(z) = 3. p;z*~! the edge degree
distribution of the check nodes. Here p; gives the fraction of edges connected
to check nodes of degree i. Clearly, l,,, = A'(1) and 1., = P'(1) gives the
average variable node degree and the average check node degree respectively.
Since nly,, = Mra,, = number of edges, the design rate is also given by R =
-0 = 1—12—:? From the definitions above we deduce \; = A’,L(l) and p; = Pi/LZZi)'
We will use, whenever convenient, either (A(z), P(z)) or (A(x), p(z)) to denote
the code. We let 1, and rp., denote the maximum variable node and check
node degrees. In most of our results, we consider codes with bounded 1.,
and rpax.

We now define an ensemble of codes, C, using the variable node and check
node degree distributions. Thus we define an ensemble of codes of degree

distribution (A(z), P(z)) as follows.

Definition 1.1 (Standard Ensemble). A code from the standard ensemble

(n, A(z), P(z)) is constructed as follows. Let the mazximum variable node de-
gree be given by l,. and the mazimum check node degree be given by Tz
Associate i sockets to each of n\; variable nodes of degree i (choose n such that
nl; is an integer for all i), for all 1 < i < e Stmilarly, associate k sockets
for mPy, check nodes (choose m such that mPy is an integer for all k) of degree
k. Number the sockets on both sides. Consider a random permutation, © of
nlag objects and connect socket number © on the variable node side to socket
number (i) on the check node side. For each permutation we get a code in
the ensemble and we associate a uniform probability over all the permutations.

The most popular example of LDPC code ensembles, is the regular LDPC
code ensemble, for which A(z) = z* and P(x) = 2*. In words, all the variable
nodes have degree 1 and all the check nodes have degree r. These codes are
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also known as Gallager codes, as they first apppeared in his thesis [3]. Irregular
LDPC code ensembles refer to codes which do not have the same variable node
degree and the same check node degree.

1.1.2 Low-Density Generator-Matrix (LDGM) Codes

In the previous section we defined a code via the null space of a matrix. Let
us now take a dual approach and define a code by the image space of a matrix.
More precisely, suppose that we have m information bits. Consider a matrix
G of dimension m x n. Let u € {0,1}™ denote the vector consisting of the m
information bits, uq, us, ..., u,,. We say that u is the information word. Then
the codeword, generated by the matrix G, for the information word u is given by
2" = uG. Thus the code, C, is the image set of the matrix G. We say that C is
a generator-matrix code. As above, we represent the code via a Tanner graph.
Consult Figure 1.2 for an illustration. In this case, the variable nodes (circles)
on the left, denote the information bits. The variable nodes on the right
(attached to check nodes (squares)) denote the code-bits which are transmitted
over the channel. An edge is present between a variable node, representing an
information bit, and a check node if the corresponding information bit is used
in the generation of the code-bit. The design rate is given by R = ™. Contrary
to parity-check codes, the design rate of a generator-matrix code is an upper
bound to the actual rate. Similar to LDPC codes, low-density generator-matrix
codes are generator-matrix codes having a Tanner graph representation which
is sparse. Again we can specify A(z), P(x), A(z), p(x) in the same manner as
for LDPC codes. The standard ensemble of LDGM codes is also defined in an
equivalent way as Definition 1.1.

Example 1.2 (Generator-Matrix Code). Consider the generator-matriz

1100001
1011000

6= 01 0110¢O0 (1.2)
0001011

The block-length is 7, the dimension of the code is 4 and the design rate is
equal to 4/7. The Tanner graph representation is shown in Figure 1.2.

1.1.3 Notation

We fix the following notation for both LDPC and LDGM codes. Variable nodes
(resp. check nodes) will be denoted by i, j (resp. a, b). The set of variable
nodes (resp. check nodes) is denoted by U (resp. €). The neighborhood of a
node v (variable node or a check node), defined to be the set of nodes which
have an edge with the node v in the Tanner graph, is denoted by dv. We define
the graph distance between any two nodes (variable or check) ¢, j, denoted by
dist(7, j), to be the minimum number of edges between the nodes 7,j. For
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U

T1 = Uy + Us
oo B
U2 T3 = Ug
%— Ty = Ug + U3 + Uy
Uz Ty = Uz
)i— Te = Uy + U3
Uy ZL’7:U1+U2

Figure 1.2: The variable nodes on the left represent the information bits and
the check nodes on the right represent the code-bits. The degree distributions
from the node perspective are given by A(z) = 2%, P(z) = 2z + 22 + 123, The
average variable node degree is equal to A’(1) = 3 and the average check node
degree is equal to P'(1) = 12/7. The edge perspective degree distributions are
given by \(z) = 2%, p(z) = 1 + 1z + 12

any variable node i, for d even, denote by Ny4(7) the neighborhood of depth d
around the variable node i. More precisely, N4(i) contains all variable nodes
J such that dist(é,j) < d. Similarly for any check node a, for d odd, N4(a)
denotes the neighborhood of depth d around the check node a and contains
all variable nodes j such that dist(a,j) < d. We use Ny(i) to denote the
set of check nodes at a distance d + 1 from the root node ¢. We call Z\ofd(z')
as the boundary of the node i. Figure 1.3 shows a neighborhood of depth 3
around a check node a and its boundary in an LDGM code. It also shows a
neighborhood of depth 2 around a variable node i and its boundary of check
nodes in a LDPC code.

Figure 1.3: The figure on the left shows a neighborhood of depth 3, denoted by
Nj3(a), around the check node a in an LDGM code. The boundary of check nodes
is also shown and denoted by Z\Ofg(a). The figure on the right shows a neighborhood
of depth 2, denoted by Ny(a), around the variable node ¢ in an LDPC code. The
boundary of check nodes is also shown and denoted by Ng(@)
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1.2 Channel Models

We consider noisy communication, where we transmit information over a chan-
nel by encoding it into a codeword of block-length n and the channel introduces
random errors according to a certain model. We consider binary-input chan-
nels with transition probability between input and output given by pyx(y | ).
Although the code is defined over Fy, we map 0 — +1 and 1 — —1 before
transmitting the symbol on the channel. Thus x € {—1,+1}. The channels
we consider are memoryless and without feedback, which implies

pyix(y | x) = HpYi|Xi (yi | z;) (memoryless and no feedback). (1.3)
i=1

Let us now review the three most fundamental channels which we will consider
throughout this thesis:

Example 1.3 (Binary Erasure Channel — BEC(¢€)). The input alphabet is
r € {—1,+1} and the output alphabet is y € {—1,*,+1}, where * denotes
the erasure symbol. The channel transition probability is given by py|x(+1 |
—1) = pyix(=1 | +1) = 0, pyx(+1 | +1) = pyx(=1 | =1) = 1 — € and
pyix (¥ | =1) = py|x(x | +1) = €, where € is the erasure probability, e € [0, 1].

Example 1.4 (Binary Symmetric Channel — BSC(¢)). The input alphabet is
z € {—1,4+1} and the output alphabet isy € {—1,4+1}. The channel transition
probability is given by pyx(+1 | —=1) = pyix(=1 | +1) = € and py|x(+1 |
+1) = pyix(—=1| =1) = 1 — ¢, where € is the flip probability, € € [0, 5].

Example 1.5 (Binary-Input Additive White Gaussian Noise Channel
— BIAWGNC(€)). The input alphabet is x € {—1,4+1} and the output alpha-
bet is y € R. The channel transition probability is given by pyx(y | ) =

;| _=)? g . ‘ _
ol where € is the noise variance, € € [0, +00).
e

All three channels above are parametrized by a single scalar value e. In
general we will denote a channel by BMS(€) where the scalar parameter is in

one-to-one correspondence with the channel entropy (equals the single letter
entropy, H(X | Y)).

Definition 1.2 (Channel Symmetry). A binary-input channel with transition
probability py|x(y | x) is symmetric if

py|x(y | x) :pY|X(_y | —x).

All three channels presented above satisfy the channel symmetry. An im-
portant consequence of channel symmetry is that the uniform distribution
over the input alphabet achieves the capacity. Another consequence of chan-
nel symmetry (coupled with the fact that the code is a vector space) is that
for the purpose of performance analysis of the decoders we consider (see next
section), one can assume without loss of generality that the all-one codeword
is transmitted.
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Definition 1.3 (Channel Loglikelihood Ratio). For any binary-input channel,
the loglikelihood ratio is given by

pyix(y | +1)

W=t =1

Since the output of the channel y is random, the loglikelihood ratio, called
henceforth LLR, is also a random variable. We denote the distribution of [,
under the assumption that +1 is transmitted, by ¢, (l). In the literature [23],
this is known as the L—density. Another representation of the densities is the
G—domain representation. The G—domain representation of ¢y (1) is given by
g(l) = (9(1),Incoth |l/2]), where $H(I) = +1if I > 0 and H(l) = -1 if [ <0
and is equal to +1 or —1 with equal probability when [ = 0 (see [23] for more
details). For the three channels above we have

cr(l) = €dp(l) + (1 — €)d (1), BEC(e)
erl) = e o () + (1= d (), BSC(e)
er(l) = 8W12e”§§_22>2. BIAWGNC(e)

It is not difficult to show the following fact about the channel LLR [23].

Fact 1.1. Consider any binary-input symmetric channel with transition prob-
ability given by py|x(y | «). Let cp(l) denote the distribution of the output LLR
given that +1 is transmitted. Then cp(—1) = e le(1).

In this thesis our focus will be on a fixed LDPC or LDGM code or a fixed
ensemble of LDPC or LDGM codes and its performance under various de-
coders when the underlying scalar parameter characterizing the channel noise
is varied. Inherent in the above statement is the notion of a family of chan-
nels, characterized by a single scalar parameter, which is complete, ordered
and smooth. All of the above notions are standard and details can be found
in [34], [23], but for completeness we state them here. We will consider a
family of binary-input memoryless symmetric channels denoted by BMS(e),
characterized by the scalar ¢ which is in one-to-one correspondence with the
channel entropy. For any general BMS(¢), we define the range of the noise
parameter to be [0, €max], Where €0, € R For all BMS(e) channels, € = 0
denotes a noiseless channel and ¢ = €,,,, denotes a maximally noisy channel.
For example, for all the three channels mentioned above, the corresponding
channel families are given by BEC(¢) with € € [0,1] (€pmax = 1), BSC(e) with
€ €10,1/2] (émax = 1/2) and BIAWGNC(¢) with € € [0, 00) (€max = 00). Com-
pleteness requires that the channel entropy varies over the entire range from 0
(e = 0) to the entropy of the input, H(X) (€ = €max), when € is varied over its
entire range.

We say that the channel pzx(z | @) is physically degraded with respect
to py|x(y | ), if there exists a joint distribution py,zx(y,2 | ) = py|x(y |
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T)pzy (2 | y). A simple way to understand this is that, physical degradation
implies that the symbol error probability of the channel pzx (2 | x) is greater
than the symbol error probability of the channel py|x(y | ). The channels are
said to be ordered by physical degradation if and only if €; < €, implies that
the channel p§3| « 1s physically degraded with respect to the channel p§}| - The
notion of ordered family allows us to define decoding thresholds (depending on
the decoder) beyond which reliable communication is not possible using that
decoder.

A natural assumption on the channel family that we impose is that of
smoothness, which implies that the channel entropy varies smoothly with re-
spect to the channel parameter e.

Definition 1.4 (Channel Smoothness, [23]). The channel family BMS(€) is
said to be smooth if for all x € {—1,+1} and all bounded continuously dif-
ferentiable functions f(y), the integral ff(y)p§,‘X(y | x)dy exists and is a
continuously differentiable function with respect to e.

Above, the notation py (y | x) denotes the transition probability of a
channel with noise value e. If the channel family is smooth, one can formally

. vy ¢ (y]2)
set L [ f(y)psx(y | 2)dy 2 [ fy)=E"dy.

A quick computation tells us that the channel families: BEC(e), BSC(e)
and BIAWGNC(e) are complete, ordered and smooth.

1.3 Maximum a Posteriori Decoder

Consider transmission over a BMS(¢) channel using a code of block-length n.
Denote the transmitted codeword by x = (z1,2,...,2,). One of the most
fundamental decoders is the bit maximum a posteriori decoder (MAP). The
decoder is defined as follows. The estimate provided by the bit MAP decoder
for the i'" bit is denoted by Z; map and is given by,

Ti MAP £ argmaxxie{—l,-l—l}pXAX(xi ’ g)- (1-4)

An important fact is that the bit MAP decoder minimizes the bit probability
of error under random channel errors. Thus it is optimal with respect to bit
error rate.

We denote by y™%, the vector of all observations except of the code-bit at
position i. Crucial to our analysis are the notions of intrinsic and extrinsic
MAP estimate given in the LLR form by,

Px; |y~ (+1] Qwi)

dinar(y™) £ log —
- pXi\XNi(_l ’Q 0|

dinvap(y) = log (1.5)

In words, ¢;map(y™) is the estimate of the MAP decoder of the code-bit 4,

when all the observations except y; are available to the decoder. The intrinsic
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and extrinsic MAP estimate are a random variables since the outputs y and
QNZ' are random. We denote the random intrinsic and extrinsic MAP estimates
by ®;map(Y) and @LMAP(X”) respectively. An important fact is that the
extrinsic (intrinsic) MAP estimate is a sufficient statistic for estimating the
code-bit i given Y™ (Y) (see [23]). In the language of information theory, this
means that H(X; | Y™) = H(X; | ®;map(Y™)) and H(X; | Y) = H(X; |
Diriap(Y)):

Since the family of channels that we consider here are physically degraded,
one defines the notion of the MAP threshold, which is denoted by eyap, as
the minimum channel noise for which reliable communication is not possible
on an average. In other words, above the MAP threshold, the average (over
the ensemble of codes) error probability, denoted by Pe, viap, is strictly greater
than zero.

Although the MAP decoder is optimal with respect to the bit error rate, it is
computational expensive when we consider coded transmission. More precisely,
to perform MAP estimation we are required to know the a posteriori marginal
distribution px,y(2; | y). Computing this marginal involves summing out
all the code-bits except code-bit i in the joint distribution pxly(z | y). This
sum involves an exponential number of terms and optimal decoding comes at
a price of expensive computation time. More precisely, consider the case of
LDPC codes as an example. The a posteriori distribution can be written as

Px; |Y ; | Z/ Zp)qy z | 1/ ( ZleX Yy | 2)px ()

~T;

|C’|py ZHPYIX (i | z))1(z € O)

— ~x; =1
|C|py Z HPY|X Yi ’ Li H ﬂ(®k€8axk = O), (16)
— ~z; =1 a=1

where px(z) = w, is the uniform distribution over all the code-

words and xj, denotes the code-bit k present in the check constraint a. Above,
wai denotes sum over all variables except x;. From above we can conclude
that to evaluate the exact marginal (MAP decoder), one has to consider an
exponential in n number of terms.

1.4 Belief Propagation Decoder

LDPC/LDGM codes are described by constraints which act locally. This has
resulted in the application of the sum-product rule [23], [33], [18], [35] to esti-
mate the a posteriori marginal distributions. The resulting decoder is called
the belief propagation decoder (BP).

The first step in developing the sum-product rules is to recognize that
the function, whose marginal is required, is a product of a large number of
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local functions (often called as kernels). Indeed in the case of transmission
using LDPC codes, the function in (1.6) is a product of n kernels of the form
Py,x,(¥i | z;) (depends only on x;) for 1 < i < n and m kernels of the form
1(Breoarr = 0) (depends only on da) for 1 < a < m. Both these kernels
act locally and the application of the distributive law of the underlying field
(the field with which we work is R) yields the sum-product rules (see [23],
[33], [35]) to approzimately evaluate the marginal. A very important theorem
regarding the sum-product rule is that it is exact if the Tanner graph is a tree.
On general Tanner graphs with loops, the rules do not evaluate the marginals
exactly, and the estimation is truly an approximation. The complexity of
decoding all code-bits, for the BP decoder with fixed iterations for a bounded
degree code, is proportional to n.

Let us now state the rules more precisely for the case of transmission using
LDPC codes. It is convenient to state the sum-product rules in terms of the
channel LLR | defined in Definition 1.3, which gets rid of the common factor,
|Clpy (y) in (1.6). The sum-product rule is stated in terms of messages, which
are exchanged between the variable nodes and check nodes of the Tanner graph,
depending on a schedule (see [23], [9]). Each edge carries a message in both
the directions.

The message from the variable node ¢ to the check node a is denoted by
Gi—a(€ R) and intuitively corresponds to the belief of the variable node ¢ of
its LLR value depending only on the information provided by the check nodes
other than a and the channel LLR . The rule assumes that the information
provided are conditionally independent given the value of the variable node.

The message from the check node a to the variable node ¢ is denoted by
Ca—i(€ R) and intuitively corresponds to the belief provided by the check
node a of the LLR value of the variable node 7, given only the information
provided by the remaining variable nodes in its neighborhood. The schedule
that we consider throughout this thesis is the parallel schedule, where (;_.,
are computed first for all variable nodes ¢ and check nodes a, followed by the
computation of (, ;. The rules are

e Variable node rule (message from variable node i to check node a):

o=+ Y g (1.7)

bedi\a
e Check node rule (message from variable node a to check node 7):
W (a1
.= 2tanh ™" (—P“ ) : :
Cols anh H ‘tanh 5 (1.8)
j€da\i
e Initial value (initial message from variable node i to check node a):

9 =1, (1.9)

1—a
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e Final value (BP estimate of the code-bit i after d iterations):

¢z sp(y) =L+ Z ¢, (1.10)

a€di

Where d denotes the iteration number. The final estimate of the BP decoder,
gbz B P( ) is a random variable with respect to randomness in the channel LLR
values and also with respect to the randomness in the code picked from the en-
semble. A related quantity is the extrinsic BP estimate denoted by ¢£d]_2; Py ~)

which is equal to D s, Célz The initial values are given by the channel LLR
present at the variable nodes.

For the case of transmission using LDGM codes, the channel observation
is present at the check nodes and not at the variable nodes, hence the variable

node message C at iteration d, is given by

a—1)
Z (d-1)
aﬂz - Cjﬂa )

j€da\i

the check node rule modifies to

(d—1)
QZ(_?Q—Qtanh (tanh( ) H tanh <<b_2n ))?

bedi\a

and the final estimate of the information bit a becomes

(d)
a BP Z Cz—>a
1€0a

A related estimate which we will need is the BP estimate of the check node
bit 7, denoted by

(d 1)

gbgfgp(g) = 2tanh™! <tanh< ) H tanh ( a—i ))

The initial values are given by complete erasure messages from the variable
nodes, i.e. ((0),_; = 0. Similar to LDPC codes, we define qbl BP( ~1) as the
extrinsic BP estimate for the code-bit 7. As a consequence of the rules, the
BP decoder for LDGM codes never starts. However, with the presence of
an arbitrarily small fraction of degree one check nodes, this problem can be
overcome.

Again, since the family of channels that we consider here are physically
degraded, one defines the notion of the BP threshold, which is denoted by
egp, as the minimum channel noise for which reliable communication using
BP decoder (average (over the code ensemble) error probability, P, gp > 0) is
not possible.

An important simplification in the analysis of the BP decoder presented
above is that the error probability under BP decoding is independent of the
codeword transmitted and one can thus restrict to the all-one codeword (see
Lemma 4.90 in [23]).
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Example 1.6 (BP decoder for the BEC(¢)). Assume the all-one codeword
transmission over the BEC(€) with erasure fraction given by € € [0,1]. Since
mitial LLR wvalues are either 0 or +o0o, the messages along any edge at any
time in the schedule is always 0 or +00. We call 0 message (resp. +00) an
erasure (resp. known) message. The BP decoder rules in this case simplify to:
(1) Ci—q is erasure if all the incoming messages (this includes the channel LLR
in the case of LDPC' codes) (i, b € i\ a are erasures, else (;_., is known;
(11) Cu—i is erasure if any incoming message (this includes the channel LLR in
the case of transmission using LDGM codes) is an erasure and is equal to 0o
if all incoming are known.

As mentioned previously, the sum-product rule defined above, exactly com-
putes the a posteriori distribution px,y (z; | y) for a code whose Tanner graph
is a tree. An intuitive reason for this is that, the messages on a tree are inde-
pendent, which is what the BP decoding rules assume. The sum-product rule
on a general graph with cycles does not give the exact estimate. In fact, the
rules need not even converge in general.

Nevertheless, for the case of transmission over the BEC(€) using regular
LDPC code ensemble, it was shown recently by Measson et al. [24], that above
enap, the bit MAP error rate equals the BP error rate, with high probability?.
L.e., BP decoder, in this case, is computing the exact marginals, with high
probability, even in the presence of loops! It was possible to show this result,
in the case of BEC, mainly due the simplicity of the message space ({0,00}).
One of the main contribution of this thesis is to establish that even in the
presence of cycles, there are non-trivial regimes of the noise parameter ¢, for
a fairly general class of BMS(¢) channels, where the BP decoder estimate is
exact with high probability.

1.5 Tools for Performance Analysis

In this section we briefly review the important tools and quantities which
appear in the asymptotic analysis of the bit MAP and BP decoders. In the
literature, as we will see in the next section, the analysis of the MAP and
BP decoders have largely been developed in an orthogonal fashion. On one
hand, the MAP decoding analysis heavily relied on the weight spectrum of
the code [16], and on the other hand the BP decoder (when transmitting over
general BMS channels) was analyzed using the density evolution technique of
Richardson and Urbanke (see [23], [9]).

The convergence of statistical physics and communication has brought out
a very deep connection exists between the density evolution analysis and the
MAP decoding analysis in the limit of infinite block-length [26], [28], [27]. We
will talk more about this connection in Section 1.6. The tools important to this
thesis are the conditional entropy (described in Section 1.5.2) and the density

2The probability here is with respect to the ensemble of codes.
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evolution equations (described in Section 1.5.1), for the MAP decoding and
BP decoding analysis respectively.

Recently, Measson et al. [24], [36] introduced and used the generalized
extrinsic information transfer function (GEXIT) to demonstrate an intimate
relationship between the BP decoder and the MAP decoder. We describe the
GEXIT functions in Section 1.5.3, which will be central to this thesis.

Some of the results in this thesis hold for any fixed code, but some results
we show only on an average with respect to the code ensemble. However
most of the quantities of interest in the analysis are very tightly concentrated
around the ensemble average and we suffer minimal loss in showing average
results [23], [29].

1.5.1 Density Evolution: Asymptotic Analysis of the BP
Decoder

Consider transmission over a general BMS channel using an LDPC or LDGM
code, of block-length n, picked u.a.r. from an ensemble of codes. As usual we
can restrict the analysis to the all-one codeword transmission [23]. Let gbﬁf% r(y)
denote the estimate of the code-bit 7 (in terms of LLR ) after d iterations of the
BP decoder. The density evolution technique gives a formula to evaluate the
average (over the code ensemble) of the distribution of the estimate gzﬁgfg »(v),
when n goes to co. Le., for a fixed number of iterations, it provides a formula
for the density of the BP estimate for large block-lengths.

Often one is interested in a different limit, i.e., the BP estimate when one
fixes the block-length n and the number the iterations d go to infinity. It is
conjectured that the probability of error of the BP decoder under the limit
limg 1o lim,, | o is the same as that under the limit lim,, . limy . and
this was recently shown for some cases to be true in [37]. For the BP-GEXIT
function, which we will introduce shortly, we will show in some cases also that
under both order of limits (first n — +o00 and then d — 400 and vice-versa),
the computation of the average BP-GEXIT function is the same.

An important object which occurs in the density evolution analysis is the
computation tree. The computation tree of depth d, as defined in [9], is the
unraveling of the graph, starting from the code-bit to be estimated, to include
all variable nodes which are at most a distance d from the root node. Note
that in the computation tree one can have labels of variable nodes and check
nodes repeating. Thus it is not a tree in the typical graph-theoretical sense.

The advantage of taking the block-length to infinity first is that, as shown
in [9], the sparsity of the code ensures that with high probability the computa-
tion tree of depth d around the root node becomes a tree in the graph-theoretic
sense and the BP estimate, after a fixed d number of iterations, can be easily
evaluated. This gives rise to the density evolution technique. Here we only
state the final result of density evolution. For details see [23], [18], [9], [19], [8].
An important result of [9] is that for a fixed d and block-length n going to in-
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finity, the BP estimate is exactly given by the density evolution estimate, with
high probability. We present here a slightly weaker version of their theorem.

Theorem 1.1 (Richardson and Urbanke). Consider an LDPC code picked
u.a.r. from an ensemble of codes with edge perspective (resp. node perspec-
tive) degree distributions given by A(x), p(x) (resp. A(x) and P(z)). Consider
transmission over a general BMS(€) channel with the distribution of the LLR [
under the all-one codeword tmnsmission given by cr(l). Consider d iterations

of the BP decoder and let gb BP( ) denote the BP estimate of code-bit i. Then

the random variable * = ¢z BP( ), for any d > 1, converges in distribution
to the random vam'able with probabzlzty density function given by

cr(l) ® Alp(ag-1)),

where

ag—1 = cr(l) ® AM(p(aq-1)),
ao = cr (1), (1.11)

and where A(a) = >, A;a®0Y Na) = 3, Mia®Y and p(a) = Y, pra®*=D.
Here ® denotes the normal convolution of two functions in R and B is the
convolution of densities represented in the G—domain (see Section 1.2). Also
ag is fized to cp(l).

Remark 1.1. In fact one can show that [23] the probability of error of the BP
decoder with d iterations converges (as n — 00) almost surely to €(aq) where
& is the “error functional” (see [23] for a precise definition).

Remark 1.2. Consider the case of transmission using an LDGM code picked
u.a.r.  from an ensemble of codes with edge perspective degree distributions
given by X(z),p(x) (A(x) denotes the variable node degree distribution and
P(x) denotes the check node degree distribution). Then + 3", ¢Z Bp( ), for
any d > 1, converges in distribution to the random Ua'rzable with probability
density function gwen by cr(l) B P(aq), where

aq = Mer(1) 8 plag_1)),
0o — 50(”’ (1.12)

and where P(a) = 3", Pra®*=Y p(a) =Y, pra®*V and \(a) = Y, \ja® Y.

Remark 1.3. In this thesis the above equations will appear in integral form.
For the case of LDPC' code ensembles we have the following. The average BP
estimate + 3. qﬁgp converges in distribution to the random variable A =

[+ Za 1ufld. Here ( is random and distributed as A(x) and | is the LLR





1.5. Tools for Performance Analysis 17

distributed as c(l). The ul? are i.i.d. random variables with distribution
obtained from the iterative system equations

5 (y Z/\ /Hdv]nd) v;) (u—Ztanh (Htanh ))
d)v):Zpk/dlCL Hduﬂdl(ua (v—l Z“3d>

The initial condition is given by n®(v) = c(v). One can write similar for-
mulas for the case of LDGM code ensembles.

The density evolution equations gives us a nice recursive procedure to evaluate
the average BP decoder estimate after d iterations for a code-bit.

Example 1.7 (Density Evolution for BEC(¢€)). Consider transmission over
the BEC(¢€) using an LDPC' code ensemble given by the edge perspective degree
distributions (N(x), p(x)). Then Theorem 1.1 tells us that the probability of a
code-bit being in erasure after fived d iterations of the BP decoder, is given by
eA(1 — p(1 — aq)), with high probability, where

ag = eX(1—p(1 —aq_1)),

ag = € and A(x) is the node perspective degree distribution of the variable nodes.
Note that for the BEC(€), Naq) = Y_; Ni(aq)™ and p(ag) =, pilaq)™".
For transmission using LDGM code ensemble given by edge degree distribu-
tions (N(x), p(x)), the probability of a code-bit being in erasure after d iterations
of the BP decoder, is given by 1 —(1—¢€)P(1—ay)), with high probability, where

ag=AN1—(1—¢€)p(l —ag_1)), (1.13)

ap = 1 and A(x) is the node perspective degree distribution of the variable
nodes representing the information bits. As is seen from the equation (1.13),
if the fraction of edges attached to degree one check nodes p1 = 0, then ag =1
for all d. For any ensemble with p; > 0, the iterations start and will give a
non-trivial fized-point.

1.56.2 Conditional Entropy

The conditional entropy is the entropy of the transmitted codeword (informa-
tion word) given the received message, H(X | Y) (H(U | Y)) for transmission
using an LDPC code (LDGM code). From Fano’s inequality, see [29], we know
that for a given code C' of block-length n and rate r,

HZ|Y) -1
H(Z|Y)

h(Pyit map) > —————,
n

Phlock,MaAP =
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where Z = X(U) is the codeword (information word) in case of LDPC codes
(LDGM codes) and h(-) = —zlogy(z) — (1 —x) log,(1—x) is the binary entropy
function. From the above, it is clear that knowing the conditional entropy ex-
actly would provide an upper bound on the channel parameter beyond which
reliable transmission using the code C' with given parameters n,r is not possi-
ble. Indeed, channel noise for which the per-bit conditional entropy is strictly
positive, i.e., H(Z | Y)/n > 0, implies a non-zero bit error probability for the
MAP decoder. Thus the conditional entropy is an important quantity in the
analysis of the MAP decoder. As it turns out, in this thesis we will show that
the conditional entropy has a very intimate relation to the density evolution
analysis of the BP decoder.

Let us look at the conditional entropy of a bit more closely. Assume trans-
mission using LDPC codes. The conditional entropy is by definition

H(X |Y) = ~Ey| Y pxiv(e | y) mnpxy(z | y)],

where Ey denotes the expectation with respect to py (y). Since the channel is
output symmetric, i.e., pyx(y | ) = pyjx(—y | —z), and the code used for
transmission is a vector space, it is not difficult to show that the conditional
entropy can equivalently be written as

H(X|Y)=~Eyy| Y pxy(e | ghpxy(e|y].  (119)

Above we use Ey|; to denote the expectation with respect to the probability
measure [ [ | py; x,(¥i | +1). As seen from the above equation, to evaluate the
conditional entropy, one must perform a sum which has exponentially many
terms. Thus again we see that computation of the conditional entropy is hard.
One of the main contributions of this thesis is an analytical formula for the
conditional entropy in terms of the code and the noise parameters only, as the
block-length goes to infinity.

1.5.3 GEXIT Functions

It is observed that under MAP decoding there is a phase transition phe-
nomenon. More precisely, there is a critical noise value at which the error
probability of the MAP decoder changes abruptly. We stress that there can
be many discontinuities in the error probability of the MAP decoder. At one
such critical noise value, the average conditional entropy becomes non-zero
(from zero). This is known as the MAP decoding threshold denoted by epap.
At enmap, the derivative of the conditional entropy is discontinuous. Thus it
seems natural to study the derivative of the conditional entropy to estimate
the MAP threshold.

Consider transmission of a fixed code C' (LDPC or LDGM) over a BMS(¢)
channel. Let us denote the per-bit conditional entropy by h, = %H (Z 1Y),
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where Z = X in the case of LDPC codes and Z = U in the case of LDGM
codes. The dependence on the code C' has been suppressed for notational
convenience. Under the assumption of a smooth channel family BMS(¢), the

MAP generalized extrinsic information transfer function or in short, the MAP-
GEXIT function is defined as in [36]

Definition 1.5 (MAP-GEXIT). Assume transmission over a smooth channel
family BMS(€) using a fired LDPC or LDGM code of block-length n. Then
the MAP-GEXIT function, denoted by g,(€) is given by the derivative, with
respect to the noise parameter, of the conditional entropy. More precisely,

dh,
n(€) = —. 1.15
gnle) = —~ (1.15)

Under the assumption of a smooth channel family it can be shown, for both
the LDPC and LDGM case, [36] that

WORRSSL.CAR

(1.16)

- €;=€
i=1

. We have

€;=¢€

For the MAP decoder there is an integral formula of %

7

Theorem 1.2 (Integral Formula — Measson et al. [36]). Assume that trans-
mission takes place over a smooth BMS(€) channel family using a LDPC or

LDGM code C°.

dey (I;
:/dli CL(Z)EMlln
€;=€ dE -

1 + tanh % tanh <—¢i’MA’;(XNi)>
1 + tanh %

OH(X;|Y)
862‘

Y

(1.17)

where By ~ijy is the expectation with respect to all the Y except Y;, under the
assumption of the all-one codeword transmission. Also, cr(l;) denotes the dis-
tribution of the LLR I; under the assumption of the all-one codeword transmis-
S10N.

Proof. We will provide a proof of this in Section 2.3 after we introduce a
convenient language to state and prove all our results. O]

Note that in the equation (1.17), the extrinsic MAP estimate ¢; yap(Y ™)
requires an exponential in the block-length n operations to compute its value.
As a result the MAP-GEXIT is a hard quantity to determine. Also the defi-
nition and the integral formula of the MAP-GEXIT function is not restricted
to sparse codes and can be easily extended to any linear code.

3We require that the code is proper, meaning that the apriori symbol probability is 1/2.
But this is the case if the dual of the code C has a generator-matrix representation with no
zero column, see [34].





20 Introduction

Example 1.8 (MAP-GEXIT for the BEC(¢)). Consider transmission over a
BEC(€) with erasure probability € using an LDPC code. It is convenient to
1mmagine that each code-bit v is transmitted through an independent BEC with
erasure probability given by €;. It can be shown that the MAP-GEXIT function
is equal to 13" H(X; | Y™) (see [23], [34]). Indeed, for the erasure channel

n
we have,

H(X, |Y) = H(X, | Y™, Y) = S H(X, | Y™V, = ) P(Y; = y)
Yi

Thus taking the derivative w.r.t. €; we find,

OH(X; |Y)

= H(X; |Y™).
o (X | Y)

Above, x denotes the erasure symbol. In obtaining the above equations we used
the fact that (1) if y; is either +1 or —1, then X; is perfectly known, implying
that H(X; | Y™ y; € {4+1,—1}) = 0 and (i) H(X; | Y™") is independent of
the noise parameter €;. Thus we have g,(e) = 13" H(X; | Y™"). The func-
tion H(X; | Y™") is called the average extrinsic information transfer function
(EXIT) and was introduced by Ashikhmin et al. in [38]. Intuitively the EXIT
function determines the amount of information that all other noisy code-bits
provide about the code-bit i. More precisely, one can show that H(X; | Y ™)
18 equal to the erasure probability of the MAP decoder given the observations
Y™ Although for the BEC(¢), this turns out to be a pivotal quantity in design
and analysis of LDPC codes [23], it seems to have lesser use in the analysis of
LDPC codes over general BMS(€) channels, most notably because of its failure
to satisfy the area theorem [38], [23], [36]. The area theorem for the BEC(e)
channel states that the area under the EXIT function, when € is varied from
0 — 1, is equal to the rate of the code. Unfortunately, if we consider the EXIT
function for general BMS(€) channels, the area theorem is not satisfied. But
the MAP-GEXIT function, from its definition, trivially satisfies the area the-
orem. Also, importantly, as shown in this example, it matches the definition

of the EXIT function for the BEC(e).

Definition 1.6 (Average MAP-GEXIT). Assume transmission over a smooth
channel family BMS(€) using a fired LDPC or LDGM code of block-length
n picked u.a.r. from an ensemble of codes given by edge degree distributions
(Mx), p(x)). Then the average MAP-GEXIT function, with abuse of notation,
is denoted by g,,(€) and is given by its average over the code ensemble, Ec[gn(€)].

Example 1.9. In the Figure 1.4 we illustrate the asymptotic average MA P-
GEXIT function for two classes of codes when transmitting over the BEC. The
figure on the left is the asymptotic average MAP-GEXIT curve for the

LDPC(A(x) = 23, P(z) = %) code ensemble. The figure on the right is the
asymptotic average MAP-GEXIT function for the LDGM(A(x) = z*, P(x) =
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0.3z + 0.72%) code ensemble. Both the curves have one discontinuity. From
the Example 1.8, we have that the error probability of the MAP decoder is pro-
portional to the MAP-GEXIT function for the case of transmission over the
BEC. Thus for the LDPC(A(x) = x3, P(x) = 2°) code ensemble, the jump in
asymptotic average MAP-GEXIT signifies the MAP-decoding threshold. For
the LDGM codes we know that the error probability is always non-zero. Thus
we stress that the discontinuity in the asymptotic average MAP-GEXIT curve
for LDGM(A(x) = z®, P(x) = 0.3z + 0.72°) does not signify the MAP thresh-
old. Nevertheless, it signifies a phase transition in the average (over the code
ensemble) error probability of the MAP decoder.

/ | ///
/ "

Figure 1.4: The figure on the left plots the asymptotic average MAP-GEXIT for
transmission over the BEC using a code from the LDPC(A(x) = 23, P(x) = 29)
ensemble. The figure on the right shows the asymptotic average MAP-GEXIT
for transmission over the BEC using a code from the LDGM(A(z) = 23, P(x) =
0.3z + 0.723) ensemble.

Similar to the MAP-GEXIT, we define the GEXIT function associated to the
BP decoder.

Definition 1.7 (BP-GEXIT). Assume transmission over a smooth channel
family BMS(€) using a fired LDPC or LDGM code of block-length n. Consider
the BP decoder with d iterations. Then the BP-GEXIT function, denoted by
gﬁi(e) is given by

1 n
9E(e) = = D gBufe)
=1

1 + tanh %’ tanh (%)

1 —i—tanh%

g2l (e) = / dl; 26 Ey~i; In

]. (1.18)
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Similar to the Definition 1.6, we define the average (w.r.t the code ensemble)
BP-GEXIT function, and with abuse of notation, denote it by g2%’

Remark 1.4. This definition differs from the one made in [23]. The above
definition, as we will see later, is natural when we want to find an analytical
formula for the average asymptotic MAP-GEXIT function. The definition in
[23] is more natural from an information theoretic point of view and closely

follows the equation (1.16). In the asymptotic limit limy_ o lim, .o, the two
definitions of the average BP-GEXIT function match.

The average BP-GEXIT function is given by Ec[g/ 7 (€)].

Example 1.10 (Asymptotic Average BP-GEXIT for the BEC(¢)). Assume
transmission over a BEC(€) using LDPC codes from an ensemble given by
edge degree distributions (A(z), p(x)). In this example we will compute the
asymptotic average BP-GEXIT function. As we will see in Section 4.4, the
limiting object limg_ o lim,, gﬁg (€) exists and is equal to

der (1 1 + tanh £ tanh A
lim / a1 [LF s tanh A
de 1 + tanh 5

)
d—oo

where Ay is the density evolution estimate. For the BEC(€), limg_ oo Ay is
distributed as A(1 — p(1 — x.))do(+) + (1 — A(1 — p(1 — x,)))0s0(+)) where x,
is the largest solution of the fixed point equation x = eA(1 — p(1 — z)). Since

cr(l) = €do(l) 4+ (1 — €)oo (1) we have dcg—e(l) = 00(l) — 6o(l). Thus we get

1 + tanh é tanh Ay
1+ tanh

lim lim g2 5 (€) = dlim dl(0p(1) — doo(l))En, In

d—00 n—00

1+ tanh Ay
2

= (In2)A(1 — p(1 — z,)).

= — lim Ep, In
d—o00

In the Figure 1.5 we plot the asymptotic average BP-GEXIT function which is
proportional to the bit error probability of the BP decoder (in the large block-
length and iterations limits). The figure also illustrates the asymptotic average
BP-GEXIT function using LDGM(A(z) = 23, P(x) = 0.3z + 0.723) code en-
semble when transmitting over the BEC.

1.6 Brief History

The literature on the performance analysis of LDPC codes can be split into
their MAP-decoder and BP-decoder analysis. Most of the work on MAP-
decoder analysis of LDPC codes can be traced back to the seminal work of
Gallager in his thesis [3]. For upper bounding the block probability of error of
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Figure 1.5: The figure on the left shows the asymptotic average BP-GEXIT
curve, normalized by In2, for transmission over a BEC(¢) using a LDPC code
from an ensemble with edge degree distributions given by (\(z) = 22, p(x) = x°).
The figure on the right illustrates the asymptotic average BP-GEXIT function for
transmission over the BEC using LDGM(A(x) = 23, P(z) = 0.3z + 0.723) code
ensemble.

MAP decoding of LDPC codes, Gallager uses the average weight distribution
function of the given LDPC code. The idea of the bound is used as a starting
point to get better bounds in [16], [39]. A summary of bounds on the MAP-
decoder error probability, using the idea of Gallager, can be found in [17]. Let
us describe one such bound in more details. The upper bound, as described by
Burshtein and Miller in [16], involves estimating two terms. One term involves
a union bound over all possible codewords, at a given maximum distance from
the transmitted codeword. The Bhattacharya parameter is used to bound the
probability of error of confusing a codeword, of a particular weight, with the
transmitted codeword (“Bhattacharya distance”). This term usually corre-
sponds to the low-weight codewords, and gives rise to the dominant term in
the error probability. The second term, involving the codewords of remaining
weights, utilizes the error-exponent technique of Gallager in the context of
random coding [40], to provide an exponential in the block-length estimate for
the error probability. In [16], the authors also provide a lower bound on the
error probability for regular LDPC codes, by finding the probability of finding
at least one column of all-zero vector in the parity-check matrix. In general,
the upper and lower bounds in [16] are not tight.

Gallager also provided a lower bound on the conditional entropy when
transmitting over the BSC in terms of the degree of the check nodes. This was
extended to the case of general BMS by Burshtein et al. [41]. This bound,
although not tight in general, is valid for any fixed LDPC code. The basic
idea behind the bound is to compute the conditional entropy of any syndrome
bit given the reliability values of the channel observations. A nice discussion
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on this bound can be found in Section 4.11 of [23].

1.6.1 BP in Communication

Over the last decade there has been a plethora of work on the analysis of BP
decoder. Most of the work has focused on the BEC and this has culminated
in the construction of capacity-achieving sequences for the BEC [42], [21]. Let
us mention here the breakthrough works of Luby, Mitzenmacher, Shokrollahi,
Spielman and Stemann in [19] and [18] and Richardson and Urbanke in [9].
Luby et al. study the BP decoder by analyzing the equivalent peeling decoder
using the differential equation method of Wormald [43]. This was later general-
ized to the case of transmission over general BMS channels in the notable work
of Richardson and Urbanke. In [9], the authors developed the density evolu-
tion technique for analyzing the behavior of the BP decoder in the asymptotic
block-length limit. The density evolution technique takes advantage of the
locally tree-like behavior of sparse graphs. More precisely, in the limit of infi-
nite block-length, any neighborhood of finite depth d around a code-bit (which
corresponds to the subgraph “observed” by the BP decoder with d iterations)
is a tree with high probability. As a result, the BP decoder messages become
independent, yielding the density evolution equation for the BP estimate of
the root code-bit. The analysis relies on two basic simplifications: restriction
to the all-one codeword when transmitting over BMS channels and considering
the average over the ensemble performance (tight concentration) [23].

It is fair to say that for the case of transmission over the BEC, the perfor-
mance analysis of the BP decoder both in the asymptotic block-length limit
and for finite-length have been understood in quite some details. Since the
messages in the BP decoding over the BEC are either erasures or provide com-
plete information, it is not hard to show the convergence of the BP decoder
[23]. The density evolution technique for asymptotic average analysis of the
BP decoder, gives a pleasing one-dimensional fixed-point equation. This al-
lows easy determination of the BP decoding threshold in the limit of infinite
block-lengths. The EXIT functions introduced by Ashikhmin et al. [38], serves
multiple purposes: it is used as a graphical tool to visualize the BP decoder,
it provides the matching condition (see [44]) for capacity-achieving codes and
also provides the remarkable area theorem. The content of the area theorem
is that, the area under the EXIT curve, for the MAP decoder (also called as
the MAP-EXIT) of any LDPC code equals the rate of the code. In the sequel
when we say average MAP-GEXIT or average BP-GEXIT, we mean it in the
limit of infinite block-length. In the case of BEC it is also not hard to show
that the asymptotic limits of large block-length and number of iterations can
be exchanged when computing the bit-error rate of the BP decoder [23].

Exact finite-length analysis for regular LDPC code ensemble when trans-
mitting over the BEC was done by Di et al. [20]. In their analysis, they used
the stopping set characterization of the failure of the BP decoder, provided by
Richardson and Urbanke [45]. Recently, Amraoui et al. [46] have provided an
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alternative approach to finite-length analysis using scaling laws of statistical
physics.

As we have seen above, the analysis techniques for the MAP and BP de-
coder have evolved quite independently. It is well known that for a code whose
graph is a tree, the BP algorithm has the same performance as the MAP de-
coder. This essentially comes from the fact that on a tree the computational
graph of a node matches the original graph itself [23]. However, codes based
on tree graphs have poor performance and one needs to consider graphs with
loops or cycles. With cycles in the original graph, the messages (of the BP
decoder) on the computational tree are no longer independent, and it is not a
priori clear, if and why, the BP decoder should retain any close relationship to
the MAP decoder.

Recently, Measson, Montanari, Richardson and Urbanke demonstrated in
24], [34], [47] that the BP decoder and the MAP decoder are intimately related
when transmitting over the BEC using LDPC codes with loops present in
their Tanner graphs. For transmission over the BEC, the MAP-EXIT function
simply corresponds to the bit erasure probability of the MAP decoder. They
also define the BP-EXIT function which is the bit erasure probability under BP
decoding. In [24], Measson et al. show that for regular LDPC codes, above the
MAP threshold, the average (over the ensemble of codes) BP-EXIT and the
average MAP-EXIT curves match, in the limit of infinite block-length. This
means that the BP decoder above the MAP threshold, for the special case of
reqular LDPC' codes, is optimal, with high probability! In other words, for some
noise regime, the asymptotic average MAP-EXIT function can be evaluated by
the density evolution equations.

As an immediate consequence, they obtain the exact value of the MAP
decoding threshold for the regular LDPC code ensemble. The proof relies
crucially on the fact that for the regular codes the design rate is equal to the
actual rate, which was first proved by Miller and Cohen in [48]. In fact the
result of Measson et al. holds for a large class of LDPC code ensemble for
which the residual graph (the graph remaining after BP decoding) has design
rate equal to the actual rate.

Measson et al. also provide an operational interpretation of this connec-
tion via the Maxwell decoder and the extended-BP EXIT curve (EBP-EXIT).
The EBP-EXIT curve is a plot depicting all the fixed-points of the density
evolution equation, for all values of the channel erasure probability in the case
of BEC. It is the C-shaped curve in Figure 1.6 for the case of transmission
using LDPC(A(z) = 23, P(z) = %) ensemble. They show how it is possi-
ble to construct the average MAP-EXIT curve from the EBP-EXIT curve by
“matching areas” — consider a vertical line and adjust its position till the area
to the left of this line and bounded on the left by the EBP-EXIT equals the
area to the right of this vertical line and bounded above by the EBP-EXIT
curve. The main result of [24] is that the channel erasure fraction at which
the two areas become equal is the MAP threshold. This immediately provides
the construction of the average MAP-EXIT curve, which is zero till the MAP





26 Introduction

threshold and then jumps and clings onto the EBP-EXIT curve. Thus away
from the transition thresholds, (egp and €yap in this case4) the average MAP-
EXIT equals the average BP-EXIT. This construction is illustrated in Figure
1.6. The dark area bounded on the left by the EBP-EXIT and bounded on
the right by the vertical line through the MAP threshold is proportional to the
amount of “guessing work” done by the Maxwell decoder and the other dark
area is proportional to the “confirmation work” of the Maxwell decoder.

0.8
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€

Figure 1.6: In the figure, the C-shaped curve is the EBP-EXIT curve for the
case of transmission over the BEC using regular LDPC(A(x) = 23, P(z) = 2°)
code ensemble. As shown in [24], the average MAP-EXIT curve is constructed by
“sweeping” the EBP-EXIT curve from the right, till the two regions, shown in dark,
have equal areas. This figure is borrowed from [23] and is gratefully acknowledged.

This construction is proved rigorously for transmission over the BEC for
the regular LDPC code ensembles. To extend their results to general BMS
channels, Measson et al. introduced the GEXIT functions. The main mo-
tivation for this was that the MAP-EXIT function did not satisfy the area
theorem for transmission over general BMS channels. Recall that the MAP-
GEXIT function is given by the derivative of the conditional entropy with
respect to the noise. Hence by definition, it satisfies the area theorem. Re-
markably, the MAP-GEXIT function equals the EXIT function for the BEC
as shown in [36], [23]. The BP-GEXIT functions and EBP-GEXIT functions
for the general BMS channels were also introduced in [36].

For the trivial case of LDPC code ensembles with a smooth average BP-
GEXIT function (no discontinuities), using the area theorem for the MAP-

4For irregular LDPC code ensembles there are many discontinuities (or thresholds) in
both the average MAP-EXIT and the average BP-EXIT curves. The Maxwell construction,
in this case, states that the average BP-EXIT and MAP-EXIT are equal everywhere except
between discontinuities.
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GEXIT, it was shown in [36], that the average MAP-GEXIT equals the average
BP-GEXIT. In general when discontinuities (phase transitions) are present,
not much is known: whether the average MAP-GEXIT and BP-GEXIT are
equal, away from transition thresholds and whether there is a Maxwell con-
struction which yields the average MAP-GEXIT from the EBP-GEXIT curve.
The techniques used for BEC are combinatorial in nature and cannot be easily
extended to the case of transmission over general BMS channels and radically
new methods have to be used. It is believed that in terms of the GEXIT func-
tions, the results obtained for the BEC still hold. In particular, the average
GEXIT curves for the BP and the MAP decoder should match for high and low
noise regimes away from the thresholds. Recently the convergence of statistical
physics and communication science has provided an alternative interpretation
of the problem of decoding of sparse graph codes. The work of Montanari in
[29] is one of the breakthrough papers in this direction. We will investigate
this connection and mention some of the other most notable works in the next
section.

1.6.2 BP in Other Problems

Let us mention few other instances of rigorous results concerning the BP al-
gorithm. We do not attempt to cover all examples, but mention very briefly a
few notable ones.

The maz-weight independent set (MWIS) problem is to find the heaviest
set of mutually non-adjacent nodes (independent set) in an arbitrary graph
with positive weights on nodes. One can formulate an integer program for
this problem and provide approximate solutions by solving the corresponding
linear programming (LP) relaxation. For this problem also one can construct
a probability distribution whose MAP estimate is the MWIS of the given
graph. In [49], Sanghavi, Shah and Willsky show that there is a one-to-one
correspondence between the fixed-points of the BP (also called as max-product
in [49]) algorithm and the extreme points of the LP polytope. As a result they
can conclude that the optimality of the BP estimate implies the tightness of
the LP relaxation. They also show how any MAP estimation problem can be
cast as a problem of finding a MWIS on some graph. Similar results were also
shown by Bayati, Shah and Sharma [50] for the mazimum weight matching
problem.

Other models where BP does exact inference is the ferromagnetic random
field Ising model of statistical physics, as shown by Chertkov in [51]. Similar
to the previous work, the MAP solution for this problem involves solving an
integer program. It turns out for this problem that the LP relaxation is tight.
As shown in [51], the optimal solution of the LP relaxation minimizes the
Bethe-Free energy approximation for this problem, which is also got via the
BP rules.

Various works [52], [53] have also shown how belief propagation is related
to the Bethe approximation of the free energy, which has led to the inter-
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pretation of the BP rules as finding the minimum of the Bethe-Free energy
approximation. As a result of this observation, various other generalized BP
algorithms have been developed based on a similar variational approach [54],
[52].

In [55], [56], Chertkov and Chernyak develop an expansion of the partition
function corresponding to a problem on a fixed graph. The first term in the
series corresponds to the Bethe-Free energy approximation. The rest of the
terms in the expansion involves average (under BP estimations) of functions
of the spins, over generalized loops in the graph. In this thesis we will follow
a similar philosophy of perturbing the optimal MAP estimate to bring out the
BP estimate plus some correction term, for the problem of decoding of sparse
graph codes. We then show that in appropriate range of the noise value, one
can control the correction term.

Salez and Shah have shown in [57] the optimality of the BP algorithm,
with high probability, in the random assignment problem in which the goal is
to find the minimum cost matching in a complete bipartite-graph with edge
weights being i.i.d with an exponential distribution, in the limit large number
of nodes.

Montanari and Shah [58] show the optimality of the BP algorithm in the
random k-satisfiability problem. Let us discuss this in some more details.
In the random Ek-satisfiability problem can be stated on a bipartite-graph as
follows. There are n variable nodes representing n Boolean variables, denoted
by x1,xs, ..., x,. There are m check nodes in the graph. Each of them imposes
a logical-OR constraint on k& randomly chosen variable nodes. The parameter
of the problem (analogous to the channel noise in the coding problem), denoted
by «, is the ratio of the number of constraints to the number of variable nodes.
For this problem also one can formulate a probability distribution and use
the BP algorithm to estimate the marginal distribution for the variable nodes.
Montanari and Shah show that if « is small enough, then one can exactly count
the normalized (by n) logarithm of the number of satisfying assignments, with
high probability, by using the estimates provided by the BP algorithm and an
appropriate interpolation method. To show that the BP estimate is optimal,
with high probability, they use the fact that « is small enough, which allows
them to show a “worst-case” decay of correlation.

Similar results were obtained by Bandyopadhyay and Gamarnik in [59] and
by Weitz in [60], for the counting the number of independent sets in graphs
with large girth. In graph theory, an independent set is a set of nodes of the
graph which are mutually disconnected. Bandyopadhyay and Gamarnik show
the “worst case” decay of correlations for low degree graphs with large girth,
to give an approximate value of the normalized (by the number of nodes in
the graph) logarithm of the number of independent sets.

In this thesis we also study decay of correlations in the context of decoding
of sparse graph codes. An important difference we would like to point out
at this moment is that, we study the “typical-case” correlation decay, which
is a stronger form of decay of correlation, as opposed to the “worst case”
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correlation decay shown in the previous work. Also the techniques we use are
completely different and arise in the spin-glass theory of statistical mechanics.
As a consequence we will show the correctness of the BP estimate, with high
probability, whenever correlations decay fast enough.

In [61], an arbitrary graph was considered, wherein nodes represented
jointly Gaussian random variables z (the distribution P(xz) factorizes on the
cliques of the graph and variable nodes in a clique are jointly gaussian). The
observations y and x are also jointly gaussian and as usual, the question is to
determine when BP gives the correct estimate of the conditional mean and co-
variance, given the observations. Weiss et al. show that if BP converges then,
under certain conditions on the covariance matrix of z, it gives exact values
for the marginal posterior probabilities. Here also the basic idea is to relate
true means to those obtained by BP via the correlations. Then under assumed
conditions, the correlations decay rapid enough to justify the exactness of the
BP estimates.

In [62], Tatikonda et al. used the Dobrushin’s criteria of Gibbs measure
theory of statistical physics to show the convergence and exactness of BP
on loopy graph models. To show this they define the Gibbs measure on the
computational tree of the graph. And if the Dobrushin’s criteria is satisfied,
then there exists a unique Gibbs measure for the computation tree. This
then implies the convergence and exactness of BP. Unfortunately, the decoding
problem of sparse graph codes over general BMS channels most often does not
satisfy the Dobrushin’s criteria and we resort to more sophisticated techniques
in this thesis to show the exactness of BP, with high probability, in appropriate
regimes of the channel noise.

1.7 Connections to Statistical Physics

In this section we show how statistical physics and decoding of sparse graph
codes are related. This connection was first established in the pioneering
work of Sourlas [25], [63]. There has been a considerable amount of recent
work on developing this connection and understanding the coding problem
from the statistical physics point of view [64], [65], [66], [27], [26], [67], [68],
28], [69], [70]. The main tool used is the replica method, equivalently known
as the cavity method [71], [72]. This method is one of the main tools in
statistical physics of spin-glasses. In communication, the replica method has
provided a recipe to determine various quantities, like MAP/BP decoding
thresholds, per-bit conditional entropy, error exponents and weight enumerator
function for different codes which include LDPC code ensembles and the Turbo
codes. Vicente, Saad and Kabashima used the replica method to provide a
formula for the average per-bit conditional entropy in [67]. This is known as
the replica solution. As a consequence they obtain the decoding threshold
of the MAP decoder. In [28], Franz, Leone, Montanari and Ricci-Tersenghi
also perform replica symmetric calculations to determine the MAP threshold.
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They further show that, using the replica symmetric breaking ansatz, the BP
threshold is an “ultimate” threshold for local decoding algorithms. I.e., at the
BP threshold there are exponentially many codewords, with energy very close
to the transmitted codeword, which would cause all local algorithms, including
BP, to fail. In [65], Montanari analyzes the random codeword model, using
replica analysis, by exploiting its similarity to the random energy model of
Derrida [73].

Let us say a few more words on spin-glasses and the replica solution.

1.7.1 Random Spin-Glass

Consider a spin system. By a spin system, we mean here a system consisting
of n degrees of freedom that we call “spins”. We label each spin as z; for 1 <
i < n. Each spin takes a value in the set {+1, —1}. Such spins are also known
as Ising spins. The state of the system is denoted by x = (z1,%2,...,%,).
The state of the system is also known as the configuration of the system. The
energy of the state is given by the function or the Hamiltonian, H(z). Then
the probability that the system is present in a particular state x is given by
the Boltzmann distribution®

1
P(z) = Ze—f”f@), (1.19)

where [ is the inverse temperature and

Z =Y e M (1.20)

Z is known as the normalization factor or the partition function. Note that
as the inverse temperature varies, the Boltzmann distribution varies from a
uniform distribution (8 — 0), to concentrating on a few configurations which
have the minimum energy, also known as ground states (8 — +o00). The
averages of observables w.r.t. the Boltzmann measure is usually denoted by the
Gibbs bracket (—). Later in this section, we will consider systems with random
“external” conditions. The average w.r.t. this randomness will be denoted as
usual by E. It is important to differentiate the two randomness (randomness
w.r.t. Gibbs measure and randomness in the “external” conditions). It is
clear that one cannot interchange the order of the two expectations E and
(—). For taking the average of any observable, we first take the average w.r.t.
the Gibbs measure, followed by the average w.r.t. the external conditions. As
a consequence, we use the bracket notation to differentiate the randomness
w.r.t. the Gibbs measure.
A fundamental quantity of any spin system is its free energy, given by

hn(8) = %m z

50ne of the main postulates of equilibrium statistical physics is that the average of the
observables can be computed from the Boltzmann distribution.
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The behavior of the system is completely determined by knowing its free en-
ergy. If, as a function of the inverse temperature J or some other parameter,
the free energy is non-analytic, then one says that there is a phase transition
in the behavior of the system. For example, we will see later that for LDPC
codes, the free energy is represented by the conditional entropy. At the MAP
threshold eyap there is a phase transition in the system. The decoder is no
longer able to perform successful decoding, with high probability, above eyap,
whereas for all noise values below eyap the decoding is successful, w.h.p.

The Hamiltonian can take many forms. For example, H(z) = — ), Lix;
denotes a system without interactions between the particles. For this “free”
model, the free-energy is easily evaluated by exchanging the sum and product
in (1.20). Let us give some examples of models in statistical physics.

Perhaps the simplest mathematical model is the Ising model, wherein par-
ticles are imagined to be positioned on a cube in Z¢ and have nearest neighbor
interactions. The interactions between the particles are either ferromagnetic
(attractive) or anti-ferromagnetic (repulsive). If all interactions are ferromag-
netic, the Hamiltonian is given by

(i) i
where (ij) are nearest neighbor pairs. For such a Hamiltonian, the probability
is maximized for a configuration in which all the particles are “aligned” to each
other. These lattice models are in general hard to solve (the exact solution to
the free energy is not known for d > 3).
A solvable Ising model is the model on the complete graph (CG) (this
model is sometimes called as the Curie-Weiss model) wherein the Hamiltonian

is given by
1
Hcg(@) = _ﬁ Z xixj — lz Z;.
1<) [
In words, the spins do not sit on a lattice and there is a ferro-magnetic inter-

action between all pairs of spins. This is an archetypal example of a mean-field
model. The solution for the free energy of this model is given by

lim 7, [3] = him: 8,1 121
Ml = s M 20
where him; 3,1] = 2(1 — m?) + Blm — E2 log(H™) — 5™ log(52). The

2
maximum of hlm; [3,(] satisfies the equation
m, = tanh(G(m. +1)).

Details on how this solution is obtained by mean-field analysis can be found
in the recent book [74] and also in [68].

Our interest is in systems where the interactions between the particles
are random. Such systems have also been modeled and studied in statistical
physics.
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A canonical model is the Edwards-Anderson (EA) model. In this model,
the spins again sit on a d-dimensional lattice. However, now the interactions
between the spins are random. The Hamiltonian of this model is given by

Hea(z lex xj — lle

(i5)

Above, the interactions [;; are ii.d. and distributed as ¢(l;;). The typical
choice for ¢(l;;) is the Gaussian distribution.

The geometric structure (lattice) makes it hard to determine the free energy
of the EA model. The mean-field simplification of this model is known as the
Sherrington-Kirkpatrick (SK) model. The SK model is defined on a complete
graph. The Hamiltonian of the SK model is given by

Hsk (z Z lijxix; —1 Z Z;.

z<]

2
with P(l;;) = ﬁe 2. We do not present here the replica solution for this
model. The solution can be found in the book [71]. The important feature of
the solution is that, the replica solution for the SK model is also a variational
problem similar to (1.21) (although much more complicated). The SK model
belongs the family of more general fully-connected spin-glass models, known
as p-spin glass models.

We remark here that the replica method is based on mathematically unjus-
tified manipulations, hence there is no guarantee that they provide the correct
solution. However, it is believed that the predictions of replica theory are
correct for mean-field models. Instances where the replica solution has been
proved to give the correct answer includes the SK model. This was shown
by Talagrand in [75] by using the second interpolation method of Guerra and
Toninelli [31].

The non-triviality in analyzing spin-glasses is due to frustration (one cannot
“satisfy” all the interactions simultaneously). Hence there are possibly many
(exponential in n) states which have very similar energy. This results in a
complicated energy landscape.

The fully-connected models are unrealistic, since they involve diverging
number of interactions for each spin. A more realistic model is the dilute spin-
glass model. In this model, the spins are assumed to sit on the nodes of a
random graph, with finite average degrees. Many problems in computer and
communication science can be modeled as a dilute spin-glass®.

In the next section we show a bit more precisely, the mapping of the de-
coding problem of sparse graph codes to the language of statistical mechanics.

6Since the energy landscape of such problems is very complicated, it makes the search
for optimal solutions or ground states very difficult.
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1.7.2 LDPC Code as a Dilute Spin-Glass

Consider transmission over a general BMS channel, with transition probability
given by py|x(y | ), using a fixed LDPC code or a LDPC code chosen u.a.r.
from an ensemble of codes. Let x denote the transmitted codeword of block-
length n and let y denote the received message. Let us re-write the a posteriori
distribution pxy (2 | y) as a Boltzmann measure (see (1.19)). Recall from (1.6)
that,

m

P&\x@ ‘ Q |C\p HpY|X vi | @ H]l< H Ty = ~|—1>.

a=1 ke€da

Using
= > 1Ipvix v [ 2)px(2)
z =1
|C|ZHpY|X yz\ﬂﬁ H (Hl’k >
z =1 k€da
we get

pxpy(z | y) HPY|X Yi | v H]l< H Ty = -|—1> (1.22)

a=1 k€da

where Z = Y T pvixa (i | @) [Ty 1(T Tiesq @6 = +1). A simple calcula-
tion shows that

ﬂ( H Tk = +1) s ngaa ) _ (1 +233aa)’

and
-l
1+e by

2
A e
2

1
SPyiix(yi | +1)

pri (i | 21) = 5

cosh

Substituting above in (1.22) we get

pxpy (x| y) = ZZH Hxa“ I]e#. (1.23)

z a=1 i=1

and Z =" [, % I, 3, Realizing that w = limy, | o €le(@oa=1),
we see that the a posteriori distribution for LDPC codes represents a spin-glass
with the interactions between spins (code-bits) given by the code constraints
and the external conditions given by the LLR values [;, governed by the chan-
nel distribution law ¢y (l;) (under the assumption that the all-one codeword is

transmitted), for 1 <i < n.
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Free Energy

In this section we formulate the conditional entropy as free energy. Details
of the computation can be found in [29] and [65]. In the Gibbs measure
(1.23), the channel randomness is contained in the vector of LLR values [ =
(l1,l3,...,1,). As a result, we replace the expectation Eyp; with [E; in (1.14).
Recall that the distribution of each [; under the assumption of the all-one
codeword transmission is denoted by ¢ (l;). For the ease of exposition we use
p(z) to denote the aposteriori distribution pxy (z | y).
Using (1.23), we can write the conditional entropy as

HX V)" B[ Y plw) n ()]

_ _E [Z u(z) In (% I1 %(1 + Z0) ]l ete)]
525 St ([[ 0+ 20
~Ei[ Y ute)n :1 )]
Oz -5 Yu) Y- i
Iz -y [ dzz-c;ai);—i- (1:24)

Above, equality (a) follows from the fact that Z does not depend on z.
Since pu(z) = 0 for binary strings which are not codewords, i.e., n—tuples for
which [], 3(1 + z4,) = 0, and since for binary strings which are codewords
we have [], 2(1 + 29,) = 1, we must have p(z)In]], 3(1 + zs,) = 0 and (b)
follows. The equality (c) is shown in [65].

Thus we see that the evaluation of the conditional entropy essentially boils
down to the computation of the logarithm of the partition function, or the free
energy.

1.7.3 LDGM Code as a Dilute Spin-Glass

Now consider transmission over a general BMS channel using an LDGM code,
perhaps picked u.a.r. from an ensemble of codes. Let u denote the information
word, x denote the codeword and y denote the received word. The information
word length equals m and the block-length is n. The a posteriori distribution,
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pg\x(y \ Q) is
(| ) = LU
Uly \& —
ok - ngﬂg(g | w)
_ H?:1PY¢\X¢(.%' | Haeaz‘ Ug)

YouPvix (Wi | Tlacoi ta)

Again we have

l1+e b o
i ] va) i | ) e
Py;|Xx; (yi |aeaz = Pv;|X; (vi | )2c0shl

where we use ug; to denote [ [, us. Putting all together we get

1 LY
puly (u | y Hef (1.25)

7,:1

where Z = 3" T[], e#usi, Thus we conclude that the LDGM coded system
represents a spin-glass with the external conditions, /; distributed by the chan-
nel law ¢z (1), under the assumption that the all-one codeword is transmitted.
It is not hard to see that a generator-matrix code will always have a posi-
tive bit error rate for any channel noise. To see this, consider transmission
over the BEC with the erasure probability given by e € (0,1]. Suppose that
all the code-bits neighboring an information bit (a code-bit is a neighbor of
an information bit if the information bit participates in the generation of the
code-bit) are erased. Then it is impossible to estimate the information bit per-
fectly. The probability that this happens is given by €, where [ is the degree of
the information bit. Nevertheless, LDGM codes are still useful in other com-
munication scenarios like source coding and they are mathematically easier to
analyze. Moreover, most of our ideas can be clearly demonstrated in this case.
Intuitively we see this as follows. The a posteriori distribution for the LDGM
case differs from the LDPC case from the absence of the term H% This
term is usually called as a “hard constraint” and makes the analysis of LDPC
codes more complicated as opposed to the LDGM codes. In the language of
statistical mechanics, LDPC codes correspond to low temperature or  — +oo
(for the parity-check constraints) whereas LDGM codes correspond to high
temperature or 3 < +oo (for high noise).

Similar to LDPC codes we can show that the conditional entropy in the
case of LDGM can be written as

HU|Y)=E[InZ] ZE, H

Thus in this case also, by evaluating the free energy, one can determine the
conditional entropy.
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1.7.4 Replica Solution for the Conditional Entropy

In this section we present the solution of the replica method applied to the
conditional entropy. We do not present the derivation here. The interested
reader can refer to [28] for a detailed analysis.

Let V' be a random variable with density dy(v) satisfying the symmetry
condition dy (v) = e’dy (—v). Also, let

U = 2tanh~ [Htanh } LDPC,
l Vi
= 2tanh ™! [tanh — h— LDGM 1.2
U = 2tan [tan 2illtan 2] GM, (1.26)

where V; are i.i.d copies of V' and k is the (random with distribution given by
P(z)) degree of a check node. We denote by Uy, b = 1,...,¢ i.i.d. copies of
U where ¢ is the (random with distribution given by A(z)) degree of variable
nodes. Recall that [ is the channel LLR .

Notice that in the belief propagation (BP) decoding algorithm U appears
as the check-to-variable node message and V' appears as the variable-to-check
node message. Define the functional” (we view it as a functional of the prob-
ability distribution dy)

¢ ¢
L _1 Ub
hrsldv; A, P] =Ei 40, {ln(e2 H (1 +tanh— +e 2 H(l — tanh 7))]

b=1 b=1
W (1+ Ht h
1 k,V; Il an

V U AN (1)
—N(1Evy [ln(l + tanh Etanh 5)} — () In 2.

The above functional, hrg[dy; A, P], is known as the replica solution (or func-
tional). The main conjecture of statistical physics is

Conjecture 1.1. Consider communication over any general BMS channel
using any standard LDPC(A(zx), P(z)) or LDGM(A(z), P(x)) code ensemble.
Then

lim Eg[h,] = sup hgrs|dy; A, P].

n—-+o0o dy

Note that in this case also the replica solution is a variational formula similar
to the solution of the Curie-Weiss model (c.f. (1.21)).

"The subscript RS stands for “replica symmetric” because this functional has been
obtained from the replica symmetric ansatz for an appropriate spin glass, see for example
[65], [66]
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It is not hard to see that the critical points of hgrgldy; A, P] satisfies the
density evolution equations [29]. This observation provides a bridge between
the MAP and BP analysis of sparse graph codes. It also provides another
interpretation to the work of Measson et al. in [24]. More precisely, consider
the Figure 1.6. In this figure, the average MAP-GEXIT equals the average
BP-GEXIT till the MAP threshold, eyap. Below the BP threshold, egp, both
of them are trivially equal. In between the two thresholds, there is a difference
between the average BP and MAP estimates. One can explain this difference
via the replica solution as follows. It is not hard to show, for the case of
transmission over the BEC, that the replica solution between egp and eyap is
maximized at the stable fixed-point of density evolution not obtained by BP.
On the other hand, for all the remaining noise values, the replica solution is
maximized at the BP fixed-point of the density evolution equation. Hence for
such noise values, the average BP and MAP estimates are equal.

Many discrete optimization problems in computer science like the random
k-satisfiability, graph partitioning, vertex covering, graph matching have been
analyzed by methods of statistical physics [76], [71], [74], [77], [78], [79], [80],
[81], [82]. The discrete optimization problems mentioned above are also mod-
eled by the dilute spin-glass model. One is then interested in the studying the
behavior of the system under certain “external” conditions. For example, in
the random k-satisfiability problem one is interested in knowing if the given
Boolean formula is satisfiable when the ratio of number of constraints to vari-
able is changed [77], [76], [83]. Replica method is then employed to compute
the free energy of the system. This allows to make predictions on the values
of phase transition thresholds [77]. For example, in the random 3-satisfiability
problem, the ratio of number of constraints to variables greater than a, ~ 4.27,
signals the onset of the unsatisfiable phase, with high probability.

The process of rigorization of these remarkable yet unproven results, for
dilute spin-glasses, was undertaken recently. In [29], Montanari proved that
the replica solution is a lower bound, for any symmetric dy (v), on the asymp-
totic per-bit conditional entropy when transmitting over any BMS channel.
He shows this result only for a special class of sparse graph codes. The re-
quirement of the class of codes is that the degree distribution P(x) needs to
be convex. In [84], Macris removed this restriction of convexity and showed
that for Poisson-LDPC code ensembles (see Section 2.5 for the definition), the
replica solution is a lower bound on the conditional entropy, when transmit-
ting over the BIAWGNC. In the next chapter we will extend this result to a
more general class of BMS channels and any standard LDPC or LDGM code
ensemble. In [79], Franz and Leone also use the interpolation method to show
that the replica solution is a tight lower bound to the free energy of finite-
temperature random k-satisfiability problem. We also mention the work of
Talagrand in [85], where he proves the replica solution is exact for the high
temperature random k-satisfiability problem, using the decay of correlations.
We point out that the techniques used to show decay of correlations in [85] are
different from those used in this thesis.





38 Introduction

In the next section we delineate the contribution of this thesis.

1.8 Contributions and Organization of this
Thesis

The focus of this thesis is on the analysis of sparse graph codes using methods
from statistical physics. One of the main results in this thesis is the optimality
of the BP estimate in appropriate ranges of noise, with high probability, when
transmitting over general BMS channels using either LDGM or LDPC code
ensembles. Another interpretation of this result is that the replica predictions
of statistical physics are correct. We show this by employing various methods
of statistical mechanics like the interpolation method and the cluster expansion
techniques.

We also develop simple sum-rules which relate the MAP and BP estimates
via correlations between code-bits. Another main result of this thesis is that
the average (over the noise realizations) correlation between any two code-bits
decays exponentially with their graph distance, when we consider transmission
over general BMS channels using either LDPC or LDGM code ensembles with
bounded maximum degrees. This has a pleasing intuitive consequence that
the “far-away” code-bits do not influence each other. We then use the decay
of correlations to show the correctness of BP estimate, with high probability.
In other words, we show that the asymptotic average MAP-GEXIT can be
computed via the density evolution equations!

The thesis is organized as follows:

In Chapter 2 we show that the replica solution of the average per-bit con-
ditional entropy is a lower bound when we consider transmission over general
BMS channels using any sparse graph code ensemble. We use the interpolation
method, first developed by Guerra [86], [30] in the context of spin-glass theory
and used in the context of coding by Montanari [29]. In the proofs we employ
tools of statistical physics, namely, the Griffiths-Kelly-Sherman inequality and
the Nishimori identities.

In Chapter 3, we show that the replica solution for the conditional entropy
is exact when we consider transmission over the BEC. Although this result
is not new, the method is completely different and utilizes the second inter-
polation method developed by Guerra and Toninelli [31]. We stress that the
methods used are non-combinatorial as opposed to the existing techniques.
Thus there would seem to be some hope to extend this method to the general
channels.

In Chapter 4 we study the correlations of the MAP decoder, between any
two code-bits of a fixed LDGM code or a code picked from a special class
of LDPC code ensemble. We show that if the channel noise is high enough,
then the average correlation between two code-bits decays exponentially with
their graph distance. The channels that we consider belong to a fairly general
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class of BMS channels, which include the important case of the BIAWGNC. An
important consequence of the main result is that the asymptotic average MAP-
GEXIT function can be evaluated by density evolution equations for the BP
decoder. Another interpretation of this result is that the replica computations
are exact. The techniques we use are the high-temperature cluster expansions
of statistical physics.

In Chapter 5 we look at the much tougher case of LDPC codes at low
noise. This represents truly a low-temperature spin-glass for which there are
almost no rigorous results in the literature, according to our knowledge. More
precisely, we consider the transmission over a class of general BMS channels,
which includes the BIAWGNC. We use any fixed LDPC code, with bounded
maximum degrees, for transmission. We again show that the average corre-
lations of the MAP decoder, between any two code-bits decays exponentially
with their graph distance, if the channel noise is low enough. As a result we
obtain the exactness of the BP estimate, with high probability, in the low
noise regime. For regular LDPC code ensembles, the content of the previous
conclusion might be trivial, since the BP estimate is zero. Nevertheless for
LDPC code ensemble, with a non-zero fraction of degree one variable nodes,
the content of the result is non-trivial. To prove these results we combine the
duality of LDGM-LDPC codes with a suitable cluster expansion technique of
statistical physics.










Lower Bounds on
Conditional Entropy: The
Interpolation Method

2.1 Introduction and Main Results

The replica solution to the normalized conditional entropy introduced in Sec-
tion 1.7 is conjectured to be exact. In this chapter we give a partial proof of
this conjecture. More precisely, we prove that the replica solution is a lower
bound for transmission using LDPC or LDGM code ensembles, with any edge
degree distributions (A(z), p(x)).

Our proof holds for the BEC(¢) and BIAWGNC(e) for all values of the
channel noise parameter e. Further, for general BMS(¢) channels, the proof
holds in the high noise regime. Even though all the results presented in this
chapter hold for LDPC as well as LDGM code ensembles, we restrict ourselves
to LDPC code ensembles for the sake of ease of exposition.

A promising approach towards a general proof of the exactness of the replica
formulas is the so-called interpolation method first developed in the context of
the Sherrington-Kirkpatrick model [31], [86], [87] for magnetic systems. Con-
sider an LDPC(n, A, P) ensemble where A(z) = Y, Ajz! and P(z) = >, Pia”
are the variable and check degree distributions from the node perspective. We
will always assume that the maximal degrees are finite. Montanari [29] (see
also the related work of Franz-Leone [79] and Talagrand- Pachenko [88]) devel-
oped the interpolation method for such a coding system and derived a lower
bound! for the conditional entropy for ensembles with any polynomial A(z),
but with P(x) restricted to be convex for —e < x < e (in particular if the check
degree is constant this means it has to be even).

In the present chapter we drop the convexity requirement for P(zx) in the
cases of the BEC and BIAWGNC with any noise level and in the case of

LCalled “variational bound” in the sequel.
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general BMS channels in a high noise regime. In other words we prove that
the replica solution is a lower bound on the per-bit conditional entropy, in
the limit n — +o0, for any standard regular (so odd degrees are allowed) or
1rreqular code ensemble.

We introduce a new tool in the form of a relationship between the second
derivative of the conditional entropy with respect to the noise and correlations
functions of code-bits. These correlation functions are shown to be intimately
related to the mutual information between two code-bits. The formulas are
somewhat similar to those for GEXIT functions [23] which relate the first
derivative of conditional entropy to soft bit estimates. By combining these
relations with the interpolation method we are able to control the fluctuations
of the so-called “overlap” parameters. This part of our analysis is crucial for
proving the general lower bound on the per-bit conditional entropy and relies
heavily on channel symmetry. The next section states our main result, namely
the lower bounding of the conditional entropy.

2.1.1 Variational Bound on the Conditional Entropy

Let py|x(y | ) be the transition probability of a BMS(e) channel where € is
the noise parameter (understood to vary in the appropriate range, see 1.2).
We will work in terms of both the LLR [ (see Definition 1.3) and difference
variables

l
t=pyix(y | +1) = pyix(y | —1) = tanh 2.
Recall that ¢y (1) denotes the distribution of [, assuming that the all-one code-

word is transmitted. It will also be convenient to use cp(t) for the distributions
of ¢, assuming that the all-one codeword is transmitted (that is to say that
CL(l)dl = CD(t)dt = py|X(y | +1)dy).

For general BMS(¢) channels, we show that the replica solution is a lower
bound for high noise values.

Definition 2.1 (High Noise Regime: H). Forp € N let

d d
m(()219) = E[*7), mg2p) = d—E[t2p], and m§2p) = ﬁE[ﬁp} (2.1)
B €

We say that a BMS(e) channel is in the high noise regime if the series expan-
S10NS

2p) ‘

Z(p + 1)m(2p) Z<§>2p|m(2p)| and Z L (2.2)
0 ) 1 ) ) .

p=>0 p>1 2 p>1 2p(2p - 1)

are convergent and Zf

V2= 12 m®1 > 3 (2) " i), (23)

p>2
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Example 2.1 (High Noise BSC(¢)). For the BSC(e) —In
Hence tanh § = (jg;—i:;g) € {(1 —2¢),—(1 —2¢)}. Thus we have méQp) =
E[t2] = (1 — 26)% and consequently, m\®® = —4p(1 — 26)%~1 and m$* =

8p(2p — 1)(1 — 2€)?P72. 1t is easy to see that for e < 1/2, the first series

> pso(p+ 1)mé2 ?) is convergent. From the expression for \mg | above, we also

)
have that 3 -, QLm;—ppl) equals 4y - (1—-2¢)*2. The last expression also con-

verges for any € < 1/2. Let us now consider the middle series. Rearranging,
the series is given by

z<§>2ﬂm§mr:$< 1) Sl -]

p>1 p>1

which converges if and only if € > 15 = 0.3. The condition (2.3) implies

% 5\ 2p—1
(V2 - 1)(§> 41— 2¢) > Z(§> 4p(1 — 26)21,
p=>2
A little algebra shows that this condition is equivalent to

e =TI

Thus for € > 3 — £1/1 — 5t ~ 0.42, all the high noise conditions (2.2), (2.3)
are satisfied.

Any channel with bounded log-likelihoods, such that the support of ¢y (1)
shrinks to zero as € — €., satisfies H for a regime of sufficiently high noise.
Note that the BEC(e) which has mass at [ = 400 does not satisfy this
condition since E[t?’] = 1 — e. Also, for the BIAWGNC, the second sequence
in (2.2) does not Converge because |m12p )| does not decay fast enough. One
can check that |m1 2 )| for large p, decays like @( lr,Qp) which does not kill

the exponential growth of ( )?P for large p and the second series in (2.2) fails
to converge for any value of the noise variance.

However, for these two channels the variational bound holds for all noise
levels. For the BEC, the positivity of the support LLR values bails us out and
the gaussian integration by parts (see Appendix 2.A.3) comes to the rescue in
the case of the BIAWGNC.

Recall that h, = 1H(X | Y) denotes the per-bit conditional entropy and
hrs|dy; A, P] denotes the replica solution (see Section 1.7 for details). We have
the following theorem.

Theorem 2.1 (Variational Bound). Assume communication using a standard

irregular code ensemble C = LDPC(n, A, P) through a BEC(e) or BIAWGNC/e)

176}
5
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with any noise level or a BMS(e) channel satisfying H. For all € in the above
ranges we have,

lim inf E¢[h,] > sup hgs[dy; A, P],

n—-+o0o dy

where the supremum is over symmetric distributions dy(v) = e Vdy (—v).

Let us note that this theorem already appears in [84] for the special case
of the BIAWGNC and Poisson-LDPC code ensemble (A(x) = etavs(@=1)),

2.1.2 Second Derivative of the Conditional Entropy

Our proof of the variational bound uses integral formulas for the first and
second derivatives of E¢[h,] with respect to the noise parameter e. The first
derivative formula is given in Theorem 1.2. We provide the proof of this
theorem in Section 2.3. The second derivative formula is also valid for any
fixed linear code and not necessarily restricted to sparse graph codes. To give
the formulation for a fixed linear code it is convenient to introduce a noise
vector € = (€q, ..., €,) and a BMS(¢) channel with noise level ¢; when bit z; is
sent. When all noise levels are set to the same value € we get back our original
channel BMS(e). The distributions of the likelihoods /; and difference domain ¢;
depend on ¢;. In order to keep the notation simple we do not explicitly indicate
the ¢; dependence and still denote them as ¢ (l;) and cp(t;) respectively.

For ease of notation we drop “MAP” and the dependence on Y from the
soft bit MAP estimate in (1.5). Thus

px,y(+1 |Q)]‘

vi=ln [pXilY(_l | y)

For the purpose of our exposition, we introduce the soft MAP estimates of
bit X; in the difference domain,

T, = gy (+1] )~ pp(-1 | 3) = tanh (%), (24)

We also introduce the soft estimate for the modulo—2 sum X; ® X, again,
in both the L—domain and the difference domain. Thus

pxox;y(+1|y)
pPxiex,y(=11y) ]

Ty = pxoxw(+1 1) ~prax(-1 1) = tanh (%2). (25)

Cbij =1In

Recall that the notations v™" (resp. v™~) mean that component v; (resp. v;
and v;) are omitted from the vector v.
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Lemma 2.1 (Correlation Formula). For any BMS(€) channel and any fized
linear code we have

2 +1 2 ,
OPHX|Y) 5u/ dtia CD(tz)gh(ti)

861'86]' 82
1+l dcp(t;) Oep(t;)
(14, dtdt; binty) (26
7 / / dei O plliti) (20
with
1 —t.T — t.T: + t:t. T,
tit;) = Epmij |1 A T T
92(ti; 1) t {n(l_tiTi—thj%-tithiTj)}
and

1 —tT;
gl(tz) = _Etwi |:1H(th):| s

and where 6;; = 1 if i = j and is zero else. Here Ei~i denotes the expectation
w.r.t. all the random variables t = (t1,to,...,t,) except for t;. Also, Eiis
denotes the expectation w.r.t. all t except t; and t;.

For the case of a BMS(e) channel and a linear code ensemble, using the
symmetry of sites argument, the second derivative of the average per-bit con-
ditional entropy is given by,

d2E hn + 820 tz

+Z_;/: /: dtidtjacgiti) aCD(tj)]Ec[gz(ti,tj)], (2.7)

— Oe
J#i

For the BEC these formulas simplify to

‘H(X |Y)
- — 1= — (1 =5\ In2E.N\T.; — T:T:
Olnedlne, ( ij) In L[ ij 5],
and
dEC
lne =n QZECt i — TiTj). (2.8)

J?él
For the BIAWGNC we have

HX|Y) 1 2
W = §Ez[(Tij —T,T;)7], (2.9)
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and
dzEc 2
ZECt ij i ) ] (210)

We take the derivatives with respect to the logarithm of the noise in (2.8)
and the inverse of the noise variance in (2.10) to get a clean expression for
the second derivative of the conditional entropy in terms of the correlation.
We stress that it serves no other purpose but convenience of exposition. We
will provide a proof of Lemma 2.1 along with the simplifications in the case
of BEC and BIAWGNC in Section 2.4. Formulas (2.8) and (2.10) involve
the “correlation” (T;; — 1;T;) for bits X; and X,;. The general formula (2.7)
can also be recast in terms of powers of such correlations by expanding the
logarithm (see Section 2.4). Loosely speaking, in the infinite block length limit
n — +o0o, the second derivative will be well defined only if the correlations
have sufficient decay with respect to the graph distance (the minimal length
among all paths joining ¢ and j on the Tanner graph). We expect the first
derivative to be smooth everywhere except at the phase transition points.
Thus we expect good decay properties for all noise levels except at the phase
transition thresholds where, in the limit n — +o00, the first derivative generally
has bounded discontinuities. Thus the second derivative cannot be uniformly
bounded in n at such discontinuities. Before going on to prove the correlation
formula and the variational bound we take a slight detour and show how
the correlation between bits conveys the mutual information between them,
implying that if the correlation is weak then the two bits are weakly dependent.

2.1.3 Relationship to Mutual Information

The correlation (7;; — T;7;) is a measure of the independence of two code-
bits, thus it is natural to expect that it is related to the mutual information
I(X;; X; | Y). We do not pursue this issue in all details because it will not be
used in the rest of the thesis, but wish to briefly state the main relations which
follow naturally form the previous formulas. See [89] for related discussions.

The BEC(¢). Take i # j. The chain rule implies H(X | Y) = H(X;X; |
Y)+ HX™ | X;X,Y). Given X; and X; we do not require Y;,Y; for the

estimation and hence we have H(Kwij | XiX;Y) = HX™ | X;X;Y™).
Further, since H(X™ | X;X,;Y ™) does not depend on ¢;, ¢; we have

PHX |Y)  PHXX;|Y)
861'66]' N aEian '

Since we are transmitting over an erasure channel, it is not difficult to see that
the conditional entropy is non-zero except when Y;,Y; are perfectly known.
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Thus,

H(XiX; |Y) = e, H(X:X; | YV) + 61— ) H(X; | X;777)
+(1— ) HIX; | XY™,

In the above expression whenever Y; (resp. Y;) is known, we have uncertainty
only in X (resp. X;) and we replace Y; (resp. Y;) with X; (resp. X;). Also the
three conditional entropies above are independent of the channel parameters
€¢; and ¢;. Thus,

PHX|Y iy . .
THENL) _ p(xx, 1Y) — HOG | XY™9) — H(X, | XY™)
€;0¢€;

- Jl 4= j i

1
I(Xi§Xj |K)

€i€5

= I(X3y X; | YY) =

Summarizing, we have obtained for ¢ # j,

O’H(X |Y)

I L) XX, | Y
Olnedlne; ( il Y)

We have previously shown (see (2.8)) that the second derivative above, equals
the correlation between code-bits ¢ and j.

The BIAWGNC (¢). Take i # j. From (2.5) we note that
Tij = pXi,Xj\X(+1> +1 | Q) +pXi,Xj|X(_1v —1 | Q)
- pXi,Xj|X<+1> -1 | Q) - pXi7Xj|X<_17 +1 ‘ Q)

= Y mapx, (T | y),
xi,x e{£l1}

from which it follows that
9 2
(T — T;Ty)" = ( > (pXi,Xﬂx(»’Ui;in |y) — pxay (@i | Y)px; v (2 | g)))

xi,xye{£l}

2
< < > ‘Pxi,xjwz(%@"j | y) — pxy (@i | Y)px, (2 |g)’>
xi,x;e{£1}

<4y

Xq,Lg

px x5y (T, 5 | y) — pxay (@ | Y)px; v (75 | y)

)

where in the last inequality we use (a + b + ¢ + d)? < 4(a® + V* + & + d?).
Applying the Pinsker inequality [90]

%Z |P(z) - Q(z)* < D(P|Q),
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where D(P]|Q) is the Kullback-Leibler divergence of the two distributions
P = Px; X;ly and @ = PX;lyPX;ly- We get for i # j

(T — TT))* < 81(Xi; X; | y).
Above we use the standard fact that D(P[|Q) = I(X;; X; | y), in our case.
Averaging over the outputs we get

O’H(X |Y)
de; 20e;”
where the equality above follows from (2.10).

=E[(T;; — T,T;)%) < 81(X;; X; | Y),

Highly noisy BMS channels. From the high noise expansion (see Section
2.4 and the above remarks), we can derive an inequality like the preceding one,
which holds in the high noise regime for general BMS channels. The number
8 gets replaced by some suitable factor which depends on the channel noise.

2.1.4 Organization of the Chapter

The statistical mechanics formulation is convenient to perform many of the
necessary calculations, but also the interpolation method is best formulated
in this framework. Thus we briefly recall it in Section 2.2 as well as a few
connections to the information theoretic language. Section 2.3 gives a deriva-
tion of Theorem 1.2 (the operational formula for the MAP-GEXIT function
as shown in Chapter 1), along with its simplifications for the BEC(¢) and
BIAWGNC(e). Section 2.4 contains the derivation of the correlation formula
(Lemma 2.1). The interpolation method that is used to prove the variational
bound (Theorem 2.1) is presented in Section 2.5. The main new ingredient of
the proof is an estimate (see Lemma 2.2 in Section 2.5) on the fluctuations of
overlap parameters. The proof of Lemma 2.2 is the object of Section 2.6. The
appendices contain technical calculations involved in the proofs and describe
some tools which are used throughout this chapter and the rest of the thesis.

2.2 Statistical Mechanics Formulation

Consider a fixed code belonging to the ensemble C = LDPC(n,A(x), P(z)).
Recall that the posterior distribution px|y(z | y) used in MAP decoding can
be viewed as the Gibbs measure of a particular random spin system. We call
code-bit x € {+1,—1} a spin, alluding to the statistical mechanics language.
Given a set A C {1,...,n}, we use the notation x4 = [[,., #;. It will be clear
from the context if the subscript is a set or a single bit. For a uniform prior over
the code words and a BMS(e) channel, Bayes rule implies px|y (z | y) = p(z)
with a
“17ia T el 2.11
M@)EEQ( +$6a)H€ ; (2.11)

i=1
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where [], is a product over all check nodes of the given code, and xy, =
[Lico, @i is the product of the spins (mod 2 sum of the bits) corresponding to
the variable nodes ¢ that are connected to a check a. Z is the normalization
factor or “partition function” and InZ is the “pressure” associated to the
Gibbs measure u(z) (see 1.7 for details).

Recall that from (1.24) the conditional entropy is given by

n +o00 I
HX|Y) =Bz -3 [ dien(ts. (2.12)

Expectations with respect to u(z) for a fixed graph and a fixed channel
output are denoted by the Gibbs bracket (—). More precisely, for any A C

{1,...,n},
(ra) :ZxA,u(ZBn), $A:Hxi.

Details on the above formalism can be found for example in [84].
Using the new notation, the soft estimate of the bit x; (c.f. (2.4)) is

T; = (). (2.13)

We will also need soft estimates for z; © z;, ¢ # j. In the statistical mechanics
formalism they are simply expressed as (c.f. (2.5))

Ti; = (zx;). (2.14)

In particular, the correlation between bits x; and x; becomes (T;; — T;T;) =
(w;x;) — (x;)(z;), which is the usual notion of spin-spin correlation in statistical
mechanics.

In Section 2.4 (and Appendices 2.B and 2.C) the algebraic manipulations
are best performed in terms of “extrinsic” soft bit estimates. We will need
many variants, the simplest one being the estimate of x; when observation y;
is not available

~i

~1 (I)z ~1 ~1
T = tanh (=) = py (411 57™) = pryy=s(=1 [ ™).

The second is the estimate of x; when both y; and y; are not available

~1j

T = tanh( ’2 ) = px,y~i (F1 | y™) = pxyy~u (1| ™).

Finally, we will also need the extrinsic estimate of the mod 2 sum X; ®& X;
when both y; and y; are not available,

~ij

Y o i i
T = tanh( 21 > :pxi@xj|x~ii(+1 [ y™) —pxi@ijNif(_l | y™).
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It is practical to work in terms of a modified Gibbs average (x 4)~; which means
that [; = 0 , in other words y; is not available. Similarly, we introduce the
averages (za)~i;, in other words the Gibbs average when both y; and y; are
unavailable. One has

T = (xiymis  T77 = (i)mijy 157 = (@imj)mije
The extrinsic brackets (—).; and (—).;; are related to the usual ones (—) by
the following formulas derived in Appendix 2.B,

(@) i = % (2.15)
<xi>~ij _ <xl> —t; — <‘rixj>tj + titj(‘rj) (216)

L — (w)ts — (w5)t; + (vizj)tit;’
_ ({wary) — i) — ()t + i
i) = 7 (wayts — (5)ty + (wimy)tity” (217)

where recall that ¢; = tanh % and t; = tanh % are the difference domain random
variables.

2.3 First Derivative Formula

We give a quick proof of Theorem 1.2 here. A derivation can be found in [23],
[34], [91]. We assume that transmission takes place over a smooth BMS(e)
channel. Basic information theory gives us,

HX|Y)=H(X; | Y)+ H(X™ | X;,Y)
= H(X; | Y) + HX™ | X;, Y™).
Since H(X™" | X;,Y™") is independent of ¢; we have
OH(X |Y) OH(X;|Y)
862' N 861'

Note that the channel family is smooth and that only the distribution ¢y (1)
depends on e. Using (1.24) and the smoothness of the channel (c.f. Definition
1.4 in Chapter 1), we have

+oo AR
OH(X | Y) 0@@@_/ .2 b

0¢; Oe; oo 4 Oe; 2
+00 . .
— F / dl; 305(12) <ln Z - %) (2.18)
e .

where we recall that E,~: denotes the expectation w.r.t. all LLR values [ except
li- Let

Z.=> 11 %(1 +x0a) [ | e, (2.19)

z acC ki
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be the partition function for the Gibbs bracket (—).; introduced in Section
2.2 and consider

A i
n () = (%)), (2.20)

Consider the identity,

b u 1+t

e2"t = ¢e2
1+¢

which holds for all real [;, t; = tanh% and for x; € {+1, —1}. Using the above
identity and (2.20) we get

, (2.21)

l; 1+ () i
i g Zo 4 I ) :
InZ i InZ.; + n( T ) (2.22)

When we replace this expression in the integral (2.18) we see that the
contribution of In Z_; vanishes because this latter quantity is independent of
[;. Indeed,

+o0 . +o00
/ dliaCL(lz) mhZ.,=InZ, <i/ dlch(li)> =0, (2.23)

00 8@- 86@ —oo

since ¢ (l;) is a probability distribution and hence, normalized. Then, using
(2.15) leads to

OH(X|Y) _ /+<>° el T (1t (224
861‘ — 0o ! 8€i L l—l—tz '

— / :1 dt; 8C§E(f")Et~i {m(%ﬁ“)] (2.25)

Using (2.13) we obtain,

OH(X|Y) L dep(t)

1

1 —t7T;

We will use this expression to derive the formula for the first derivative of
the average (w.r.t. the ensemble) per-bit conditional entropy. Using

Here

)

dH(X|Y) ~0HX|Y)
de _Z 0¢;

=1 €;—€

and averaging over the code ensemble C, we get for the average per-bit condi-
tional entropy h,,,

I dty Ec[g:1(t1)]-

For the BEC and the BIAWGNC these general formulas take a simpler form.

dEc[hn] . + 8CD(t1)
delha] _ /_ 2

1
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Example 2.2 (MAP-GEXIT Equals Erasure Probability for BEC(¢)). For the
BEC we use the extrinsic formula® in (2.24) and cp(l;) = €;00(1;)+(1—€;)do0(l;)

to get
%ﬁjz) _ /_:O dl; (80(l;) = oo (1i) ) By [IH<HJ+Z>M)]

)

where we used that t; = 0 when l; = 0, rendering the logarithm to be zero.
As shown in Appendiz 2.A.2, (x;)~; € {0,1}. Intuitively, we can arque the
previous statement as follows. When we transmit over the BEC, the soft esti-
mate of the bit (under MAP decoding) is either an erasure or it is +1 (under
the assumption of the all-one codeword transmission). This implies we must
have (x;)~; € {0,1}. As a result, we can write In(1+ (x;)~;) = (;)~i(In2).
Substituting we get,

OH(X |Y)
861‘

Notice that (1 — Ep~i[(x;)~i]) is equal to the erasure probability of the bit MAP
decoder given the observations I™. Hence we can write %H(K | Y) =

= n2(1 — By [(23) i), (2.26)

P(Z; pmap(y™®) = %) In2, which is amongst the various characterization of the
MAP-GEXIT as shown in [23]. If the output of the bit i is not an erasure
then l; = oco. In this case (x;) = 1. Ifl; = 0, then (x;) = (x;)~;. Thus we get
E;[(x:)] = €Ey[{z;)i] + (1 —€). Combining all we have

%ﬂ!z) = In2(1 — E,[T})), (2.27)
and

Example 2.3 (MAP-GEXIT for BIAWGNC(¢)). For the BIAWGNC, we use
(1.24) and use the gaussian integration by parts formula with f(l,z) = InZ
and f(l,z) =% (c.f. (2.77) in Appendiz 2.A.3) to get

_ —46,~3Ez[(§ + g_;) InZ| - 26°,

OH(X; |Y)
862»

From the definition of Gibbs averages and the partition function (2.11) we get

olnzZ 1 Plnz 1 9 oy 1 9
ol, = 5(%), a—lf = Z(@z) —(z;)7) = Z(l — (@:)?).

2In this case the ratio in the logarithm may take the ambiguous value % but the formula
is to be interpreted according to (2.27). We will see in Section 2.2 that in terms of extrinsic
soft bit estimates there is an analogous expression that is unambiguous.
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Using the Nishimori identities in Appendiz 2.A.2 we get By[(x;)] = Ey[{z;)?]
and thus we obtain,

OH(X; | Y)

3o, = ¢ *Fy[1 — (z;)]. (2.29)

Using (2.13) and writing in terms of inverse square noise we get

OHX 1Y) 1

and dEc[h,) 1
Cllin
de—2 5(1 EC&HJ)' (231>

We would like to point out here that the average MAP-GEXIT formulas for the
BIAWGNC presented here have been derived in [23], [34]. Also the derivative
w.r.t. the inverse noise variance is just for convenience of exposition.

2.4 Second Derivative — The Correlation
Formula

In this section we prove the correlation formula in Lemma 2.1 for the second
derivative of the conditional entropy. We will then specialize the formula to
the case of transmission over the BEC and BIAWGNC. As a result we will
observe that, for these two channels the relationship of the second derivative
of the conditional entropy w.r.t. € is very straightforward.

2.4.1 Proof of the Correlation Formula in Lemma 2.1

For any BMS(¢) channel and any linear code we have from (2.18)

OHIX|X) (;(—EJ Y _g. { /_ :O dl; acge(j") (InZ — %) .
Differentiating once more, we get
o HX|Y) =105+ (1 —0i;)52 (2.32)
Oe0e; Y W
where
Sy =B { /_ :O dl; ygél") (m Z - %)} , (2.33)
and

too . . A
Sy = By { / dlydl 8056@ 8%6@ (nz- %)] .
— 7 i

[e.9]
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Recall that E;~:; denotes the expectation w.r.t. all the LLR values [ except I;
and [;. Consider first S;. Recall from (2.22) that

mz_ b anNi—Fln(Hti—m)Ni).
2 14+t

When we replace this expression in the integral (2.33) we again see that the
contribution of In Z; vanishes because this later quantity is independent of [;.
Again, using (2.15) leads to

Sy = / RRGAIGI {111 (m)] (2.34)

-1 8612 1+ tz
o 9%ep(t; 1 —ti(z;
— / 1 dti%l&m [m(Ti))} (2.35)

which (because of (2.13)) coincides with the first term in the correlation for-
mula provided by Lemma 2.1.
Consider next the term S,. Notice that

oo 8cL(li)8cL(lj) lj . oo 8CL(lj)lj 8 oo .
/_ L <§)f /_ =5 5(8_ei /_ dlicL(li))fO.

Similarly,
+eo 8cL(lz) 8cL(lj) ll +oeo 8cL(l1) ll 0 +oo

Thus we can re-write Sy as

+oo l; l; L L
Sy = E[vij {/ dl;dl; 8056(11) 8CL€(A]) (111Z — EZ — é)} .
_ 7 7

[e.9]

The above manipulations are done to symmetrize the expression for S;. This
helps us in deriving the correlation formula for the second derivative.

Let Zoi; = 3, [Toee 5(1 + wac) [Tisis e ¥ be the partition function for
the Gibbs bracket (-).;;, and consider

1n<ZZ

j Yo
) =1In (<€%mi+7x">~z‘j)-

Using again (2.21) we get

mz b b Zoyy+1In L+ tidwi) v + 8525) vy + tit(2i) i |
2 2 L4t +1; + it

As before the contribution of In Z_;; vanishes because it is independent of [;
and [;. Since In(14¢;(x;)~ij) (resp. In(14¢;(x;)~;;)) is independent of /; (resp.
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l;), we have

/ N dl;dl, Ocill) Oeully) 1y tilwi)is)

0 Oe;  O¢j
oo 8CL ) GCL( )
/oo dl dl aez aej hl(l + tj<xj>~ij)
—0. (2.36)
Similarly, notice that
Feo acL( ;) (9CL( )
In(1
/_OO dl;dl; 9, De, (1+1t)
8cL )aCL(l )
= dl;dl; In(1+¢;)
/OO de;  Oej !
—0. (2.37)

Using the above identities (2.36) and (2.37) this leads to the following formula
for SQ,

+1 aCD( )aCD( )
SQ _ELNU |:/1 dtzdt 861 86]

In ( L+ 85(@i) iy + 15(@5) g + it (T375) i )} ‘ (2.39)
L4 ti{@i)mij + £{T5) mig + Lil i (T) mij (T ) mig

To get the formulas in terms of usual averages we use the relations (2.16),
(2.17). Hence

Sy = Epes {/H dbidt; dep(ti) Ocp(t; )1n< 1 —ti{w;) — t;{x;) + tit(xi)) )}

o de; O 1 —ti(ws) — ti(xy) + titj (i) ()
(2.39)

Because of (2.13) and (2.14) this coincides with the second term in the corre-
lation formula. The lemma now follows from (2.32), (2.35) and (2.39).

2.4.2 Expressions in terms of the Spin-Spin Correlation

An important step in our analysis is the second derivative of the conditional
entropy formula. Although we made progress in explicitly deriving a formula
for the second derivative in the previous section, it still seems unusable. The
relationship between the second derivative and the correlation is not clear from
(2.39). The reason for this is the presence of the logarithm in the expression.
We show later that a miraculous manipulation of the second derivative formula
(2.6) reveals a nice relationship between the second derivative and spin-spin
correlation which will facilitate the analysis. As a first step, we consider the
BEC and BIAWGNC for which the computations are easier and we also show
how we use the Nishimori identities (see Appendix 2.A.2) for algebraic manip-
ulations.
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Example 2.4 (Correlation Formula for the BEC). From cp(t) = (1 —€)d(t —
1)+e€d(t), the second derivative in terms of extrinsic quantities (formulas (2.34)
and (2.38)) reduces to

PHX|Y) ) L4 (@) mij + () mig + (TiT5) i
deide; (=0 Ep {m(l + (@i)mij + (Tj)mij + (Ti) mig (%’%u’)] '

%cp ()
O¢€?
mitting over the BEC. From Appendiz 2.A.1, when transmitting over the BEC,
the Gibbs average (xa)~;j equals either 0 or 1. As a result, it is not hard to

see that

We remark that the term Sy vanishes because equals zero when trans-

(1 + (@) iy + () mig + (i) mis) = (0 2) (i) i + (2)mij + (i) i)
+ (03— 210 2) ((@3) ij () mij + (i) i (@i ) mij + (T5) i (Ti5) i)
+ (512 = 31 3)(@i)mij () mif (TiTj) i

and
(1 + (@) iy + (T mig + (Ti)mij (T)mij) = (2) ((Ti)mij + (25) i)

The difference of the two logarithms is simplified using the following Nishimori
identities (see Appendiz 2.A.2),

By (@) mig (T ) i) = Eal{@) mig (:25) mig] = Bal(25) i (i ) mis]
By [(@i) i (Ti) mig (T ) mig] - (2.40)

Finally we obtain the simple expression

O’H(X |Y)

De,0¢, =In2(1 - 6ij)El[<$il’j>Nij — <-Ti>~ij<xj>~ij}‘

It is not hard to see that

Ey[(zias) — (wi)(x;)] = e B[ {wiws)mij — (@) mi (T5)mis ]

Indeed, whenever l; = 400 we have v; = +1. As a consequence we have
(iz;) — (@) (x;) = (xj) — (x;) = 0. We argue in a similar way when l; = 400.
Putting everything together we finally get,

FH(X|Y) In2

86,8@ €i€j

(1= 0 B [Ti; — T, T3]

Let us point out that the second GKS inequality (see Appendix 2.A.1) implies
that (x;x;) — (x;)(z;) > 0.
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Example 2.5 (Correlation Formula for the BIAWGNC). Using (2.29) and
the gaussian integration by parts formula with f(l,z) = €, *Ey[1 — (x,;)], we get

HX|Y) _s[(a@l N gl> B — (x)]].

(%iﬁej J
A simple calculation shows that

Olz;) 1 O({wiz) 1
o, §(<xz’$j> — (@) (x5)), o, 5((%) (ziz;)(z;)),

and

8((xz><x]>) 1 2 2
8—lj = §(<$z$1><x3> — (SE1><$;> + <5Uz> - <xl><x1> )

Let us show the calculations for the last derivative in more details. We have

8(<xé>lj$j>) _ (32?)@» + <$1><%zj>>

For the first term we get

T P | CIIERN) | G

i#]
n
llx i
- ﬁ(zmiH§<1+x8a H€5 1)(21_[ (14 75a) H 2"
i=1 itj
Zx xJH (1 —i—xaa)l_[e%”“Z
=1
ol 1 .
o (I8 e [T) (S I b+ v [T
1 1
= glzizg) — 5 (@i){w)).
Multiplying with (x;) and performing similar calculations for % we obtain
J

the above identity.
Now using (2.40) and the Nishimori identities (see Appendiz 2.A.2)

By [(zix;)] = By [(o;)?], By[(wa)(a;)?] = By[(2:)*(z;)?],
By [(zi) ()] = By [(w) () ()|, By[(war)(a;)] = By () (o) (i),

%%m = 26,6 "By (wizg — (w2)(23))"].





58 Lower Bounds on Conditional Entropy: The Interpolation Method

Thus in terms of inverse square noise we have

PHX|Y) 1 2
W = §El[(<xz%> — (@) (z;))]
= SE[(T; - )]

Example 2.6 (Correlation Formula for Highly Noisy BMS Channels). We use
the extrinsic form of the correlation formula given by (2.34) and (2.38). First
we expand the logarithms in Sy and Sy in powers of t; and t; and then use
various Nishimori identities. After a rather tedious algebra (see Appendices
2.C and 2.D) we can organize the expansion in powers of the channel param-
eters (2.1). In the high noise regime this expansion is absolutely convergent.
To lowest order we have

PHX|Y)

qu = 0,51 + (1 — 0;;)5

~ L5 ma® B — 1) + 2(1 - 6,)[m ®PE, {(@x.) _ <x.><$l>)2l L
27 o 2 " LI AR

= S0 BT~ 1) + 51 - (sij)[ml@)]?m[(nj - TT>} fo (24

The second derivative of the conditional entropy is directly related to the aver-
age square of the code-bit or spin-spin correlation.

2.5 The Interpolation Method

We use the interpolation method in the form developed by Montanari to prove
the lower bound for any standard ensemble of LDPC codes. The interpolation
method for standard ensembles has also been developed differently in the con-
text of spin-glasses by Franz et al. [92]. But the latter form is more complex
and less amenable to analysis in the present context.

As the name suggests, the main idea of the interpolation method is to
define a partition function dependent on a scalar interpolating parameter s,
where s varies over some interval of R. The system is set up in such a way
that for one extreme value of the parameter (say s = 1), one recovers the
partition function of the system of interest and for the other extreme value of
the parameter (say s = 0) we obtain a partition function for an “easy” system
(usually a system where the Gibbs measure is a product distribution over the
constituents of the system).

Using the fundamental theorem of calculus, one then relates the two ex-
treme systems via the derivative of the partition function w.r.t. the parameter
s. By carefully designing a “path”, which is a function of s, one controls the
derivative of the partition function with respect to s and thus give an estimate
of the partition function of the system of interest.
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As explained in [29], it is difficult to establish directly the bounds for
the standard ensembles. Rather, one introduces a “multi-Poisson” ensemble
which approximates the standard ensemble. Once the bounds are derived for
the Multi-Poisson ensemble they are extended to the standard ensemble by
a limiting procedure. The interpolation construction is fairly complicated so
that it is helpful to briefly review the simpler pure Poisson case.

2.5.1 Poisson Ensemble

We introduce the ensemble Poisson-LDPC(n, 1—R, P(z)), denoted by P, where
n is the block length, R is the design rate and P(z) = >, Pia” is the check
degree distribution. A bipartite graph from the ensemble P is constructed as
follows. The graph has n variable nodes. For any k choose, independently;,
a Poisson number my, of check nodes with mean equal to n(l — R)P,. Thus
the graph has a total of m = ), my, check nodes. Clearly, m is a Poisson
random variable with mean n(1 — R). For each check node a of degree k,
choose k variable nodes u.a.r. and connect them to a. One can show that the
variable node degree distribution concentrates around a Poisson distribution
Ap(z) = P’ MWURE=1) (see [29]). In other words, the fraction of variable
nodes with degree I, A;, is Poisson with mean P’(1)(1 —R).

The interpolation technique recursively removes the check node constraints,
thus increasing the rate of the code. This increase is compensated by adding
extra observations, U, distributed as (1.26) where dy is a trial distribution to be
optimized in the final inequality. One can interpret these extra observations as
coming from a repetition code whose rate is tuned in a such a way that the total
design rate R remains fixed. More precisely, let s € [0, 1] be an interpolating
parameter. At “time” s we consider a Poisson-LDPC(n, (1 — R)s, P) = P,
code. For this code ensemble, the design rate equals 1 — (1 —R)s. Besides the
usual channel outputs /;, each node i receives e; extra i.i.d. observations U},
b=1,...,e;, where ¢; is Poisson with mean P’(1)(1 —R)(1 — s) (so the total
effective design rate is fixed to R). Indeed, the average variable node degree is
equal to P'(1)((1 —R)(1 —s) + (1 —R)s) = P'(1)(1 — R). The interpolating
Gibbs measure is given by

n

1 1 L e Up
— | | il | | (F+21 32z
/’I’S(z) - Z(S) - 2(1 _'_ x8a> P e 2 b=1 2 * (2'42>

Here [, is a product over checks of a given graph in the ensemble P,. At s =1
one recovers the original measure for P, while at s = 0 (no check nodes) we
have a simple product measure (corresponding to a repetition code) which is
tailored to yield the replica symmetric entropy hgrs|dy; Ap, P] (up to an extra
constant).

The central result of Montanari [29] is the sum-rule

Bolin] = hrst: An, Pl + Bo(s)ds. (2.43)
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As a consequence, Montanari in [29] proves that for the special case of convex
P(x), the remainder term R, (s) is always non-negative. This proves that the
replica solution is a lower bound for the special case of convex P(x).

Details of the sum-rule and its derivation can be found in [29], [79]. For
completeness, we provide a derivation in Appendix 2.A.4. The integral in the
sum-rule arises as a result of taking the derivative of the interpolated partition
function with respect to the parameter s.

The first term on the right hand side of (2.43), hgrspldy; Ap, P], is the
replica symmetric functional of Section 2.1 evaluated for the Poisson ensemble.
The remainder term R, (s) is given by

1

R.(s) = (1—R) Z; mEs |:<P(Q2p) — P'(q2p)(Q2p — q2p) — P(QQP)>2p,s :

(2.44)

Let us explain the various objects appearing above. Define go, = Ey/[(tanh V)?7].
()2 is called the overlap parameter, and is given by

1 - 1) (2 (2
Qap = ﬁzgxg o, (2.45)

Here a;,(“), a =1,2,...,2p are 2p independent copies (replicas) of the spin z;

(each replica corresponds to an identical spin system with the same code and
LLR realizations) and (—)q, s is the average (Gibbs bracket) associated to the
product measure (replica measure)

[T ks (). (2.46)

Also we use the short-hand notation E; to denote the expectation w.r.t. all
the randomness present at time s.

2.5.2 Multi-Poisson Ensemble

In this section we describe the interpolation method technique applied to the
Multi-Poisson ensemble introduced by Montanari in [29]. The Multi-Poisson-
LDPC(n, A, P,7) ensemble, denoted by MP, is a more elaborate construction
which allows to approximate a target standard LDPC(n, A, P) ensemble. Tts
parameters are the block length n, the target variable and check node degree
distributions A(z) and P(z) and the real number  which controls the closeness
to the standard ensemble. We recall that variable and check node degrees have
finite maximum degrees. We first describe MP and then give the construction
of the ensemble used by the interpolation method.

The construction of a bipartite graph from the MP ensemble proceeds via
rounds: the process starts with a high rate code and at each round one adds a
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very small number of check nodes till one ends up with a code with almost the
desired rate and degree distribution. A graph process G; is defined for discrete
times t = 0, ..., tmax — 1, tmax = [A'(1)/7] — 1 as follows. For ¢ = 0, G, has no
check nodes and has n variable nodes. The set of variable nodes is partitioned
into the subsets U; of cardinality nA; for every [ and every node 7 € U is
decorated with [ free sockets. The number d;(t) keeps track of the number of
free sockets on node 7 once round t is completed. So for t = 0, Gy has no check
nodes and each variable node i € U; has d;(0) = [ free sockets.

At round ¢, G; is constructed from G;_; as follows. For all k, choose indepen-
dently a Poisson number m/}, of check nodes with mean nyP,/P’(1). Connect
each socket of these new degree k check nodes (added at time t) to variable
node i according to the probability w;(t) = s c(it(tl)l) This is the fraction of
free sockets present at node ¢ after round ¢ — 1 was completed. Note that for
the Poisson-LDPC ensemble, w;(t) = 1/n, which is uniform distribution over
all the variable nodes. Thus in order to get the desired degree distribution,
we give a uniform distribution on the free sockets. It is easy to see that at
each round or time ¢, the average degree of the variable nodes increases by ~.
Hence at the end of all the rounds, the average variable node degree is given
by A/(l) - 27 < Pytmax < A,(l)

Once all new check nodes are connected, update the number of free sockets
for each variable node d;(t) = d;(t — 1) — A;(t). where A;(t) is the number
of times the variable node ¢ was chosen during the round ¢. For n — oo this
construction yields graphs with variable degree distributions A, (x) (the check
degree distribution remains P(x)). The variational distance between A, (z)
and A(x) tends to zero as v — 0, see [29] for a proof.

The interpolating ensemble now uses two parameters (t.,s) where t, €
{0, ..., tmax — 1} and 0 < s < . For rounds 0, ..., t, — 1 one proceeds exactly as
before to obtain a graph G;, ;. At the next round t,, one proceeds as before
but with v replaced by s. The decrease in the number of check nodes (on an
average) is compensated by adding e; extra observations for each node i, where
e; is a Poisson random number with mean n(y—s)w;(t.). The round is ended by
updating the number of free sockets d;(t.) = d;(t.—1)—A;(t.) —e;(t.). Finally,
for rounds t,+1, ..., tax N0 new check node is added but for each variable node
1, e; external observatlons are added, where e; is a Poisson random number
with mean nyw;(t). Moreover the free socket counter is updated as d;(t) =
d;(t — 1) — e;(t). Recall that the external observations are i.i.d. copies of the
random variable U (see (1.26)).

The interpolating Gibbs measure i, s(z) has the same form than (2.42)
with the appropriate products over checks and extra observations. Let h,, - the
conditional entropy of the MP ensemble MP (corresponding to the extreme
values t, = tnax and s = 7). Again, the central result of [29] is the sum-rule

tmax

EMP[hn;y] = hRS[dV; + Z / t*, S dS + On(l) (247)

t«=0
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We will not give the details of this derivation here, although we provide some
insights into the appearance of various parameters, in the Appendix 2.A.4.
Interested reader is referred to [29]. Explanations on the notation are in order.
The first term hpg,[dv; A, P] is the replica symmetric functional of 2.1 eval-
uated for the Multi-Poisson ensemble. The remainder term R, (%, s) is given
by

ufie) =3 o= | (P(@a) — P () @2y = ) = Pla)|

(2.48)

where ¢g, = Ey[(tanh V)?] as before and Q, are modified overlap parameters
Qap = > wi(t)Xi(t)aVal? - 2l (2.49)
i=1

Here as before xl(a), a=1,2,...,2p are 2p independent copies (replicas) of the

spin z; and (—)gp+, s is the Gibbs bracket associated to the product measure

2p
| )
a=1

The overlap parameter is now more complicated than in the Poisson case
because of the (positive) terms w;(t.) and X;(t.). Here X;(t.) are new i.i.d.
random variables whose precise description is quite technical and can be found
in [29]. The reader may think of the terms w;(t,)X;(t.) as behaving like the =
factor of the pure Poisson ensemble overlap parameter (2.45). More precisely,
the only properties (see Appendix E in [29]) that we need are

Z w;(t.) =1 (since w;(t,) is a probability distribution at any t.), (2.50)
i=1

S|

Plw;(t,) < =] >1—e ", (2.51)

0<Xi(t.) <X, E[X] <A, (2.52)

for any finite k and finite positive constants A, B, A; independent of n. Finally
we use the shorthand E,[—] for the expectation with respect to all random
variables involved in the interpolation measure. The subscript s is here to
remind us that this expectation depends on s, a fact that is important to keep
in mind because the remainder involves an integral over s. When we use E
(without the subscript s; as in (2.52) for example) it means that the quantity
does not depend on s. In the sequel the replicated Gibbs bracket (=)o, s is
simply denoted by (—),. There will be no risk of confusion because the only
property that we us is its linearity.
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In [29] it is shown that
Ec[hn] = Eptp[hn ]+ O0(0") + 0n(1), (2.53)

where O(+?) is uniform in n (b > 0 a numerical constant) and o,(1) (depends
on 7) tends to 0 as n — +o0.
In the next section we prove the variational bound on the conditional en-
tropy of the MP ensemble, namely
llmlDfEMp[hn ’Y] > hRs[dv,A P} (254)

n—-+o0o

Note that here 0,(1) again depends on . By combining this bound with (2.53)
and taking limits

limJiranEc[h | = hrrtl)hminfEMp[hnw] > hm hRs[d%AV,P] = hprsldv; A, PJ.
n—-+o0o ¥—0 n—+oo
(2.55)

The main Theorem 2.1, for the standard ensemble (A(z), P(z)), then follows
by maximizing the right hand side over dy .

2.5.3 Proof of the Variational Bound (Theorem 2.1) for
Multi-Poisson Ensemble

In view of the sum-rule (2.47) it is sufficient to prove that liminf, ., R, (t, s) >
0. In the case of a convex P(x) considered in [29] this is immediate because
convexity is equivalent to

P(Q2p) — P(q2p) > P'(q2p)(Q2p — q2p)-

Note that P(z) = Y, Pwa* is anyway convex for x > 0 since all P, > 0. So
if do not assume convexity of the check node degree distribution we have to
circumvent the fact that (), can be negative. But note

(Qa)s sz Xt )P ),

where we recall that w;(¢,) and X;(t,) are random variables which just depend
on the code parameters and not on the Gibbs measure (because of which
there is no Gibbs bracket around w;(t.) and X;(t.) in the expression above).
Therefore we are assured that for any P(z) (i.e not necessarily convex for
x € R) we have

(<Q2p> ) (q2p) > P (q2p)(<Q2p>s - q2p)7 (2-56)
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and the proof will follow if we can show that with high probability

}D((QQP) ~ })(<(Q2p>8)'
The following concentration estimate will suffice and is proven in Section 2.6.

Lemma 2.2. Fiz any 0 < § < 1. On the BEC(e) and BIAWGNC(e) for a.e.
€, or on general BMS(e) satisfying H, we have for any integer p > 0 and a.e.
67

. K 2p
lim dsP, { P(Qz) — P({Q2)s)| > =51 = 0. (2.57)
n—oo 0

Here Py(X) is the probability distribution Es(Ix)s.

This lemma can presumably be strengthened in two directions. First we
conjecture that hypothesis H is not needed (this is indeed the case for the
BEC and BIAWGNC). Secondly the statement should hold for all € except
at a finite set of threshold values of ¢ where the conditional entropy is not
differentiable, and its first derivative is expected to have jumps (except for
cycle codes where higher order derivatives are singular). Since we are unable
to control the locations of theses jumps our proof only works for Lebesgue
almost every e.

We are now ready to complete the proof of the variational bound (2.54).

End of Proof of (2.54). From (2.49) and (2.52)

Q2] < Zwi(t*)Xi(m <X, (2.58)
and
E,[(Q5,)s] < A (2.59)

Combined with ¢q, < 1, this implies (since the maximal degree of P(z) is
finite) that

E.[(P(Qa) ~ P(02)(Qu — 1) — Plaas)) | <Ci (2:60)

for some positive constant C;. The only crucial feature here is that this con-
stant does not depend on n and on the number of replicas 2p (a more detailed
analysis shows that it depends only on the maximum degree of P(x)).

Now we split the sum (2.48) into terms with 1 < p < n? (call this contri-
bution R4) and terms with p > n° (call this contribution Rp), where § > 0 is
the constant of Lemma 2.2. For the second contribution, (2.60) implies

Rp<Ci ) m =0(n™°). (2.61)

p>nd
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For the first contribution we write

Ry = Zg mﬂzs [<P(Q2p>>s - P(<Q2p>s)i|

+ z mm:[p(@m»s) — Pa2) ((@)s — @2) — Play)|-

In the equation above, the second sum is positive due to (2.56). Thus we find

Ry(t.,s) = Ra+ Rp

> 3 5o T EUPQa)) — PU(Qu))] = Ol ).

Below, we use Lemma 2.2 to show that for almost every € in the appropriate
range

p<n?

n—-+o00 0

lim Vds;ﬁ&[@(@zpm—P(<Q2p>s)]=07 (2.62)

which implies by Fatou’s lemma

and thus proves (2.54) for almost every € in the appropriate range.
Let us now prove (2.62). First we set

Py = '<P<@2p>>s _ P((Q).)

and use Cauchy-Schwartz and then (2.59) to obtain

)

2 2
ES[FQp] = Es |:F2p]l<F2p S n_€>:| ‘|’]Es [F2p]l<F2p 2 n_{;)>:|

2p 51\ /2 2p1\ 1/2
i+ (ELE]) (7o P 2 0]

2p 2p1\ /2
<. (IP’S[F >_]> ,
=06 + (2 =
where we used that |F22p| is bounded by some positive constant C'y independent
of n and p (depending only on the maximum degree of P(x)). Thus using above
we get

IN
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In the second inequality we have first permuted the integral with a finite

1/2
sum and then used Cauchy-Schwartz to get [ds 1 - (IP’S [Foy > %}) <

1/2 1/2
(fopy ds) <f07 dsPs [sz > i—%’]) . Finally we can apply Lemma 2.2 and
Lebesgue’s dominated convergence theorem to the last sum over p, to conclude
that (2.62) holds.

2.6 Fluctuations of Overlap Parameters

In this section we prove Lemma 2.2. The proofs in this section are done directly
for the Multi-Poisson ensemble. We start by a relation between the overlap
fluctuation and the spin-spin correlation.

Lemma 2.3. For any BMS(e) channel there exists a finite constant Cs inde-
pendent of n and p (depending only on the mazximal check degree) such that
for any positive integer p we have

]P)s|: > %} < %(Xn:ES[((lei>s_<$1>s<xi>s)2])1/2-

(2.63)
Proof. Using the identity

P(QQp)_P(<Q2p>5)

Qgp - <Q2p>l; - (QQP Q2p ZQk . 1 Q2p s (2-64)

and (2.52) we get

|P<Q2p) ( QZ;D | - |Q2p QZp

ZQk - 1 QQp

< |Qap — (Q2p)s (kakxk 1)

< P'(X)|Qqp — Q2p>s\. (2.65)

Recall that here X is the bound in (2.58). Using (2.65) and applying the
Chebycheft inequality we get

]P’S{P(QQp) — P((Qap)s)| > 5} { ‘Q% (Q2p)s| 2 i_p}
< B[P Qn - @)
- B[P (@5). - (@) 2o
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where going from the inequality to the equality above we use (|Qap—(Q2,)s|? > =
(Q3,)s — (Q2)2. From the definition of the overlap parameters it follows that

sz Z )X () X (¢ )<x(1)x(1)x(2)x(2) --x§2p)x(.2p)>s

J

=

n

Z )X (8) X (8 (i) 37 (2.67)

where in the last equality we used the fact that the replicas are identical
copies of each other. Also in the last equality above (—)¢ corresponds to a
single system without replicas not to be confused with the Gibbs bracket in
the previous line. Arguing similar as above we also have

Thus we have

n

(Q3)s = (Qup) = Y wiltuwy (1) Xa(t) X5 (8) (s )2 — ()2 ;) 2F)

ij=1

<23 Bt )yt

ij=1

(w355 = (i)s(23)s |-

Substituting in (2.66) and applying Cauchy-Schwartz to _, . Es[—] we get

PSUP(QQp) — PU(Qs)s)] > ff;] g_j;(iE [%4]3’( ) i(t )ij(t*)2]>1/z

< (B[t ><xj>s>2})l/2-

1,0=1

From (2.51), (2.52) it is not hard to see that for any i, j

E, [X*P'(z) w;(t.) w;(t.)?] < =2,
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where (' is independent of n. It follows that

2p
7| >34

< "O(Z E, [ (@) - <xi>s<xj>s)2])l/2

= n2p Cs (i E, [((Izl’ﬁs — <$i>s<$1>s)2}>l/g- (2.69)

P(QQP) - P(<Q2p>8>

In the last equality we have used the symmetry of the ensemble with respect
to variable node permutations to eliminate one sum of the sums in the double

sum ;. O

Denote by hy, ~(t., s) the entropy of the p,, ¢ interpolating measure. Note
that this should not be confused with the Multi-Poisson ensemble entropy h,, -
(which corresponds to t, = tpax and s = 7).

Lemma 2.4. For the BEC and BIAWGNC with any noise value and for gen-
eral BMS(e) channels satisfying H we have

ZES[((xlﬂfi)s — (21)s(2i)s)?] < F(e) + G(e)%Es[hm(t*a ),  (2.70)

where F(e) and G(e) are two finite constants depending only on the channel
parameter.

The proof of Lemma 2.4 is based on the correlation formula of Section
2.1. These are true for any linear code ensemble so they are in particular true
for the interpolating (., s) ensemble®. For the BEC and BIAWGNC we have
already shown the two equalities (2.8) and (2.10): thus the inequality (2.70)
is in fact an equality for appropriate values of F' and GG. The case of general
(but highly noisy) BMS channels is presented in Appendix 2.C. A converse
inequality can also be proven by the methods of Appendices 2.C and 2.D.

Proof of Lemma 2.2. Note that for all points of the parameter space (¢, s)
such that the second derivative of the average conditional entropy is bounded
uniformly in n the proof immediately follows from (2.69), (2.70) by choosing
0 < }1. However, in the large block length limit n — 400, generically the first
derivative of the average conditional entropy has jumps for some values of ¢
(these values depend on the interpolation parameter s). This means that for

3In fact one has to check that the addition of >_;° ; Uj to l; does not change the derivation
and the final formulas. For this it suffices to follow the calculation of Section 2.4. The
distribution of the U, depends on the distribution of V', which is freely distributed and
apriori does not depend on the channel noise €, hence our derivations for the correlation
formula for the BEC and BIAWGNC follow also for the interpolated ensemble.
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these threshold values the second derivative cannot be bounded uniformly in n.
Since we cannot control these locations we introduce a test function (e): non
negative, infinitely differentiable and with small enough bounded support (let
€a < € denote the end-points of the support of ¢(¢) and ¥ (e,) = 1(€,) = 0)
included in the range of € satisfying H. We consider the averaged quantity

0~ [dewie) | ' dsm[

Since both () and P[] are bounded functions, we can exchange the two in-

tegrals. Then writing ¢(e) = /¢(€)y/¥(€), and using Cauchy-Schwartz we

find
o= [l 1))

Combining this inequality with (2.69) and (2.70) we get

P(QQp) - P(<Q2p>s)

> %} (2.71)

P(QZP) - P(<Q2p>8)

o™ te [as( [ aeviori + 60 et o)

@n%_% ! s e(e)F (e € ei AV
DIt [as( [ v + 06 LB o]
1/2
— dE% (1/}<€>G(€>) %Es[hn,w(t*a 8)])
nza—% ol 1/2
- /0 ds( / dev(e)F(e) — / de%(w(e)G(e))%Es[hM(t*,5)]) |

where (a) follows from the integration by parts formula and the last equal-
ity follows because the first derivative of the average conditional entropy is
bounded uniformly in n and s (see Appendix 2.E) by a constant k(e) that has
at most a power singularity at e = 0, and again this is not a problem as we
can take the test function to be vanishing sufficiently fast. Note that from the
bounds in Appendix 2.C, F(e€), G(e¢) and G'(¢) are integrable except possibly
at the edge of the € range defined by H. This is not a problem because we can
take the support of ¥(e) away from such points or alternatively take a 1 (¢)
which vanishes sufficiently fast at these points. Thus by choosing 0 < § < }1
we obtain

lim Q= 0.
n—-+00
Applying Lebesgue’s dominated convergence theorem to convergent subse-
quences (of the integrand of [ dey(e) in (2.71)) we deduce that

[ aewie), OVdsP{P@?p)—P(@zpn)

nj—-+00

2
> —ﬂ =0,
T,
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which implies that along any convergent subsequences, for almost all €

. 7 2p
lim dsPy { P(Q2p) — P({Q2)s)| = —5] =0, (2.72)
ng—+00 Jq ny,

as long as 6 < i. Now we apply this last statement to two subsequences that
attain the liminf and the limsup (on the intersection of the two measure one
e sets). This proves that the lim,_, ., exists and vanishes. ]

2.7 Conclusion

The main new tool introduced in this chapter are relationships between the
second derivative of the conditional entropy and correlation functions or mu-
tual information between code bits. This allowed us to estimate the overlap
fluctuations in order to get a better handle on the remainder. Some aspects of
our analysis bear some similarity with techniques introduced by Talagrand [87]
but is independent. One difference is that we use specific symmetry properties
of the communications problem.

We expect that the technique developed here can be extended to remove the
restriction to high noise (condition H). Indeed the only place in the analysis
where we need this restriction is Lemma 2.4. For the BEC and BIAWGNC
the lemma is trivially satisfied for any noise level (with appropriate constants).
Another issue that would be worthwhile investigating is whether the related
inequalities of paragraph 2.1.3 and the converse of Lemma 2.4 can be derived
irrespective of the noise level.

The next obvious problem is to prove the converse of the variational bound
(Theorem 2.1). For this one should show that the remainder vanishes when
dy is replaced by the maximizing distribution of hgrg[dy; A, P]. This program
has been carried out explicitly in the case of the BEC and the Poisson-LDPC
ensemble in the next chapter. It would be desirable to extend this to more
general ensembles and channels but the problem becomes quite hard.
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2.A Useful Tools and The Interpolation Method

2.A.1 Griffiths-Kelly-Sherman (GKS) Correlation
Inequalities

Consider a spin system given by the Hamiltonian H = — Za l,ro, with I, > 0
for all a. Such a system in statistical mechanics is known as a ferromagnetic
system. For a ferromagnetic system the GKS inequalities state that,

(xa) >0,
(zazp) — (za)(TB) >0,

where A, B are any two finite support subsets of the set of spins and (—) is
the Gibbs average associated with the Hamiltonian H.

The case of transmission using LDGM codes over the BEC is clearly an
instance of a ferromagnetic system, as seen by (1.25). Therefore the GKS
inequalities apply directly. For the case of LDPC codes, the contribution of
any check node a can be written as

1
5(1 + 29y) = lim ele(®oa=D),

lg—+00

Thus we can rewrite the Gibbs measure (2.11) as

p(z) = lal—lg-loo Iz Z H clazoa H eli @i,

for all a z a=1

where Z' = >~ T, ele®oe [T, €l* with [, > 0 for all 1 < a <m and [; > 0
for all 1 < i < n. As a result of this reformulation, the case of LDPC codes
over the BEC also represents a ferromagnetic system and the GKS inequalities
apply.

In general the first GKS inequality is not true if the interactions or the LLR
can take both positive and negative values. But when transmission takes place
over a BMS channel, then the first inequality is satisfied on average, when the
average is w.r.t. the noise realizations. We say more about this in the next
section on Nishimori identities. The second inequality may not be true even
on average in the case of general BMS channels.

Let us give a proof of the first GKS inequality. For the proof of the second
inequality we refer the reader to the literature [93], [94], [95]. We consider the
Gibbs measure given by

where all the notations adhere to the previous ones, [, > 0, and the total
number of spins is n.
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We have (z4) > 0 if and only if Z(x4) > 0. Using the identity ele%os =
coshl,(1 4 x4, tanhl,), we immediately obtain

Z(xa) = H cosh, Z Toa H(l + zg4ta)
= Z Z L9aLoay Ldasy * * xaaktaltag to taky

T a1,a2,..,ak

where the sum over aq, ao, . . ., a; is over all possible subsets of interactions and
t = tanh (. Since the interaction terms [, are independent of the spin values,
we have

Z<I’A> - E tmtag e tak E LoaLdar Ldas * * * Lday, -
x

a1,a2;...,af

Now we obtain the first GKS inequality by realizing that all the ¢, > 0 and
that for any set ai, as, ..., ax, Y, ToaToa, Toas -~ Toa, € {0,2"}.

2.A.2 Nishimori Identities

The symmetry of the channel mentioned in Fact 1.1 implies remarkable Nishi-
mori identities. Consider transmission of a fixed linear code (need not be
low-density) over a general BMS channel. Consider the random Gibbs mea-
sure, under the assumption of the all-one codeword transmission, given by
(2.11). Then for any collection of subsets A, As, ..., A, of the spins and any
positive integers by, bo, ..., b,, we have the Nishimori identity

Ey((wa)” (@) - wa, ) ) = Ey((alhal%, -2l ) @a) () - wa, ) ).

Note that :L‘ij = 1if b; is even and xl;{j = 14, if b; is odd. We do not provide
the proof of this identity here, but refer the reader to [84].
An immediate consequence of the Nishimori identity is that

Ey[{za)] = Ey[(2a)?] 2 0.

We have the following lemma for the BEC which is crucial for providing an
expression for the second derivative of the conditional entropy in terms of spin-
spin correlation and also for simplifying the remainder term of the interpolation
method as shown in Chapter 3.

Lemma 2.5. For transmission over the BEC using a fized linear code we have
that for every noise realization, (x4) either equals zero or one, where A is any
set of code-bits.

Proof. From the Nishimori identity, we have

ELKZL‘A” = EL[<IA>2}. (273)
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Re-writing the above we get
> PO((ea)(1 - (za)) =0, (2.74)
£6{07+OO}"

where P(l) denotes the probability of the noise realization [, which belongs
to {0, +00}™. Since we are transmitting over the BEC we use the first GKS
inequality to get

(

4)
which implies that ((z4)(1 — (z4))) > 0. As a result from (2.74) we get, for
every noise realization,

| \/

(2.75)

(za)(1 = (za)) =0, (2.76)

and hence the lemma. O

2.A.3 Gaussian Integration

Consider transmission over a BIAWGNC(¢) using any fixed linear code of
blocklength n. Recall that ¢z (l) denotes the distribution of the LLR [. Let
f(l,z) be any function of the code bits and noise realization vector [, such
that cp(l;)f(l,z) = 0 and dCL decll) p(1.x) = 0 for I; = +o0o or l; = —oo. For
example, f(l,z) = InZ (Z 1slthe partition function for the Gibbs measure
introduced in 2.11 and is bounded by n) or f(l,z) = (z;) (bounded by 1),
then we have

Fact 2.1 (Gaussian Intergration by Parts).

L B11,2)] = *32 (5 + )0 e

Proof. For convenience assume that each code bit is transmitted through in-
dependent channels with noise variance €? (finally we will put ¢; = €). From
the smoothness of the channel we get

B ZEw [ .

For the BIAWGNC, recall that we have, for all i,

—2,2
_ (l;—2¢;, )
2

It is easy to check that

dep(l;) _3 dep(li) | Per(l)
O¢; = <_ ol; ol >
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Thus we have

2

ZEN [P 1, 0) = 4 Y, [ (- 2+ ) eor @ o)

Note that in the above formula we have used total derivatives instead of partial
derivatives, because all LLR are independent of each other. Using integration

by parts we have
li=teo df (I, z)
I — /dlZCL<l’L) dlZ

der (L) B
/dl dl; flz) = en(li) f(L,z)

Similarly, using integration by parts twice we obtain

/dlidQCL(li>.f@7£) = ch(li)f(M) o _/dz dew () df (L, z)

di? dl; i=—o00 dl; dl;
d’f(l z)
Substituting above we get the lemma. ]

2.A.4 Interpolation Method for the Poisson-LDPC
ensemble

In this section we demonstrate the interpolation method, in our notation, in
the context of Poisson-LDPC code ensemble and transmission over any general
BMS channel.

The interpolation method for the more complicated Multi-Poisson ensemble
will not be shown here, but the basic idea remains the same. Nevertheless, we
will give a little explanation about it a bit later. This will also shed some light
on the complicated overlap parameters (see (2.49)).

Consider the interpolated partition function for the Poisson-LDPC (n, (1 —

R)s, P(z))
ZH 1”0& H (B+55, e (2.78)

x a=1

where recall that tanh uj = f;ll tanh %t and vj;; are i.i.d. random variables
distributed as dy and mS is the total number of check nodes which is a Poisson
random variable with mean n(1— R)s and e; is a Poisson random variable with
mean P’'(1)(1 —R)(1 — s) for every i. We emphasize that the randomness in
the interpolated ensemble arises in the number of check nodes m, present and
in the number of “auxiliary” observations e;, added to each variable node.

We denote the expectation with respect to this randomness by E;. From
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(1.24) we can write E,[h,(s)] = LE,,[In Z(s)] — E,[4], where h,(s) is the per-
bit conditional entropy of the interpolated ensemble. Using the fundamental
theorem of calculus we immediately obtain

0)] + / ; ds%, (2.79)

=
R
>
g
I
o
>
3
0
I

where Ep denotes the expectation with respect to the original Poisson-LDPC
ensemble corresponding to s = 1. Since the term El[é] is independent of s we
get

BB, hns)] _ 1dE, I Z(s)
ds n ds '

The dependence on s occurs only in the mean of the Poisson random variables,
ms and e;. For any function f(X) of a Poisson random variable X, with mean
v, we have the following remarkable identity

dE[f(X)]

o, = E[f(X + D] - E[f(X)], (2.80)

Using the above, we get

1 dEqy[ln Z(s)

T — (1= B)(Balin Z(m, + 1)] - By Z(m.)])

P(1)(1 —R) i

n

_ > (ES,L[ln Z(e; +1)] —Eg[lnZ (ei)])-

(2.81)

where Z(mg + 1) corresponds to the partition function obtained from adding,
u.a.r., one more check node to the partition function, Z(ms) (we abuse the
notation to denote Z(s) in (2.78) by Z(my)), with mg number of check nodes
already present. This extra check node is called as “dummy” check node in
[29]. Similarly, Z(e;+1) corresponds to the partition function got by adding an
extra “auxiliary” observation to the variable node 7 in the partition function
Z(e;). Since Z(ms+1) contains an extra check node, it is not hard to see that

(1 + Tiy Tiy - xlk)
2

Z(ms+1) =)

T

L+ a2 - - 2
—Z(ms)< +$122 xk>7

ps(x) Z (ms)

where (1 + x4, - - - 4, ) /2 is the parity-check function associated to the extra
check node. Since the extra check node is added u.a.r. to any k variable nodes
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we have,

Esi[InZ(mg + 1)] — Egy[In Z(my)] = Es,;[ln <M>}

Z(ms)
“Sh X[ (k)
k n 11,82,y 2
—1)p*+t P
- ZPkE[Z (=1 — > <<xilxi2 . xk>) } —In2, (2.82)
k 1 P 011200yl
where the variable nodes z;,, ..., z; represent the extra check node which is

attached uniformly to any k variable nodes (of the system represented by the
partition function Z(my)). To get the second equality we expand the logarithm
present in the previous equality. Also for convenience we abuse the notation
to denote E to be the average with respect to any randomness. As usual (—);
denotes the average w.r.t. to Z(m,). Similarly,

%Z]ESJ[IHZ(ei—l—l)]—Eslanel = ZE{In( (™) )1
_ lz (E[ln (1 +tanhé(xi>s>] +E[1ncosh5"])
ZE<Z 1)t (tanh%>p<xi>§)+E[lncoshg],
:E{Z (—1p)p+1 ’ﬁ (tanh%y(% zi:@iysa)} +E[lncosh%]7

p=1 7j=1

where we use €% = cosh % (14 z;tanh ') to get the second equality and
we replaced tanh % with Hf;ll tanh %J to obtain the last equality. Since the
random variable u; does not appear in (—) (recall that u; was the extra “auxil-
iary” observation added independently to the original partition function), and
since v; are i.i.d., we find that the last expression above is equal to

pZ Zpk( (tanh ) )k_lE[(%zi:(mg)} +E[lncoshg}

From the definition of the overlap parameters in (2.45) we have

1)P+!

2 2
Q) == D (@) 2l @Pa? 2@y @2 2P

21,22,k

1
= = Z <xl1w12mlk>zs)

11,82, 0y0k
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Using pr, = kP;,/P’(1) and combining all the above we get

EM:Q—R)(Z p+1ZPE )—(1—R)ln2

n ds = P
—a-n(R L S k(b)) B,
— P11 - R)E[ln cosh 5]. (2.83)

P+1

Adding and subtracting the term (1—R) Z p S, Pu(k—1) (E[tanhp g])k

which can be equivalently written as (1—R) Zk Py(k—1)En (1 —l—Hf:l tanh %)
we get that the derivative above is equal to

(1—R) Z %E [<P(Q2p) - P/(Q2p>(Q2p —qz) — P(Q2P)>2p,s}

p=1

_P(1)(1— R)E[lncosh g} ~(1-R)Y Pk - DE (1 + ﬁtanh %)
' T s

We compute the conditional entropy at s = 0 as follows,

E[h,(s = 0)] = E[ln <e%ezjuj + 6_%€_Zjuj>:|

! ¢ ¢

l 1 Us;

2 +tanh ) +e 2| |(1 _ tanh 4 ﬂ —|—E[ In cosh —j]
~=|n (10 LI 2 Ineosh

7j=1

(A B[ =N ()=P'(1)(1~ R) (eg H 1—|—tanh )+e” %H 1— tanh )

+ P'(1)(1 — R)E[ln cosh g] , (2.85)

where to obtain the last equality we use that u; are i.i.d. Combining (2.79),
(2.84) and (2.85) we obtain the sum-rule of Montanari.

To get the remainder in the required for as in (2.44) we do the following.
First we use the Nishimori identities to find

<(Q2p s = Z E 33113312 ’ aj%)

11,82,enes ik

Z E leng ’ ‘rlk>2p t= <(Q2P—1>k>37

91,802,050k

and E[tanh® ¥] = E[tanh®' £]. This allows us then to combine odd and

even terms in the sum over p in (2.83) and we get the required form for the
remainder.
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For the interpolated Multi-Poisson ensemble, at some %,, when we take the
derivative w.r.t. s, we again have term corresponding to an extra check node
and an extra auxiliary observation (see (2.81)). But here, the extra check node
is present between the variable nodes i1, ...,7; with probability governed by
the free sockets at that time, i.e., by w;, (t)---w;, (t.). The presence of this
“dummy” check node changes the distribution of w;(t) for all ¢ > ¢, and hence
we cannot combine the two partition functions as easily as we did in (2.82).
To overcome this, the random variables X; are introduced which “tilt” the old
distribution of w;(t) to the new ones in order to facilitate the combining of the
partition functions in the analysis. As a result we have a more complicated
overlap parameter.

2.B Proof of ldentities (2.15), (2.16), (2.17).

We prove the identities (2.15), (2.16), (2.17). By definition

et = 5 n 150 + e [T47,

J#i
and . |
llxl — Tq
(e72) = 22H§(1+$80)H62
z J#i
Thus .
(w672 %)
<xi>’\‘l = [ ’
e 2%)
and plugging the identity
e 2" =e¢
1—t

in the brackets immediately leads to (2.15). For the second and third identities
we proceed similarly. Namely,

(Ti)miy = ———
(et i)
n
and L b
(viwse”2%e”2%)
(i) mij = T
(e tem1m)
Plugging
1. L L+ — f. — . NS o
o iy _ 10 1 —xit; — xjt; + vm5t5t;

1=t —tj+tit;

in the brackets, leads immediately to (2.16) and (2.17).





2.C. High Noise Expansion 79

2.C High Noise Expansion

We indicate the main steps of the derivation of the full high noise expansion
for
92
8@8@-

The expansion for S is given by (2.86) and that for Sy by (2.91). They are
derived in a form that is suitable to prove Lemma 2.4 of Section 2.6 (see
Appendix 2.D). For this later proof we need to extract a square correlation at
each order as in (2.91). This is achieved here through the use of appropriate
remarkable Nishimori identities, and in order to use these we take the extrinsic
forms (2.34) and (2.38) of Sy and S.

Let us start with S; which is simple. Using the power series expansion of
In(1 + ) we have

IH(M) 23 (_%Uﬁ’«mz 1),

111 -

H(X | Y) = 0;;S1 + (1 — 6;;)Ss.

This yields an infinite series for S; which we will now simplify. Because of the
Nishimori identities
E7 " =E7],  Epal@)Z '] = Epil(ew)?’),

3 K3 ~1

we can combine odd and even terms and using (2.1) we get

+oo m(2p)
5123 5y =y Berlloi] = 1) (2:56)

This series is absolutely convergent as long as

+ZOO —m§2p) < 400
2p(2p — 1) ’

p=1

which is true for channels satisfying H.

In the rest of the appendix we deal with S5 which is considerably more
complicated. However the general idea is the same as above. First we use the
expansion of In(1 + x) to get

1 i Ni'ti i Ni't' g Ni'tit'
. = (@idmigh & (0)ty = @iti)ishits ) g o)
1+ <37i>~ijti + <5Cj>~ijtj + <xi>~ij <:Cj>Nijtit]'

where

— (=t 8
=% ) (<$i>~ijti+<%>~iﬂj+(ffﬂj)wjtitj) ,

p=1
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o (_1)p+1 > (_1)p+1
II = E —p tp( >NZ], 111 = E —p tp< >NU'
p=1 p=1

We expand the multinomial in I

p! otke  kp+ke E .
E A ,tf * t a <$Z>~z]<x3>r\?ij<xix]'>iij7 (2.88)
K p e b
ka+kp+ke=p

and subtract the terms II and III. Then only terms that have powers of the
form tt; with both k,I > 1 will survive in (2.87). Moreover because of the
identities E[t7*'] = E[t?*] and E[t?'~'] = E[t¥'] we find for S

“+o0o
Sy = Z mg%) = (Too +To1 + Tho + Tll)
k>1>1
+ Z Ty + Ty + Tlo +T}1), (2.89)
I>k>1

with (we abuse notation by not indicating the (kl) and (ij) dependence in the
T and T" factors)

2k—r+21-X (—1)p+

Tix = Z

p=2k—kK

p!
p (p—=QI=X)p—2k—kr)I(2k—Kr+2]— X —Dp)!

—(21—X —(2k—k 2k—Kk—+21—X—
B () a2
and
T!, = exchange k,1 and x, A and 1i,].

Let us show the derivation of one of the terms 77;. This term corresponds
to all the terms in the multinomial expansion (2.88) which contribute to the
coefficient of t% 1t2j '. Clearly p < 2k — 1 cannot contribute to t?k_ltgl_l.

Thus we con81der only p > 2k — 1. We also have
ke +ke=2k—1, ky+k.=20—1, k,+k+k.o=p

Solving these constraints, we get k, = p —2l+ 1, ky, = p—2k+ 1 and k. =
2k 4+ 21 — 2 — p and since we must have k. > 0, we get p < 2k + 21 — 2. Thus
the term T}, equals

2k+20—2 (—1)p+!

2.

p=2k—1

p!
p (p—=QI=1))(p—2k—1))(2k+20—2—p)!

—(21—1 —(2k—1 2k+21—2—
X By [<xi>z§ O () 222w |
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We obtain the other terms in a similar manner. Note that the 7" terms corre-
spond to k < [ are got simply by exchanging all the labels in T terms.

The next simplification step occurs by using the Nishimori identity for the
expectation in the above formula

Eyis <$i>T§j<xj>Tfj<$ixj>T%] =Epis [(wi”lx?(xixj)m3>~ij<wz>’fl<xj>’3§j<xixj>ffj :

and using z; € {1}, to “linearize” the terms (w;r;)™ x{27*. As k, A vary
in {0,1}, p varies from 2k — 1 to 2k + 2I. For each p, we will simplify the
contributions from all 7}, using the Nishimori identities. For p = 2k — 1,
Tio + T11 contributes to (Tp1, Too do not contribute)

1 (2k — 1)! 2%k—20—1 2
2k—1(2k_2l_1)!(21>! t {(l’ >~z] <l’ ;L‘j> j
1 (2k —1)! 2k—21 211
ok i@k 1t [@ 25 i) 2
Now applying the Nishimori identities we get the that the contribution to
p=2k—11is

(2F)! ) 2h—21 2
B | ()22 (2202 |
<(2k D)2k — ) Er | )
Now consider any 2k — 1 < p < 2k + 2] — 2. Such p has contribution from

all the terms, Ty, To1, 110, T11- Thus applying Nishimori identities we get the
contribution to be

(=pr P!
Z p (p—QI=X)p—(2k—kr)(2k —Kr+2]—\—p)!

H”‘/
X Byes [@?’%ﬁ“m O R <>} .
Notice that for (k, A\) = (0,1),(1,0), (1,1) we have

— — —(2l—-A —(2k— — ——
Etwij {Cﬁk F"x?l >\>~ij<l’z‘>2ij(2 )<l‘j>iij(2 H)<$il'j>ik;"j SR p:|

_ ]El~ij |:<l'i>p_2l+1 <$] >p—2k+1 <ﬂfixj>2k+2l_1_p:| )

~1j ~1J ~1J

The combinatorial terms for (k, A) = (0, 1), (1,0), (1, 1) add upto (p+ 1)!/<(p—

20+ Di(p—2k+ D12k + 21 — 1 — p)!). Thus the final contribution for any
% —1<p<2k+2l—2is,

—20+1 —2k+1 2k+21—1—
ot @+ D! Eps {Wiij a2 () S p]

(~1
» p—2A+)p—2k+)k+2d—1—p!
(=1t p!

Y —2k 2k421—
!Et~z‘j [<ZE2>€J” <l’j>ii]‘ <szj>~z;r p}‘

p  (p—20)(p—2k))(2k + 21 — p)
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The last term in the above sum corresponds to (k,A) = (0,0). In above, for-
getting the factor (—1)P*! /p, the first term is got from the second by replacing
p with p + 1. Hence for two consecutive values of say p/,p’ + 1 we can add up
the p’ + 1 contribution of p" and p’ + 1 contribution of p’ + 1 to finally get

2k+20-1
(—)r+ (p+1)!
2 L= 2,
Ky

o P+ 1) (p+1-2k)(p+1-2)!(2k 421 —p — 1)!

B 21 oy 2 vy 0.
We have skipped the derivation of the contribution for p = 2k + 2[ — 1 and
p = 2k + 2l from Ty, T1o, Too, because it is done on very similar lines as above.
A similar formula obtained by exchanging &, and 4, j holds for ) , 77,. Re-
placing these sums in (2.89) yields a high noise expansion for S,.

However this is not yet practical for us because we need to extract a general
square correlation factor ((z;z;)~;; — <a:i>wij(:vj>wj)2. The fact that this is
possible is a “miracle” that comes out of the Nishimori identities that were
used. Setting

X = @)nij(@j)miss Y = (TiT)) iy,
and using the change of variables m = p — 2k + 1, the last expression becomes
(for k > 1)

<x'>2k72l 21 9]
v/ ~ij m my 2l—m
Eg~ij {szo(—n (m>X YA (4 2k — 2) - (m 4 2k — (20 — 1)) |.
One can check that this is equal to

<$Z>2~Iij_21 oop 0777

_ 2k—2( v _ \2
S g ()

by expanding (X — Y)? first and then differentiating. On the other hand one
can use the Leibnitz product rule

942 2%—2 2 =22\ PP k2 O
922 (X (X -Y) ) - Z( r )aleer 9XT A (X =Y)%,

r=0

to find that the last expectation above is equal to

20-2

Ey~ [(X V) )22 T A XT(X - Y)P T
r=0
where
1
Av = _(2l 2) [20], 12k — 2212, [mly =m(m —1)---(m —r+1).

(20)!
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We define Agi; = % We proceed similarly for the terms with k£ < [. Finally
one finds

2
So="Y  mPmPEy |:<<xixj>~ij - <$i>~ij<l‘z‘>~ij> (wa) 27

k>1>1
22 2-2—r

X > A () (<$i>~z‘j<%’>~z’j - ($i$j>~z‘j) }
r=0

+ Z identical expression with k,1 and i, j exchanged. (2.90)
I>k>1

Let us now briefly justify that the series is absolutely convergent for chan-
nels satisfying H. We note the following facts: the absolute value of the spin
averages is less than 1 and the value of the correlation in absolute terms is less

than 2, Ay, < (*77)2%73 and 22672322 < (3)%+2-4 for | > | (together with
the version with k, [ exchanged). It easily follows that

8 2 D\2k+21,  (2k) (2
[S2| < o B |:(<J7ixj>~ij - <17z‘>~z‘j<$z‘>~z‘j) } 2(5) m{?m ).
i>1
(2.91)

Thus the series for Sy is absolutely convergent as long as

“+oo

> (2) i < +oo.

p=1

Note that we have not attempted to optimize the above estimates.

2.D Proof of Lemma 2.4

We prove Lemma 2.4 for highly noisy general BMS channels. For this we use
the high noise expansion derived in Appendix 2.C. There it was derived for
a general linear code ensemble, and this is also the framework of the proof
below. Of course the result applies to the interpolating ensemble of Lemma
2.4 because the interpolating random variable U, does not depend apriori on
the noise value € and depends only on the distribution of independent random
variable V. Note that the the final constants F'(¢) and G(e¢) do not depend on
the code ensemble but only on the channel.

Consider equation (2.7) for %Ec,g [hn]. By the same estimates than those
for S; in Appendix 2.C, the first term on the right hand side is certainly greater

than
2p) |

_ZZp (2p — 1) =4
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To get a lower bound for the second term we consider the series expansion given
by that for Sy in (2.91). In that series we keep the first term corresponding to
k =1=1, namely

%(m§2))2 ;Ec,wu [((131%‘%1]‘ - <551>~1j<17j>~1j)2} =B,

and lower bound the rest of the series (k,1) # (1,1) by using estimates of
Appendix 2.C. More precisely, this part is lower bounded by

(0w e
S e | (Gorty)ons - <x1>~1j<xj>~1j)2} _ ¢

Putting these three estimates together we get

d2
TaBeilhn] > A+ B - C. (2.92)

As long as the noise level is high enough so that (see H)

<X 5y (2 5.2, (2
> (3)" M < (V2= 1)(5) Imi”),
p=2

the inequality (2.92) implies

5~ Eegon [ ({01000~ @bl ) | < 70+ 610 Bl (209

J#1

for two noise dependent positive finite constants F (€), G (€).

The final step of the proof consists in passing from the extrinsic average
(—)~1; in the correlation to the ordinary one (—);;. This is achieved as follows.
From the formulas (2.16) and (2.17) we deduce that

() — (@) (@) = ((@520) mij — (Tj)mij (Ti)mis) Rij,

with
(1 — (wadts — (x;)t; + (wa)tit;)” < 4
(1 —)(1—1t3) T (-t —1t3)

a function that depends on all log-likelihood variables.
Thus we have

((zj2) — <37j><9€z'>)2 = (<5€j5€z’>~z’j - ($j>~ij<37i>~ij)2R?j
16

< (@i = @i @) Ty

Ri]’ —
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Taking now the expectation E¢; we get

Ec, K(%M - <Ij><$i)>2] < Eegmis |:(<Ij$i>~ij - <$j>~ij<xi>~ij)2:|

16
X By, 1 [ ]
-2 -ap
Since t;,t; are independent we get
16 1 2 ?
Ey, ¢ =16(E|——=|) =16(E 1)t
o imraar) (e ) —o(EZe o)
p=0
2
— 16< {Z(p + 1)m§f”)D : (2.94)

p=>0

which converges for highly noisy channels satisfying H. The result of the
lemma follows by combining (2.93) and (2.94). The constants F'(¢) and G(¢)
are equal to F (¢) and G(e) divided by the expression on the right hand side
of the last inequality.

2.E Boundedness of GEXIT

We prove the boundedness and positivity of LE[h,, ,(t., s)] which is needed
in the proof of Lemma 2.2.

Lemma 2.6. For the BEC and BIAWGNC with any noise level, and any BMS
satisfying H, there exists a constant k(€) independent of n, 7, t. and s such
that

0< %Es[hm(t*, $)] < k(e). (2.95)

For the BEC we can take k(e) = 22 and for the BIAWGNC k(e) = 2. For
general BMS channels satisfying H the constant remains bounded as a function
of € (i.e. in the high noise regime).

Here we have stated the lemma for the Multi-Poisson interpolating en-
semble which is our specific need. However as the proof below shows it is
independent of the specific code ensemble and the bound depends only on the
channel.

Proof. We will use the GEXIT formulas of Section 2.3. Since the lemma
applies for any linear code it also applies for the interpolating ensemble of
interest here. In the case of the BEC and BIAWGNC we have (see (2.28),
(2.31)

d In2

—Balhny (t, 5)] = —(1 = Eq[{z1).]),
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and

d 2
&Es{hnﬁ(tw s)] = 6_3(1 — Es[(z1)s])-
The bounds of the lemma follow immediately since 0 < Eg[(z1)s < 1 (Nishimori
identity implies E,[(z1),] = E[(z1)?]).
For highly noisy BMS channels we proceed by expansions. For this reason
we have to use the “extrinsic form” of the GEXIT formula (analogous to (2.34))

+1
LR (st 5)] = / RIC {m ( Lt ti(rn) s >] |

de _1 Oe 14+

Expanding the logarithm and using Nishimori identities (as in the expansion
of S7 in Appendix 2.B we obtain

d > m§2p) 2p
—Elh “»S)| = —E 1 — 1]
dE 5[ m’Y(t S)] Z 2p(2p _ 1) s 1[<'CL‘1>S7 1 ]

p=1

The positivity follows from m{*™ < 0 (see [23], Section VI in [91]) and —1 <
1 < 1. The upper bound (and absolute convergence) follow from condition
H. In particular we get

400 2
|m( P)’

Moy =2 2p(22; - 1)

k=1

which is independent of n, v, t, and s. O





Binary Erasure Channel:

Second Interpolation
Method

3.1 Introduction

In the previous chapter we showed, using the interpolation method, that the
replica solution is a lower bound on the average per-bit conditional entropy
Ec[hy]. Let us call this application of the interpolation method the first inter-
polation method.

The natural next step is to prove the equality of the replica solution by
showing a matching upper bound. For the case of transmission over the BEC,
this equality has been rigorously established for a class of LDPC code ensem-
bles, which includes regular LDPC code ensembles (A(x) = z*, P(z) = z¥)
23], [24]. There, the methods used are combinatorial and, as such, do not
extend to the case of transmission over general BMS channels.

In this chapter we consider transmission over the BEC using the Poisson-
LDPC (LDGM) code ensemble (c.f. Section 2.5). We use the second interpo-
lation method, developed by Guerra and Toninelli [31], [30] in the context of
the SK model [71], [87] to prove that the replica solution is correct.

In the case of the SK model, the first interpolation shows that the replica
solution’ is a lower bound on the free energy. In [31], Guerra and Toninelli
use the second interpolation to demonstrate that the replica solution is also
an upper bound on the free energy. They are able to show this in the high-
temperature regime. 2

'More precisely, we refer here to the replica symmetric solution.

2In fact, for the SK model, the simple replica symmetric solution (as is the case for the
coding problem) is not correct for all temperatures. A long standing open question was
whether the Parisi formula, which corresponds to full replica symmetric breaking solution,
is the correct solution [71]. Recently, Talagrand [75] used the second interpolation method
as a crucial ingredient to prove the celebrated Parisi formula for the SK model.

87
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In the case of LDPC ensembles the second interpolation has not yet been
developed. This is in essence what we do in this chapter for the simplest case
of Poisson-LDPC ensembles and the BEC. Part of the mathematical analysis
involved in the second interpolation is reminiscent of the one developed recently
for the (simpler) case of a “gauge symmetric p-spin model” [96].

We believe it should be possible to extend these results to any LDPC
code ensemble using the multi-Poisson ensemble approximation of Montanari
[29]. Currently, we are unable to extend our proof to case of transmission
over general channels. However, since our techniques are non-combinatorial
in nature, we hope that it will be possible to extend our proof to the general
case.

For the ease of exposition we restrict ourselves to the Poisson-LDPC code
ensemble.

3.2 Organization of the Chapter

In the next section we state our main result concerning the equality of the
replica solution for the case of transmission over the BEC using Poisson-LDPC
code ensemble. We also describe our proof strategy there. In Section 3.4 we
simplify the statistical physics formulation to the case of transmission over the
BEC. We then show that the remainder term in the first interpolation simplifies
to the evaluation of the “magnetization”. Before estimating the remainder,
we discuss the BP decoder for the “interpolated codes”. In Section 3.5, we
apply the second interpolation method of Guerra and Toninelli to provide an
upper bound on the remainder of the first interpolation. As a consequence,
we will infer the exactness of the replica solution. We conclude the chapter in
Section 3.6 by discussing the case of transmission over general channels and
the relevance of the magnetization.

3.3 Main Result and Strategy of Proof

Consider communication through a BEC with transition probability pyx (y|z)
and erasure probability given by €. We briefly recall the Poisson-LDPC code
ensemble here, see Section 2.5 for details. The design rate of the code ensemble
is equal to R. The number of check nodes is a Poisson number with mean
n(1 —R). The check node degree distribution is given by P(x). Each check
node of degree k is attached to k variable nodes u.a.r. As the block-length goes
to infinity, one can show that the variable node degree distribution converges
to a Poisson distribution. More precisely, the variable node degree distribution
is given by,
A(z) = =D,

For ease of notation we use v = P’(1)(1 —R) to denote the average left degree.
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For Poisson-LDPC code ensemble it can be shown that

In words, the edge and variable node degree distribution are the same. In this
chapter, we will denote the Poisson-LDPC ensemble by LDPC(n,~, P).
Recall that the replica solution consists of optimizing the function

hrs|dy;~y, P| over the space of symmetric probability distributions dy (v). For
the case of transmission over the BEC, code-bits are either known perfectly
(LLR = 4o00) or are completely erased (LLR = 0). Thus, without loss of
generality, we assume that the dy (v) = pdy(v) + (1 — p)deo(v) with 0 < p < 1.
With this, we can simplify the replica solution functional hgg[dy;~y, P] to

brslp] = n2(N (1)1 = p) + eA(1 = p(1 = ) = (1= P(L=p))).

(3.1)

Since the replica functional is now only a function of one parameter p, we
denote it by hgrs[p]. Also, the variational problem (optimization of hrg[p])
can now be explicitly solved. Note that the replica solution given in, (3.1),
was called trial entropy in [24], [23].

Differentiating hprs[p] with respect to p (for a fixed €) we get

dhgs[p]
dp

=1In2 (A’(l)p(l —p) = NQ)pp'(1 = p) +eN (1= p(1 —p))p'(1—p)

- A’“)—Plz(al«_i)p))

= ln2<A’(1)p’(1 — p)) < —p+ eAl(l _Ai(ll)_p))>

—m2(N (W1 =p)) (= p+erd = p1-p)). (3.2)

To get the second equality we used p(z) = P'(x)/P’(1) to cancel out A’(1)p(1—
p) and A’(l)PIIJ(,l(If). We used the relation A\(xz) = A’(z)/A’(1) to obtain the
last equality.

Thus, from (3.2) we deduce that the maximizer of hrg[p| is a solution of

the stationary point equation

p=eA(l—p(1—p)). (3.3)

We denote the unique maximizer of hrg[p] by prs. We remark that prg is a
function of €, but we suppress this dependence to lighten the notation.

The density evolution analysis of the BP decoder leads to the same sta-
tionary point equation (3.3). The equation is solved iteratively starting from
the initial condition p = € (channel observation) to obtain the BP decoder
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
€ €

Figure 3.1: In this figure we demonstrate our result. We plot prs as a function
of € for two class of code ensembles. We then mark out in dark, the regime of
noise where our result holds. Left figure: The thin line is the plot of prs as a
function of € (obtained from the replica solution) for Poisson-LDPC code with
v = 3,P(x) = z° The dark line corresponds to the regime of channel erasure
fractions, where we prove the exactness of the replica solution. Right figure: The
thin line is plot of prg as a function of € obtained from the replica solution for
Poisson-LDGM code with v = 5, P(z) = 0.1z +0.925. The dark line is the region
of channel erasure fraction where we prove the exactness of the replica solution.

estimate. The average (over the code ensemble) erasure probability of BP de-
coder is the largest fixed-point obtained from this initial condition and we will
call it pgp. Our main result states that, asymptotically, in appropriate noise
regimes, pgp gives the average error probability of the MAP decoder.

In order to state our theorem below we define an auxiliary function

1) =5y (PG) = 2P (2)

T (- pRS)%(P’(z) Pl pRS)>

+ prs In cosh [P’V(l) (P’(z) - P'(1- pRS)>]. (3.4)

Note that the stationary points of f are the solutions of

.
P(T)

2 = prg tanh ( (P'(z) — P'(ﬁRs))) + DRrs,

where we use the notation prs to denote 1 — prg. It is clear that at z = pgg,
the stationary point equation is satisfied. Hence 1 — prg is a critical point.
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Theorem 3.1 (Exactness of Replica Solution for BEC). Assume communica-
tion using a Poisson-LDPC(n,~, P) code ensemble, through a BEC with era-
sure probability €. Assume that the function f, defined in (3.4), has a unique
mazimizer zZ. Recall that pgp denotes the fized-point of density evolution equa-
tion (3.3) obtained via BP. Then for all €, such that (i) prs = ppp and (ii)
ceCp,={e€0,1]]| 2=1—pgrs} we have

hm Ec[hn] = hRS[pRS]-

n—-4oo

Example 3.1 (Replica Solution for Poisson-LDPC(n,vy = 3, P(z) = x9)).
Consider transmission over the BEC using Poisson-LDPC' code ensemble
LDPC(n,~, P) with v = 3 and P(z) = 2% We illustrate our main theorem in
the Figure 3.3. In the figure, the thin line corresponds to prs as a function
of the channel erasure probability . The dark or thick line corresponds to the
regime of noise where we prove that the replica solution is correct.

For the case of Poisson-LDPC' codes we have

dhrs|prs]

SRS A(L = p(1 - prs))

= A1 = p(1 = prs))
PRrs

€

To get the second inequality we use the fact that for a Poisson-LDPC' code
ensemble we have A(x) = Nx). As a consequence of the above calculations,
our result also implies that, for the channel erasure fractions depicted by the
thick line in Figure 3.3,

’ dEc[h,]  prs
im = .
n—-+00 de €

Le. the asymptotic average MAP-GEXIT function is given by prs/e. From the
various characterizations of the MAP-GEXIT curve for the case of transmis-
sion over the BEC, as shown in [23], we have that the MAP error probability
T e dhy -

is given by 5. Thus, a consequence of the theorem is that (at least over the
range of € depicted by the dark region) the MAP error probability is given by
Prs (which is computable from the replica formulas).

Remark 3.1. The condition over the range of € is not optimal and comes from
the second interpolation that we use. In [2]] there is also a condition which is
different from ours. In [24], Measson et al. show that the asymptotic average
MAP-GEXIT and BP-GEXIT curve are equal under the condition that the rate
of the residual graph (graph obtained after the termination of BP decoding)
sharply concentrates on the design rate of the residual graph ensemble. In
fact, the trial entropy or the replica solution corresponds to the uncertainty in
determining the transmitted codeword at the end of BP decoding. Thus, it is
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equal to the design rate of the residual graph ensemble (see proof of Theorem
10 in [24]). Both, our result and the result in [24] hold only when prs = pgp.
It is an open question, how to prove the exactness of the replica solution when

PRs 3& pBpP-

3.3.1 Strategy of Proof

We know from the previous chapter that the interpolation method allows us
to write the per-bit conditional entropy as a sum of the replica solution and
a remainder term. We have already proved in the previous chapter that the
remainder (c.f. (2.44)) is non-negative in the limit of large block-length. A
way to prove the equality of the replica solution would be to show that the
remainder term is exactly zero.

To do this we use the second interpolation method of Guerra and Toninelli.
In the case of SK model, the remainder term of the first interpolation method
consists of only one term, Qs (c.f. (2.45)). The second interpolation method of
Guerra and Toninelli is the following. They first “couple” the quadratic term,
()2, with the partition function of the original system, to create a new partition
function. Then using the interpolation method on this new partition function
they prove that the remainder term is less than or equal to zero. Coupled with
the non-negativity of the remainder term, they conclude that it is exactly zero
in the limit n — +o00. This immediately provides the exactness of the replica
solution. We will provide in Section 3.5.1 an intuitive explanation of the second
interpolation.

In the case of LDPC spin-glass, the remainder term is much more compli-
cated. More precisely, the remainder is a sum of infinite terms, each containing
an overlap parameter (see (2.44) in Section 2.5). As a result, it would be hard
to appropriately “couple the remainder” with the partition function, as done
by Guerra and Toninelli. Fortunately, as we will see in the next section, for the
special case of transmission over the BEC, the remainder simplifies drastically.
Thus, we are able to proceed along such methods.

3.4 Statistical Mechanical Formulation and First
Interpolation

In this section we recall the statistical physics formulation. We also special-
ize the formulation to the case of the BEC. We then apply the interpolation
method to compute the per-bit conditional entropy. We will then see that the
result of the interpolation method simplifies for the case of the BEC.

As usual the Tanner graph has variable nodes, denoted by i that are con-
nected to check nodes denoted by a. We will work in terms of the LLR [ (see
Definition 1.3) and their distribution ¢ (/) under the assumption of the all-one
codeword transmission.
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In the case of the BEC, the LLR value can be 400 with positive probability.
As a result, to have a well defined Gibbs (MAP) measure (see Section 1.7),
px|y(z]y), we re-write it as,

pxiy(zly) = % 11 %(1 +z00) [ | e s p(z).

a i=1 2

Recall that x5. =[]

tion given by

sec T and Z is the normalization factor or partition func-

l;

2 S50 i

=1

Also, recall that the expectations with respect to the Gibbs measure for a
fixed graph and a fixed channel output are denoted by the bracket (—). More
precisely for any A C {1,...,n}, (xa) = >, xap(z) where x4 = [[;c4 v As
usual, expectations with respect to the code ensemble and the channel outputs
will be denoted by E¢;[—]. Note that for the BEC, we have a positive mass
at +00 in the distribution ¢ (/). Note that this re-definition does not affect
the Gibbs measure, p(z). Since the Gibbs distribution is unchanged, all the
averages also remain unaffected.

With this re-formulation, a little algebra, on the same lines as (1.24), gives
the following formula for the per-bit conditional entropy

1
Ec[hn] = EECJ[IH Z] + €ln 2.

Since the free energy, n~'E¢ [In Z], differs from the average conditional entropy
only by a constant, we will focus on the evaluation of the free energy.

3.4.1 First Interpolation

We briefly recall the interpolation method here (see Section 2.5 and Ap-
pendix 2.A.4 for details). Recall that the main idea behind the interpola-
tion technique is to recursively remove the check node constraints from the
code. Then to compensate the increase in rate, extra “observations”, given by
U, = 2tanh™" [Hfz_ll tanh %}, are added to each variable node i. Note that
here k is an random number whose distribution is given by P(x). Also, recall
that V' is a random variable with a symmetric density dy (v). In the case of
BEC we have dy (v) = pdo(v) + (1 — p)ds(v). Here, 0 < p < 1 is an arbitrary
parameter. Notice that the equation for U, mimics a check node message in
the belief propagation decoding algorithm.

Let ¢t € [0, 1] be an interpolating parameter and consider the Tanner graphs
C from the ensemble LDPC(n,~t, P). Thus, at “time” ¢, the number of check
nodes is a Poisson r.v. with mean nvyt. As said before, the loss of check nodes is
compensated by “extra observations”. Variable nodes ¢ receive e; i.i.d. copies
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{U}, a=1,...,¢; of the r.v. U,. Here e; are i.i.d. copies of a random Poisson
number with mean ny(1 — t). The interpolating Gibbs measure is then given
by,

1 e+, g)u’vz

1 1
utg = = _1+x8a 3
Z(t 11 2 H 2 cosh & [T, 2 cosh %

where C; denotes the code at “time” ¢. These will be also called as “interpo-
lated codes” in the sequel. Expectations with respect to this measure will be
denoted by (—);. The average free energy, corresponding to the interpolated
code at time ¢t is given by

1
(67 (t) = E]Ectl:{ué} [ln Z(t)] .

At t = 1 one recovers the original free energy
1
Ec[hy] —€ln2 = a, (1) = —E¢ [In Z].
o el

While at ¢ = 0, we have a simple product measure which is tailored to yield
hrs[p].

In order to lighten the formulas, from now on we consider the right-reqular
case P(x) = z". It is straightforward to extend the arguments to general
polynomials. Also, we use the simplified notation E¢, ; 1,1y = E; and p = 1 —p.

From [29] and as shown in the Appendix 2.A.4, we have the following
sum-rule,

(1) = hsl + [ LR,

l+1

=7 Z (R(p, Qu))ue]. (3.5)

>1

Recall that @Q; = n™' >, xfa?- -zl are the overlap parameters and (—);; is
the replicated Gibbs average (c.f. (2.45) and (2.46)). Also, recall that the
polynomial R(a,b) is equal to (r — 1)a” — ra" 1o+ 0".

For the case of BEC, there are two major simplifications that occur for the
remainder term R(t). Firstly, it was shown in the Section 2.6 in the Chapter
2, that for almost every e,

=135

>1

l+1

D, (Qu)ie)] + oa(1). (3.6)

We stress that the Gibbs bracket (—);; is now present inside the polynomial
rather than outside as in (3.5). Furthermore, when transmitting over the BEC,
we receive a bit either perfectly or it is erased. Thus, we have
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Lemma 3.1. For the BEC the random variables (x;); take values 0 or 1.

Proof. The proof for the interpolated code ensemble at any “time” t, follows
on the same lines as the proof of Lemma 2.5 in the Appendix 2.A.2 in Chapter
2. O

The lemma implies that

Here m = %ZLI x; is called as the “magnetization”. From (3.7) we see that
the remainder Simpliﬁes to

VZ "k, [R(p, Qi) =125 " [R(p, (m)o)
_ gEt [R(p. {m),)] (Z =)

Thus, the sum-rule simplifies to

(1) = hslp] + 12T / B [R(p, (m)1)] + 0(1), (3.8)

By abuse of notation we will also denote the remainder term 2E,[R(p, (m),)]
also by R(t). Above we replaced 1 —R by 2. Note that the polynomial R(a,b)
is positive for all a > 0, b > 0 and for all r. Since (m), > 0 (because of the first
GKS inequality, c.f. Appendix 2.A.1), we have that the remainder is positive.
As a consequence we re-derive the lower bound

Ec[hn] Z hRS[pRS] —|— On(l). (39)

The simplification of the remainder term gives us a handle on the computations
we will do later. It also shows how the magnetization enters the interpolation
method analysis. We saw in Chapter 2, the MAP-GEXIT function, in the case
of transmission over general channels, can be written in terms of the average
(over the Gibbs measure) magnetization. Moreover, for the case of BEC, it
can be shown that the average (over the Gibbs measure and noise realizations)
magnetization is proportional to the bit-MAP error rate. We will discuss more
about the magnetization in the concluding section of this chapter.

Before we prove the exactness of the replica solution, we digress a bit
and discuss properties of the BP decoding of the interpolated codes. This
will provide us with important technical lemmas that will help us control the
remainder term R(t).
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3.4.2 Belief Propagation for the Interpolated Codes

The aim of this section is to study the BP decoder for the interpolated codes.
The interpolating system at time ¢ can be thought of as a communication
system, where codewords from C; € LDPC(n,~t, P) are sent via the BEC.
The receiver also collects “extra observations” U, distributed as dy(u) = (1 —
p(ﬁ))éo(u) + p(P)doo(u), where 0 < p < 1 is a free parameter.

Alternatively one can view the system as follows. Codewords from C;
are transmitted through a BEC with effective erasure probability given by
eA1—+(1 — p(p)). Indeed, the channel is in erasure with probability € and all
the “extra observations” are in erasure with probability A;_+(1 — p(p)).

Following standard density evolution analysis, we have that the BP decoder
estimate after ¢ iterations is given by

Torry = eM—e(1 = p(0)) M (1 — p(1 — 24y)), (3.10)

where \;(7) = @D Above, x4,1, corresponds to the probability that a
variable-node-to-check-node message is in erasure.

Recall that, pgp denotes the BP fixed-point of the density evolution equa-
tion for the original Poisson-LDPC ensemble LDPC(n, v, P). In other words,
pep is BP fixed-point of the interpolated code at time ¢ = 1. We remark here
that later we will set the free parameter p equal to pgp +  for some § > 0.
For the purpose of our analysis, it will be important to study the interpolated
codes, at time ¢t < 1, for this value of p. Let us provide an example illustrating
the fixed-point behavior of the interpolated codes at p = pgp + 9.

Example 3.2 (Density Evolution for the Interpolated Codes). Consider an in-
terpolated Poisson-LDPC(n,~t = 3t, P(x) = x%) code ensemble. From (3.10),
the density evolution equation, for p = pgp + 6, is given by

1z = e 31=)(1=ppp—0)° ,—3t(1-2)*

In Figure 3.2, we plot the density evolution curves for e = 0.55, § = 0.01 and
fort € {0,0.2,0.4,0.6,0.8,1}. The BP decoder gets stuck at the largest fized-
point. In the case of t = 1, the BP decoder fixed-point is equal to pgp =~ 0.5015.
The thick dashed curve corresponds to t = 0 and the thick continuous curve
corresponds to t = 1. Notice that for x > ppp + 9, the curves are ordered with
t =1 curve at the top followed by t = 0.8 and so on with the curve att =0 at
the bottom. This is illustrated in the zoomed-in figure on the right in Figure
3.2. This previous observation is crucial to prove that the fixed-point of the
BP decoder for the interpolated code at time t < 1 is not “far away” from the
fixed-point at t = 1 when J is small.

As we mentioned before, we want to show that if we take p = pgp + 9,
for some small § > 0, then the BP decoder estimate, for an interpolated code
at time ¢ < 1 is not too worse off the BP fixed-point at ¢ = 1. Let us now
formally describe this. Consider the BP decoder estimate of the spin (or bit)
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Figure 3.2: Left figure: Density evolution curves for the interpolated Poisson-
LDPC(n,~t = 3t, P(x) = z°) code ensemble for ¢ = 0.55, § = 0.01 and ¢ €
{0.0,0.2,0.4,0.6,0.8,1}. The BP fixed-point for t = 1.0 is equal to pgp =
0.5015. The thick continuous curve corresponds to ¢ = 1. The thick dashed
curve corresponds to ¢ = 0. Right figure: A zoomed-in picture around the point
pep + 0 = 0.5115, where all the curves intersect. The thick continuous curve
corresponds to t = 1. The thick dashed curve corresponds to t = 0.

x; after ¢ iterations for the interpolated code C}. It is possible to regard the BP
estimate as a statistical mechanical average on a computation tree T;(¢) [23] of
depth ¢ for node i. One simply considers the Gibbs measure with appropriate
check node constraints and observations associated to all nodes appearing in
the labeled tree graph T;(¢). We denote this average by (;): 1. Then we
have

Lemma 3.2 (BP Estimate for the Interpolated Code at Time t). For anyt and
any 6 > 0, one can find a positive number £(0) (which is equal to the number
of iterations of the BP decoder) and a block-length n(§), both independent of
t, such that for allm > n(d) and £ > €(6), if p = ppp + 9, we have

E, [(%%,Ti(a] > ppp — 9(0),

where 0 < g(J) < 6.

We furnish the proof of the above lemma in the Appendix 3.A. Finally we will
need a concentration property for the BP estimate of the interpolated codes.

Lemma 3.3 (Concentration Lemma). One can find a numerical constant 3 >
0, such that for any & small enough, any fized ¢, for n large enough

n n _ nﬂéQ
Pt [ Z(xi>t7Ti(f) — ZEt<$i>t,Ti(€)‘ Z n5] S e (Inn)2? + nl—%ln(lnn)'
=1

=1 =

The proof of this is also provided in Appendix 3.A.
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3.5 Upper Bound on the Remainder Term R(¢)

To prove the exactness of RS solution it remains to show that (c.f. (3.8))

/0 0B, [R(prs, (m))] < on(1).

Loosely speaking, the philosophy behind the interpolation method is that
for p = prs the removal of the check nodes is “perfectly compensated” by the
addition of the extra observations. This implies that E; |[R(pgrs, (m)¢)] does
not change with ¢. It is straightforward to verify that for ¢ = 0 we have
Ei—o [R(Prs, (m)i=0)] = 0. Hence, the remainder term E, [R(pgrs, (m);)] is 0
for all ¢.

We are unable to show directly this perfect compensation. But we will
show that for any 6 > 0 and p = ps = prs + 0 the compensation is “almost”
perfect. lLe.,

/0 JEE [R(ps, (m)1)] < 0u(1) + O(5).
Therefore,

hRs[pRs] S nh—>nolo ]E(j[hn] S hRS{pRS -+ 5] + O((S) (311)

where the lower bound follows from (3.9). Since § can be made as small as
desired, using the continuity of hrg[p] we prove the theorem.

We remark here that we can prove the Lemma 3.2 only when p = pgp + ¢
and not when p = prs + 0. Thus, we see that for the present proof to work,
¢ has to be in the range such that prs = ppp. This is the first condition
appearing in Theorem 3.1.

3.5.1 Second Interpolation

From the previous chapter, since the fluctuation of R(ps, m) around R(ps, (m);)
(w.r.t. to the randomness in noise and code realizations) is small, it is enough
to show that E [(R(ps,m)):] < 0,(1)+O(d). We will use a second interpolation
in a similar fashion than in [31], [32], [96].

The basic idea is to test the “stability” of the replica solution by coupling
the remainder term with the partition function of the interpolated code. More
precisely, consider the following partition function at time ¢, parametrized by
a non-negative real number v,

+Za 1 2 )xl

_ = 1 —|— (Ea n
Z(t; v, p) = eunR(pmz) ) (312)
zr: ale_[ct( 2 EQCOS}I (4TI 2COSh(?“)

We denote by (-):, the average associated to this partition function. We stress
here that whenever we write (—), it denotes the Gibbs average w.r.t. the
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partition function with ¥ = 0 in (3.12). Also, the associated free energy is
given by

1
an(t,v,p) = - InZ(t,v,p),

The intuition behind modifying the partition function as in (3.12) is as
follows. Whenever the term R(p,m) > 0, the corresponding configuration, x,
has large weight. The idea of the second interpolation method of Guerra [31]
is that, if the parameter v is chosen carefully, then it can be shown that the
average free energy (v > 0) is very close to the average of o, (¢,0,p) (v = 0) (in
the thermodynamic limit (n — +o00)). This implies that most configurations
have R(p, m) = 0 and one concludes that E [(R(p, m)):] is small.

Let us now make this idea more precise. First, we need to relate the free
energy to the remainder term. To do this, we use the convexity of a,(t,v,p)
with respect to v. This is the content of the following lemma,

Lemma 3.4 (Convexity of Free Energy). The free energy o, (t,v,p) is convex
with respect to v for any v > 0.

Proof. Taking the derivative of the free energy we get

diyan(t, v,p) = (R(p,m))1,.

Taking the derivative of (R(p, m)):, we have

d

£<R(ﬁ7 m)>t,u = <R2(]§7 m))t,u - <R(ﬁ7 m))?,u > 0.

Since the second derivative of the free energy is non-negative, we have that
the free energy is convex. O

Now using the convexity of the free energy we relate the remainder term to
the difference of free energies as follows,

BR( )] = 5ot v,7)]

v=0

1
< —Elon(t, v, p) — an(t,0,p)]. (3.13)
v
The inequality above follows from the convexity of «,(t,v,p) w.r.t. v.
So now the next task would be to show that the free energy at v # 0 is
“very close” to v = 0. However, the presence of the code structure in the

partition function makes it difficult to estimate the free energy ay,(t, —, —), for
any v > 0 and t # 0.
To circumvent this problem, we compute «, (0, —, —) and estimate a, (t, —, —)

by using again the interpolation method. The “miracle” that occurs now is
that, by carefully choosing v to depend on ¢, the remainder of the second inter-
polation is negative. Thus, if the erasure fraction is such that the estimate of
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a, (0, —, —) is small, then the remainder term is small. Note that the absence
of code structure allows us to estimate a(0, —, —).

It turns out that the good choice for v is v(t) = (1 —t). Applying the
interpolation method to (3.13) we get,

Lemma 3.5 (Second Interpolation).

B[ (1,110, ) — a(1,0,)] <A(2, / R(p, s)ds + on(1), (3.14)
where

An(%,p) - E[an((), %,p) — a0, O,ﬁ)}, (3.15)

5.0) = 3 B, Qs 3.16)

Where Q) is, as before, the overlap parameter (c.f. (2.45)) consisting of
| copies of identical and independent spins z(® for @ = 1,2,...,l. Above,
(—)1,s.0(s) denotes the replicated Gibbs average. More precisely, let fis,(s)(2)
denotes the Gibbs measure associated to the partition function in (3.12). Then
the replicated Gibbs measure is given by

His,0(s) (£(1)7£( cee (l) H Hs v (s) . (317)

To lighten the notation we denote the replicated Gibbs measure by 11 ,.(s) and
the un-replicated by g, ,(s). Also, we stress that at this point the parameter
p is still free. As we will see shortly that, setting it to pgp + § allows us to
estimate the r.h.s. (3.14).

We remark (and we will show this) that the judicious choice of v(t) allows
us to cancel the [ = 1 term in (3.16). The proof of the Lemma 3.5 is provided
in the Appendix 3.B.

Note that with the choice of v(t) = 1(1 —t), the upper bound provided by
(3.13) on the remainder term E;[(R(p, m));], diverges. But we circumvent this
problem as follows. We split the integral over ¢ in to the two intervals [0, 1 — 0]
and [1 — 4, 1]. Thus, we get

/O dtE(R(p, m)); = /0 - dtE(R(p, m)) + /1 1(gth<R(]§,m)>t
< / " HE(R(p )y + 206

r v 1 v 1-6 1 /t -
<2r0+ —-Ay(—=,p)In—-+ — dt— ds. 1
<uirta g+ [Cas [ Ase @)

We use the fact that |R(p, m)| < 2r for check node of degree r to get the first
inequality. To obtain the last inequality we combined (3.13) and (3.14). Note
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that in obtaining the term (gAn(%, p)In %), we have used the independence of

An(2,p) wrt. t.

Note that the r.h.s. of (3.18) has three terms. In the remaining of the
chapter we show that the last term corresponding to the remainder R(p, s) is
non-positive when we put p = ps = 1 — prs — 0. We will also show that the
second term in (3.18) yields a contribution of the form o,(1)+O(dInd), for the
choice of p = ps = prs + d. As a consequence, we obtain (3.11) for any ¢ > 0.
Hence we prove the main theorem on the equality of the replica solution.

3.5.2 Estimate of (3.15)

Recall that we are assuming P(z) = 2", i.e. each check node has degree r. One
can explicitly compute (3.15). Indeed, the free energy «,(0,0,p) corresponds
to a Gibbs measure with a product form (without the code structure and
without the term e*™#®™) For the other free energy a, (0, 1,p) the situation
is more complicated. Nevertheless, the code C; is absent and the problem is
similar to the computation of a free energy of a non-random complete p-spin
model [96]. This can be computed by the saddle point methods similar to [96].
Recall that ps = prs + 6. The net result of this long calculation, which we
show briefly in Appendix 3.E, is

A (7.55) = 1 = Ds +max () +0(8) + 0u(1)

where f(z) was defined in the Section 3.3. For z = pgrg, we have f(z) =
%ﬁRS<1 — 7’). Thus, for € such that the maximizer of f(z) is at Z = pgg, the

contribution of An(%,@;) vanishes as n — +oc.

3.5.3 Estimate of Second Interpolation Remainder Term
R(Ps, s)

Recall that we are assuming P(z) = z”, i.e. each check node has degree r.
In this section we will show that the remainder of the second interpolation,
R(ps, s), is non-positive.

Note that when v = 0, we could combine the even and odd terms in the
remainder (c.f. (2.44)) using channel symmetry. This then helped to determine
the sign of the remainder term. For example, when P(z) is convex, then the
remainder was positive.

It is difficult to estimate the sign of PR(ps, s), because unlike the case v = 0
we cannot use the channel symmetry to combine odd and even terms (which
could potentially help us to estimate the sign). The term e’™MiPm) g gaid to
break the symmetry in the partition function (3.12). More precisely, tools such
as the GKS inequality or Nishimori identities (channel symmetry) fail to apply
for v > 0. As a result, we are also unable to reduce all the overlap terms to
magnetization, as we did in (3.7).
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To estimate the sign of JR(ps, s) we first establish a relation between the
v # 0 system and v = 0 system. Recall that (—), denotes the Gibbs average
w.r.t. to the partition function (3.12) with v = 0. We have the following two
crucial technical lemmas.

Lemma 3.6. For any 0 < s <1 andv >0, if (x;)s =1, then (x;)s, = 1.
Lemma 3.7. For any 0 <s <1 and v >0, we have (x;)s, > —1+ o—dnvr

The proofs of the above two lemmas are relegated to the Appendix 3.C.

Before we go on to estimate the sign of the remainder, we first relate the
overlap parameters appearing in (s, s) to the magnetization of the original
interpolated code. More precisely, define the random variable ¢ = (m),. Also
define the random set of variable nodes S = {i : (x;)s = 0}. We stress here
that (—)s is the Gibbs average associated to the partition function in (3.12)
with v = 0. In words, this is the MAP measure for the original interpolated
code at time s. The randomness of the above defined quantities arises because
of randomness in channel noise and code realizations (at time s).

Recall that fi,,(s) denotes the Gibbs measure associated to (—)s,(s). Also
recall that /i s, (s) denotes the Gibbs measure associated to (—); s .(s). We have

Lemma 3.8. We have

1 l
<Ql>l,5,l/(s) =q—+ ﬁ Z <xi>s,l/(8)7

€S

. " (r il
<Ql>l,s,u(s) - Z ()q JE Z <xi1""rij>i,u(s)'

im0 M Q1,1 €S

Proof. From the definition of ¢ we have
1 < 1 1
q=(m)s = o Z(%)s I Z(%)s I Z L. (3.19)
i=1 i¢S i¢S

From the Lemma 3.6, for ¢ ¢ S we have (z;)s = 1 which implies (x;),, = 1.
Since —1 < z; <1 and (—),, is an average w.r.t. a probability measure, we
immediately obtain that x; = +1 with probability 1 under the Gibbs measure
given by fi,,():

Since in ); we couple [ identical systems, associated with the measure
Ms,u(s), We must have that m§1) = xl@) = ... = %@ = 1 for all i« ¢ S with
probability 1. Thus, we have

1 (1) (1)> <1 (1) <l>>
<Ql>l,s,l/(s)_<nzxi T l,s,u(s)+ nzmz T Low(s)’

¢S €S
1 1
T T
n 4 n 4 l,s,v(s)
¢S €S

1

€S





3.5. Upper Bound on the Remainder Term R(t) 103

To get the second equality above, we used that for i ¢ S, 3:51) = x§2) =...=

xgl) = +1 under the Gibbs measure given by 1y, (s). The last equality is got
by using (3.19).

Let us now prove the second expression in the statement of the lemma.
Usual computations give us

, 1 N @@
<Ql>l,s,u(s) = <ﬁ Z H xgl)xgz)...xgr)>l7s’y(s) (3.20)

11,82, ir a=1

l
1 (@), () (a>>
- (@) (@) 21
v X (el B2

i1,i2y00myir
! l 3.22
= E Z <xi1xi2...xir>s7u(s). ( . )
01,82y eyip
Suppose that 71,179,...,7; € S. The remaining indices are such that the cor-
responding variable nodes ¢ S. Under the Gibbs measure given by fi,,(s) we
know that z;,,, =--- = w; = 1. This would imply that
l !
‘ Z ) <xi1xi2'”l’“>s,y(s) - ) Z N <mi1xi2“'xij>s,y(s)< ) Z ) 1) (323)
11,89, yip 11,02,...,05 1j41€S,...,ir S
!
= | Z § <xi1xi2...xij>57y(5)< Z 1... Z 1>
11,02,...,05 1j41€8 ir &S
(3.24)
o l
= qT—]n J Z <xi1xi2"'xij>s,y(s)’ (325)

11,82,..0505
We get the last equality above by using (3.19). We can choose j number of
indices, belonging to .S, in (;) ways. Combining (3.20) and (3.23) along with
the previous fact, we get the second expression of the lemma. O

Thanks to the lemmas above we can prove the main result,

Lemma 3.9 (Sign of the Remainder Term). Let the channel erasure probabil-
ity, €, be such that prs = ppp, t.€. the replica solution is maximized by the
fixed-point of density evolution obtained via BP decoding. Then for any 6 > 0,
there exists n(0) such that for all n > n(d),

] (o
R(ps, s) = Z E(R(ps, Q1))1,s,0(5) < 0.

l
1>2

Proof. Since R(a,b) = (r — 1)a” — ra" b + ", using Lemma 3.8 we get

_ " (r i 1 e
<R(p5) Ql))sﬂl(s) - Z ()q ]ﬁ Z <xi1"'xi]'>i7y(s) - Tp(s 1q

7=0 J il,...i]‘GS

—r— 1 —r
— T'Ps 15 Z<$l>ls,u(s) + (T‘ - 1>p6 (326>
€S
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Let us write the previous expression in a convenient form. We separate out
the 7 =0, 1 term in the sum in (3.26) to find

r 1
<R(ﬁ57Ql)>s,u(s) :Z (r> qTijﬁ Z <x’i1""rij>i,u(s)

Jj=2 J i1,...1;€S8
1
r—1 r—1Y\ = l
+ (Tq TPs ) n Z<$Z>s v(s)
€S
+ (r—=1)ps —rpy g+ 4" (3.27)

We recognize that the last term above is equal to R(ps, q).

) 2%k-+1
Using (zi,...25;) 2% ) = (@i iy ) oy and (i, i) 2% > 0, we have

~(r\ , 1 [-1 2k 1 2k+1
> (s (5 2 ot gy T el

Jj=>2 i17-..ijES ll,---ijES
< —1 Z r rfji Z <<SU T >2k . <ﬂ? T >2k+1)
Sokr12<\G)T i L i Tig Vs w(s) ~ AT Ty N s)

j=>2 11,...’Lj€S
<0 (3.28)

Using (3.28) and combining j = 0 and j = 1 term, the addition of the odd
and even terms 2k and 2k + 1 in the remainder (3.16) gives us,

1 _ 1 _
_ﬁE<R<p5a QQk)>s,u(s) + 2% + 1E<R(p57 Q2k+1>>s,u(s) (329)
1 1 1
< E.R(ps.q)| — —FEu[Tos] + ——Fe[Topss].

(3.30)

We use the notation,

r— e 1
,]Z = T(q b Ds I)E Z<$l>i,u(s)

€S

Let Ay be the set of channel noise realizations and code realizations (at time
s) such that {¢ > pgp — 3 — %‘;)}. Here g(9) is the same as in Lemma 3.2.
Since g(d) < J, we must have ¢ > ps in the set A;. As a consequence, in the

set As, we have —%ﬁ + % < 0. Thus, we can upper bound the r.h.s. in
(3.29) by

1 1 1

2k(2k + 1)1@5[3(@5, D = gpBalTl + 57

o E,[Tops1]. (3.31)

Furthermore, since |g| < 1 and |ps| < 1 we have |R(ps, q)| < 2r. For the set
A,, a quick calculation shows that R(ps,q) > 7(r — 1)(§ — g(6))?*p. Thus,
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we can bound

1 o 1 o i
2k(2k + 1)E8[R(p5’ 7)) = TRk £ 1) A [R(ps. q)] ok 1) (R (s, )]
_; _ _ 2r—2 2r c
< 5y~ D6 — 9O FAPAL + Pl
(3.32)
Thus, combining (3.29), (3.31) and (3.32) we get
1 _ 1 _
- %E<R<p5a Q2k)>8,1/(s) + 2% + 1 <R(p57 Q2k+1)>s,u(s)
T | Tan] 0= DG - g(0)? w
= Eag { % okt 1} 22k +1) Prr LA+ 2k (2k + 1)P[“48]'

Summing over k£ > 1 and using the fact that Zk21 m converges to a
constant x, we get

—75 75
s s) < 3B | 2+ 2| = o = )6 - o0 2PIAL

+ 2rxP[AS).

Let us estimate the first term above. Writing explicitly the terms 73, and
Tor+1 we have

r 2h41
7-2]6‘ 7-2k+1 _ 1 <xz>s v(s)

]E ¢ — ]E c _ T — )
Z AS [ 2k+1 rBag | (¢ — P ZZ 2% + 1

ZES k>1

[ k+1
= 1B | (¢ =05 ) ZZ <s>]

165 k>2

=B |(@ — ﬁgl)% > <1n(1 (@) ss) — <xi>s,u(s>)]

Using the Lemma 3.7,

1
g [0 = 5 S+ ()] < 2B S m(s)r]
€S €S
SnT?(S)P[A‘;]

Putting everything together, we get

8nriu(s)

R(ps,s) < ( 5

o 20( 1) )PLAZ] = kr(r = 1)(6 — 9(6))*APLA]

This yields a negative contribution for any fixed § and n large enough
provided that we show P[AS] — 0 faster than n. To bound the probability of
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the event A¢ we note that for any realization of the randomness (channel noise
and code) (;)s > (;)s1,(0)- Note that this is w.r.t. to the original interpolated
code at time s. Indeed, if the iterative decoder succeeds and the BP estimate
is 1 then the MAP estimate is also necessarily 1. On the other hand if the
iterative decoder fails then the BP estimate is 0 and is surely less than the
MAP estimate which is 0 or 1. As a result, when % Yoilxi)s < Dpp— g — @, we
must have + = Awi)s ) < PBP — 5 — @. Combining the above with Lemma

3.2, 1mphes that there is a n(J) such that for n > n(0),

PlAS] = P[% Z<xz>s <pPBp — g - @]

)

< ]P’[l Z(%%,T( o) < DBp — 0 _ 9(6)]

n - 2 2
n
SIP)|:2<xz>ST <ZE xz $,T5( }_E - (5)> )
and the result follows from Lemma 3.3. O

3.6 Road (Block) Ahead

In this chapter we showed that the replica solution provides the correct solution
to the per-bit conditional entropy, in the asymptotic limit, when transmit-
ting over the BEC. Similar results can be obtained for the Poisson LDGM
ensembles. The extension of the present methods to a standard irregular
LDPC ensembles and general BMS channels is still open3. Because of the
non-combinatorial nature of the proof we are hopeful that such an extension
is possible.

One of the highlights of the current approach in the case of BEC is that the
remainder term of the first interpolation simplified radically. The remainder
consisted only of the magnetization. As a result, the coupled partition func-
tion is kept simple (c.f. (3.12)). However, for the case of transmission over
general BMS channels, we are unable to simplify the remainder term. Thus,
the coupled partition function may involve a large number of replicas. Conse-
quently, controlling the remainder term of the second interpolation might be
very difficult. Fortunately, as the next lemma shows, if the magnetization (or
the first term in the remainder) can be “controlled”, then the entire remainder
term can be shown to be small.

The lemma holds under the assumption that all the overlap parameters
concentrate on their average. More precisely, we conjecture that the remainder,
R(t), in (3.5) can be written as follows.

3Although, in the next two chapters we will attack the problem for the case of trans-
mission over general BMS, by another method.
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Conjecture 3.1 (Concentration of the Overlap Parameters). Consider trans-
mission over a BMS channel using a standard LDPC(A, P) code ensemble.
Then the remainder term of the first interpolation method is given by

R(t) =2 3 TV R B Q)1) + 0u(1).

)
>1

Notice that the average w.r.t. all randomness is present inside the polyno-
mial R(—,—). We remark that we have already proven one concentration in
the form of equation (3.6).

We state and prove the following lemma only for Poisson-LDPC code en-
sembles. We hope it would be possible to extend it to any standard LDPC
ensemble via the multi-Poisson ensemble approximation of Montanari [29].

Lemma 3.10 (Magnetization as the Order Parameter). Consider transmission
over any general BMS(€) channel using Poisson-LDPC(n,~,r) code ensemble
with v > 2. Let Cgp be the set of channel noise values, such that the maxi-
mazer of the replica solution is the BP fixed-point of density evolution. Further
assume Congecture 3.1 holds. If, for a given channel noise value € € Cgp and
for any 0 such that 0 < § < q1, we have,

i [ dtR(q1, Ed(x;)]) < 6, (3.33)

n—-+4oo 0

then we have

1

4 2
lim | dtR(t) < — 1 §V4 4 ZL534 (3.34)
nreeJo (n—0)= r
Proof. We provide the proof of this lemma in the Appendix 3.D. O

The above lemma allows us to consider a partition function coupled with
only the magnetization. Even with the above simplification, proving Lemma
3.9 (controlling the remainder term of the second interpolation) for channels
other than the BEC is still open.

Before we conclude the chapter, we provide a concentration result for the
magnetization and demonstrate some of its implications.

3.6.1 Role of Magnetization

As we saw in the above section, controlling the magnetization would allow us
to prove that the replica solution is correct. Magnetization also appears in a
straightforward way in the MAP-GEXIT formulas for the BEC and BIAWGNC
(see Section 2.3).

In most relevant models in statistical mechanics or communications, the
magnetization is believed to concentrate. But proving this fact is not trivial
because it involves a bound on the second derivative of a free energy. This
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quantity is not uniformly bounded (with respect to system size) at phase tran-
sition thresholds. In this section we provide a concentration theorem for the
magnetization for any linear block-length code. We show various implications
of the concentration result. One of the implications is an informal justification
of the exactness of the replica solution for the communication problem.

The concentration result (Theorem 3.2) is valid for general fixed linear
codes C' of length n. This theorem states that, for a given linear code, for
almost all values of the noise parameter, the magnetization concentrates on
its average over the channel output realizations. By minor modifications in
the proofs one can also obtain the corresponding statements for the standard
LDPC and LDGM code ensembles.

Recall that the magnetization is given by m = %Z?:l x;. With all the
standard notations we have

Theorem 3.2. Consider communication over the BEC(e), where € is the era-
sure probability or over the BIAWGNC/(e ) where €* is the noise variance. There
exists a finite positive constant ¢ possibly depending on a,b and independent of
n such that for any linear block code of length n,

Y

| deBl(m —Bifgmi])] <

N
ol O

where [a,b] € (0,1) for BEC and [a,b] € (0,00) for BIAWGNC.

Proof. For a proof, please see [97]. ]

Remark 3.2. For standard LDPC ensembles and LDGM ensembles, we can
show the same statement with E; replaced by Ec ;. In particular, by dominated
convergence it follows that for Lebesque almost every ¢ > 0

lim E¢;(|m — E¢,;(m)|) =0, (3.35)
n—oo
The statement holds for almost every e because it cannot be valid at phase
transitions. In fact, one expects that the phase transitions occur at isolated

points. Thus, the statement of the above theorem should hold for all € away
from these points.

3.6.2 Implications of Concentration of Magnetization

Fraction of bits in error. Consider the BEC and let P,(l) denote the fraction
of bits in error for a given channel output realization [,

1

P = 51— (m).

This formula is valid for the BEC because a bit z; is either decoded correctly
or not decoded, which implies (x;) € {0,1} (for more general channels the
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right hand side has to be replaced by + 1" | 2(1 — sgn(z;)) with sgn(0) = 0).
The theorem implies concentration of the fraction of errors over its average

which is nothing else than the bit MAP error probability,
1
Peyap = 5(1 — Ey(m)).

This follows by bounding
E;[[(m) — E(m)|] < Ey(lm — Ei{m)]).

From Remark 3.2, the bit error probability of MAP decoding further concen-
trates on its average over the code ensemble E¢[P.].

Concentration of MAP-GEXIT function. For BEC(¢) and BIAWGNC((e), re-
call from Section 2.3 that we have the following formulas for the MAP-GEXIT
function,

dh In2

BEC: R, (e) = d—e” = — (1 = Ey(m))),
BIAWGNC: K. (¢) = d;ﬁ 1= E[(m)]).

Theorem 3.2 and (3.35) imply lim,_. Ec|h!, — Ec[h.]| = 0.

Absence of replica symmetry breaking. Some random spin systems are be-
lieved to exhibit the phenomenon of replica symmetry breaking [71], [74]. In
the present context this would mean that in the large block-length limit the
posterior measure becomes a convex combination of large number (exponential
in the block-length) of measures. A criterion that signals such a phenomenon
can be formulated thanks to the overlap parameter

1 n
==Y a2, (3.36)
n -
=1
where the superscript is the usual replica index and means that we take two
independ (a) (@) i
pendent samples (", ...,zn") from p(z | y). When the replica symmetry

is broken the overlap parameter has a non trivial distribution [71]. Let P, (z) =
Ec,;(I1(m = x)), Py(z) = E0l<]l(q = 7))1,2, where ()12 denotes the product
measure p(z) | y) - p(z® | y) for the same output realization of y. For any
BMS channel and any linear block code, we have the Nishimori identity [65]

P (x) = Py(2). (3.37)

Thus, concentration of m is equivalent to concentration of ¢ so that the dis-
tribution of the overlap parameter remains a trivial delta function. This argu-
ment further strengthens the belief that the replica solution for communication
over BMS channels using sparse graph codes is correct?.

4Note the replica solution, given in Section 1.7.4, is really the replica symmetric solution
in the language of statistical physics.





110 Binary Erasure Channel: Second Interpolation Method

3.A Proof of Lemma 3.2 and Lemma 3.3

We begin with the proof of Lemma 3.2.

Recall that pgp is the BP fixed-point of the density evolution equation for
the interpolated code at t = 1 (the original Poisson-LDPC code ensemble).
Le., pgp is the largest fixed-point of

r=e\1—p(1—2x)). (3.38)

For the proof we will require the following. Let &' = eA(1 — p(1 — ppp —
0)) — ppp. Since pgp is the largest fixed point of the equation we must have
eAN(1 — p(1 —ppp —0)) < ppp + 0. As a result,”,

§ < é. (3.39)

In the sequel, v and x4, will denote erasure probabilities. It should not be
confused with the spin/code-bit variable x;.

Proof. We first claim that for any x such that pgp + 6 < x < 1, we have

% [eAl_t(l — (1= ppp — AL — p(1 — x))} > 0. (3.40)

Let us compute the derivative (3.40) explicitly. We have

d

dt [EAl_t(l —p(1 = pep — 8))A(1 = p(1 — “’)ﬂ

d |:€€—'y(1—t)p(1—p3p—5)6—’Ytp(1_z):|

T dt
— [66—7(1—t)p(1—p5p—5)€—wtp(1—a:)7<p(1 —pap—0) — p(1 — m))}

Since p(+) is monotonic in its argument, for > pgp + § we have p(1 — x) <
p(1 —ppp —0), from which we immediately prove the claim. As a consequence
of the above claim we have

(1= p(1 = psp — )1 — p(1 — 7)) < AL = p(1 — )
Vo € ppp+0,1].  (3.41)

Recall that we denote the interpolated code at time t by C;. Our aim is to
find a positive integer ¢ such that, the average erasure estimate of a random

code-bit after ¢ iterations of the BP decoder is less than pgp + 6.
From the density evolution equations at time ¢ we have,

Zene = Mol — p(1— )AL — p(1 - 220)).

Above, x,,1 denotes the density evolution estimate of the probability that the
variable-node-to-check-node message is in erasure at iteration £.

5Note that ¢ is a small number. Thus, pgp + 6 < €.
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Let ¢ (which depends only on §) be the number of iterations such that
Ty1 > ppp + ¢ and Toy11 < pp + 0. We claim that Toy1t < pp + 0 for
all t. Indeed, without loss of generality, consider only those values of ¢ < 1,
for which zy; > ppp + 0. We claim that for such ¢t we have z,; < ;. Let
us prove this sub-claim immediately. Indeed, we have that z¢, = € for all ¢.
Thus, at ¢ = 0, we have xo; < x01. Now suppose that for some 0 < ¢ < ¢
we have xp; < xp ;. Since ¢’ < ¢, we must have xp; > x4, (density evolution
estimate of the erasure fraction decreases with increasing iterations). Thus
xpy > ppp + 0. As a result, using (3.41) we have,

Toi1p = €A(1 = p(1 —pap — 0))M(1 — p(1 — 24 4))
(3.41)
< A1 —p(L —zpy)) (3.42)

Since by assumption xp; < x4 1, we get
A1 —p(l—xpy)) <eX1—p(l —zp1)) =Tpi11. (3.43)

Combining above, we obtain zy41; < xp411. Thus, we deduce that, starting
from ¢ = 0, as long as x¢; > ppp + 9, we must have zp; < x,;. Thus, we
prove that x,; < x4 ;.

Now since zy; < x4, we obtain

Toy1y = €M—(1 = p(1 —pep — 0))A(1 — p(1 — z4y))
<eA1 —p(1—x244)) < eX1 — p(1 —z47))
= Zy111 < ppp + 0.

Where the first inequality again follows from (3.41), since x,; > ppp + 0. The
second inequality follows since zy; < x,;. Hence we have x,y1+ < ppp + 0.

Since x¢114 < ppp + 0, from the density evolution equation at time ¢, we
have

Toror = €A—¢(1 = p(1 —ppp — 0))Me(1 — p(1 — Tpy14))
< eh—¢(1 = p(1 = ppp — 0))M(1 — p(1 — ppp — 9))
= 6)\(1 — p(l — pPBp — 5)) = pBp + 5/.

Recall that we denote the neighborhood of depth ¢ of a random code-bit
(spin) x; in Cy by Ne(i). Let us compute E[{z;):1,,,)|Ne+2(?) is tree]. Recall
that Ty, 2(7) is the computation tree of depth ¢ 4+ 2. In this case the compu-
tation tree coincides with Nyio(i). Thus, (z:)¢7,,, = (%i)t,N,,.0)- Recall that
(T3)t,N,406) € 10,1} (cf. 2.5). This implies that E[(z;)¢1,,,0)| NVes2(4) is tree]
equals the probability of not-erasure. From density evolution, we know that
this equals 1 — eA\;_4(1 — p(1 — ppp — 0))A¢(1 — p(1 — w¢42,4)). Note that,
since the interpolated code is also a Poisson-LDPC code, we can replace
A(1 = p(1 — xpy04)) with (1 — p(1 — x442,)) in the previous expression.

Thus, using eA\_(1 — p(1 — ppp — 0))A\e(1 — p(1 — 2p124)) < X412, We get
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E[@:)o120) = E:)e,10,a0) Neali) is tree] Pr(Neyo(i)is tree)

¢ln n)4E+2) o—4¢

where in the second inequality we use the fact that for a Poisson-LDPC code,

4042
Nyyo(i) is a tree with probability greater than 1— M The last inequality
follows by choosing n large enough. We get the lemma by putting g(d) =

26’
= + ¢ 3 <0. O
We now turn to the proof of Lemma 3.3.

Proof. The sub exponential term comes from removing the codes with maxi-
mum degree greater than Inn. The exponential term follows by adapting the
proof of [9] for maximum degree of Inn. O

3.B Second Interpolation

In this appendix we prove Lemma 3.5 which uses the interpolation method.
Notice that with the modified partition function, Z(t,v,p), there is no more
channel symmetry (Nishimori symmetry). This makes the determination of
the sign of the remainder of the interpolation term a bit more complicated.
However by choosing v(t) = 2(1 —t), we can easily determine the sign and we
obtain the lemma. Using the fundamental theorem of calculus we have

Efon (¢, 2(1),5) — (1,0, )] =Elon(0, 7.5) — ,(0,0,p)

N /t dE[a, (s, 1/(8),6]2 — an(s,O,ﬁ)]dS‘

Since v(s) also depends on s, the total derivative w.r.t. s is given by

dBan(s,v(s),p)] _ OElan(s,v,p)] 7 OBlan(s,v,p)]
ds N 0s r ov (3-44)

Let us compute the partial derivative with respect to s first. This compu-
tation is similar to the one in Appendix 2.A.4. We have

W VEZ *( Qe — r(Eftant'(0))) Q1) )

+71n2<1 . %)
,y lJrl
Z:

+ 71112(1 — %) (3.45)
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Above, we used dy(v) = pdy(v) + Péo(v) to deduce (E[tanh'(v)])" = p" and
(E[tanhl(v)])r_l = p'~'. The partial derivative with respect to v is easily
found out to be,

LD (R, ) ) (3.46)

Thus, combining the two partial derivatives we get that the total derivative is
equal to

dE [ (5, v(3) l+1 1N+l )
E[ (dS 7 Z Ql>>s,y . %]EZZI ( 11) (7” . 1) r
+ 71n2<1 - %) (3.47)

We remark that the first sum over [ in (3.47), starts from [ = 2 instead
of [ = 1. This is because E[(R(p,m))s,] from (3.46) gets canceled with

E{R(p,Q1))sy] = E[{(R(p,m))s,] in (3.45). Performing similar calculations
dE[an (s,0,p)]
ds

dE[ov,(s,0,p)] v
s o EZ

for we get,

l+1

1
+vIn2 (1 - —). (3.48)
T
Recall that in (—)s, the term v is set to zero. Thus, combining we get,

Efev,(t,1(t), 7)) — Elan(t,0,7)] = Elan (0, 1,5) — Els(0,0.p)]

/ ,.YEZ l+1

l+1

p7 Ql))s l/ds— / PY]EZ p> Ql))
(3.49)

Since in the last term above, the parameter v is set to zero, we use the channel
symmetry (Nishimori identities) to get (c.f. (2.44))

ey ET
A ;EZ I p7 Ql A r Z QZ 2l _ 1 p7 QQZ)>

=1

If r is even, then the above expression is positive from convexity arguments
[29]. If  is odd then, recall that in the previous chapter, we showed that this
term is positive in the limit n — 4o00. Note that the o,(1) term in (3.14)
comes when r is odd. Hence the lemma.

3.C Proof of Lemma 3.6 and Lemma 3.7

In this appendix we prove Lemma 3.6 and Lemma 3.7. Let us denote the
Gibbs measure of v = 0 system by u(x) and the Gibbs measure of the v # 0
system by u(v, x).





114 Binary Erasure Channel: Second Interpolation Method

Proof of the Lemma 3.6. Since (x;)s = 1 we have

ZM(% =—-1,2"") =0,

which implies that for any value of ™ we find p(z; = —1,2™") = 0. We
observe that we can write the Gibbs measure of the v # 0 spin system as
pv,x) = Z(s)p(x)e™ ™™ /Z (s, v, p). Thus

U(Vv T = _17£Ni) = Z(‘S)N(xz = _17£Ni>€m/R(ﬁ7m)/Z(87 v, ]5) =0,
for any value of ™. This immediately implies the lemma. ]

Proof of the Lemma 3.7. Let (x;)s,, = —1 + (. Thus
Zu(% ri=1,2"") — Zu(v, ri=—-12"")=-1+C(

Since ZQW M<V7$i = 17£Ni) =1- Zgwﬁu(yaxi = _1’£~i) and M(%&) =
2@ O™ 25,0, ), we have

~iygnpan) _ 205, VD) €
“ 2

It is easy to see that

Z(s7 V’ p)

_ nvR(p,m) 2nur
Z(s) - <e >s <e

since |R(p, m)| < 2r. Thus, we have

z' —l/n|Rpm\ < z —Vn|R(pm)|< l/n2r£‘
S ot 5 uie <o

As a result, we have Y . pu(r; = 1,27™") < e™r$. This implies (z;), =
23 i (i = 1,27) =1 < e”™( — 1. From GKS inequality for the BEC (and
any code) we know that (z;)s > 0, which implies ¢ > ™™, ]

3.D Proof of Lemma 3.10

We prove here Lemma 3.10. The Conjecture 3.1 implies that

R(t) =~ <_1)l+1R(Qz, E[(@Qi)]) + on(1),

r l

= 25 C R Bl + 0,00,
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Proof. Choose a positive integer, L = B (1 + éﬂ for any 0 < § < 1°. Since
|R<QZ,]E[<ZE¢>?])| < 2r, we have

L—-1
N V- L YN 2
R < L2020~ 1)R(q2l*1’E[<x’>t N+ l; 20020 — 1)
~ L—-1 1 -
N R(gu1, E[(z;)271]) + 2461, :
< T3 sy e Bl + 2 (3.50)

where the last inequality follows from

3 L 1 4 (3.51)
2(20—1) ~ 2L -1~ '

I>L

Note that we use E to denote the expectation w.r.t. to randomness in both
code and noise realizations.

We now proceed to control the sum till L — 1. To do this we first develop
a sum-rule to relate E[(x;)2 '] and ¢y_;. Remarkably, thanks to the channel
symmetry, we will see that the difference between the two terms is “almost”
the same for [ > 1. Consider a fixed code C. Consider the code-bit x; and
consider a neighborhood Ny(i), of depth d, around the spin. We “soften” any
hard parity-check node a belonging to the boundary Nd(i) of the neighborhood
as follows. Associate a random variable I, ~ N (t,,t,) (symmetric gaussian)

to the parity-check node a, then we can write,

14z, T lo(wa—1)
5 = talirgoo e . (3.52)

Consider the modified Hamiltonian with every check node, a € Ny(1) repre-
sented by ele(*a=1)  We remark that if ¢, = 0 for any check node a, then the
“interaction” between the code-bits present in the check node a vanishes. This
process of setting t, = 0 we call as “erasing” the check node from the graph.
With slight abuse of notation, [ now denotes the random realization of the
channel noise as well as the random variables [, associated to each check node.

We now provide a sum rule for estimating E;[(z]");] for any positive integer
m. Order the check nodes in the boundary, Ny(i), of the neighborhood, in a
given arbitrary way and call (—);.< the Gibbs measure with ¢, = 0 for the first
k: check nodes of Ny(i). With this notation, (—); <o implies that no check node
has been erased. For the first check node (call it 1) we use the fundamental
theorem of calculus to find,

()] = Eil(e)] + [ dn TR (359

SHere § is a very small real number.
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We can now take the second check node (call it 2) and erase it from the first
term in the r.h.s of the above equation to get,

(a7 = Ed(o t<2+2/

dEl zl t<] 1} (3 54)

We repeat this procedure for all check nodes in Nd( ) to get,
Ei(e)?) = Blladlng + Y [ a SRS @)
J

. t.=0
jENg(@) 7

The bracket, <—>t7Nd(i) denotes the Gibbs measure w.r.t. the code with all the
check nodes in the boundary Nd(i) erased, or in other words, it corresponds
to an average w.r.t. the neighborhood Ny(37).

Consider any code with one check node converted to a soft check node.
More precisely consider the Hamiltonian with the constraint e(*=1_ Because
of the Gaussian identity and integration by parts formula (see 2.A.3) we have

dElSZ>t ] _ — E, {(% + %j_l) (z; >m] : (3.56)

The first derivative equals

dEy(z;)7"

I G (s~ feele) | (357)

Taking now the derivative of the above expression we obtain the second deriva-

tive

1 d2El <£L‘Z>m 1 m— 2

5| ] = Gt = DB (@ o)’
1

+ 2mEl {( D7 = 2z () + 2<xz)t<xc>f)] (3.58)

Combining the above two we get the derivative w.r.t. ¢, to be

%Zﬁm = mlE; {<Iz>§n1(<$z$c>t — {@ielwe)e) (1 = <xc>t>}

 3mlm DB (i~ e ] 359)

We apply Nishimori identities (see 2.A.2) to all the terms above and for the
case when m = 2l — 1 we get

dEy[(z:)i' ]

o :12z<2z—1>Ez[< o 2(<xixc>t—<xi>t<xc>t)2} (3.60)
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Using this in our sum rule for m = 2] — 1 we get

1 o0
Byl{z)3 ] = Bulled? ] + 5201 -1) S / ,
FENL() © T

_ 2
X By <j1 [(xz‘)?,lgf1(<$z‘a7j>t,§j—1 —(@i)t,<jm1(xj)e<j1) |- (3.61)

Thus, taking expectation over the code ensemble we get

1
Ec[(x:)7 ) = Eea[(z:)i'y 0] + 52l(2l — 1)Corr(1), (3.62)
where
Corr(l) =F¢ ) _ / dt;
FEN(i) t=0

- 2
X Bi<ja [($i>?,l<f—1((xﬂj%,g—l — (@i (@5)eg-1) " |-
(3.63)
We remark that since (z;)7'< 7 ; < 1, we have the inequality Corr(l) < Corr(1).

Since the probability of the event, T = Ny (i) is a tree is greater than 1—o,(1),
for [ =1 we get

Ec[(z:)e] = Ecy[{i)e,n,0) | T] + Corr(1) + 0,(1). (3.64)

Without loss of generality assume that the ¢; > 0. Choose d; such that
Eci[(zi)eng, ) | TI — @il < §/(2r(r —1)). This is possible because of the
hypothesis of the lemma, which states that ¢; is the BP fixed-point of DE.
Recall that R(a,b) = (r — 1)a" — ra" b+ b". If b > a, then we have
R(a,b) = (r —1)a" —ra" 'b+ 0"

— (b _ a)[br—l et ar—2b+ ar—l _ rar—l}
>b—a)a*h—a) = (b—a)’a"> (3.65)
Using a = ¢ —0/(2r(r — 1)) and b = E¢,[(x;):] in (3.65) we find

R — 0 Ecy[{z:)e] | >

q1 QT(T —_ 1) 9 C,l i/t el

(Bedwd (0= 55—p)) (0= 55p) -~ @69

Using Ec[(i)e.ng, ) | T > ¢ —0/(2r(r — 1)) in the r.h.s of (3.66) and using
(3.64) we obtain

R0 5y Bedlledd) = (ComVP (-~ 5=5) a0
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Using the identities a” — 0" = (a — b)(a" ' +a"2b+---+b"') and |R(a,b) —
R(a+¢',b)| < 2r(r —1)|0| for |al,|a+ |, |b| all less than 1, we find

R(a,b) = R(a + 4, b) + R(a,b) — R(a + 4, b)
< R(a v b) +or(r — 1)|6]. (3.68)

We remark that the above inequality holds even if 0’ is negative.
Thus, using 3.68 with a = ¢; — . b=E¢y[(z;):] and ' =
find

we

)
27‘(7’ 1) 2r(r—1)7

R(Ql - ﬁ ) EC,lKl’i)t]) < R(QlaEC,L[<xi>t]) + 4. (3.69)

Combining (3.67) and (3.69) we get

(Corr(1))* (¢ - ﬁ)Q < R(gr, Eeyl(z)d]) + 6+ on(1).  (3.70)

Again, the hypothesis of the theorem allows us to choose dy, n large enough

such that |]EC,L[<331->§1];:2 o | T =] <3 for all 1 <1< L — 1. Finally,

choose d to be the larger of d; and ds.
Using (3.68) for a = qo_1, b = E¢y[{z;)7 '] and a + 0" = ECI[(xl> z) | T]
we get

R(qai—1, Bey[(z:)71]) < R(Ecz[<$z)thd o | T Eeal(za)i ™) + 6.

Putting everything together we have

m/t dtR(gar1, Beg[(z:)7 ")

S/todtR(ECl[(:thd o | T Eeal(z)f ™) +6

R(a,b)<|b—a|2r and
<

1)7

(3.62) 1
27"/ dt Corr(l) + 6 + 0,(1)
t=0

remark after (3.63)

1
< 2r/ dt Corr(1) + 0 + 0,(1)
t=0

Cauchy-Schwartz

27’(/:1 dt(Corr(l))2>1/2+5+0n(1)

(3.70) o 1 1/2 or§1/2
< 2 ([ e Bele)) 6 0,()
(n—6)= “Mi=o (q — 6)"3
Hyp. of theorem 4
yp < —TM51/2+6+071()
(1 —0)>
Finally, summing over all [ < L — 1 and using L < 4 we obtain

1
/ HR(t) < — g1 2153/4 +on(1).
0 q1 — 5) r

2
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It will be useful in the next chapter to have the following lemma.

Lemma 3.11 (Erasing Checks). Consider transmission over any general BMS
channel using any fivred LDPC' code C'. Then we have, for any positive integer
p=1,

where x; is any code-bit and the average (—)c\p s w.r.t. the Gibbs measure
obtained by removing a set of parity-check nodes B from the code C'.

Proof. This follows immediately from the analysis in the previous proof, by
noticing that the derivative (or the remainder term) when we “erase” any check
node (see (3.53)) is always positive (see (3.60)). O

3.E Derivation of (3.15)

Due to the continuity of A, (2, p) with respect to p, we can bound the difference

u(2
An(L,5=8) = Au(L.P)] < O(0). (3.71)

Since § can be made as small as wanted, it is sufficient to show that A, (Z,p)
goes to zero in the limit n — +oo, for p = pgrs.

Computation of A,(.,.) can be done exactly because it does not involve
any code constraints. From (3.15) we have

1
Au(L.p) = <E [m 2(0, %,]5) _ 1nZ(0,0,p)]
1 1 -
_ In(m”—rp"~tm+(r—1)p")
= EE [ln <e p P >0}

= g(r —1)p" + 1IE [ln <e’”(m B )>0} - (3.72)

Above, (—)g is the Gibbs average associated to the partition function Z(0, 0, p).
Note that (—)g has no parity-check constraints. Let us now compute the second
term in (3.72).

i
e+, =2y Yz

]- i =T — 1
—Eln(erntm"—rp = —Eln e” -
n < Z H 2 cosh(%) TT%, 2 cosh(%e)

_—EIHZH M+

z =1 2COSh 51) Hal:12COSh<%)

= lIElane" m 43 T R g <2cosh( Zé“))
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Where we used

1 i l; e, ub l ui
1E1 3+ B)m _ || (2 L (_z _>>
- nZHe n{2cos 5 + 7

xz =1 a=1

We also introduce the notation J; = Z + >4 7“ —ript
Thus, setting p = pgrs, we finally obtam

An(zapRS> = z(7“ — D)pre + lEan ey i Jiw Eln2c:osh Z
r r n -

(3.73)

All the spins have independent and identically distributed J;’s. The spins
are coupled only through the term m” (r— body interactions) which appears
in R(z,m). The following lemma of [96] helps us to convert the r—body
interactions into 2—body interactions.

Lemma 3.12 (S. Korada, N. Macris [96]). For some 0 < 6 < 1,

1 2 )
lim 1Elnze"rm i = im lIEIHZ@ i=1/ / dze_n1+6(z_zn ) e

n—oo 1 n—oo 1} 1

(3.74)

The square term in the integral in the above lemma can be linearized using

)2 140 54
the gaussian identity \/7?67"1#} <Zf Z"l) = fdyefyLQm ’ Gf%)y. With this,
there are only linear terms in the exponent”. As a result, the sum over the
spins, x, can be performed. Then the integral over z is estimated performing
saddle point computations [96]. Thus, combining (3.73) and (3.71), leads us
to the estimate

An(%7ﬁ6) -

==

(r —1)pre + max f(z) + O(0) + 0,(1).

"Note that there will be two integrals in the r.h.s. of (3.74). One over y (obtained via
the gaussian identity) and the one over z. But the integrals can be exchanged (see [96] for
details).





Decay of Correlations:
Low Signal-to-Noise Ratio

4.1 Introduction

The study of the behavior of correlations between spins is one of the central
aims of statistical physics [98], [99], [100]. The analysis of the correlations
gives an insight into whether there is a single Gibbs measure describing the
system in the thermodynamic limit or if the measure of the system is a convex
combination of many Gibbs measures (which signals a phase transition in the
system [99], [101], [102], [103]).

In this chapter we will show that a good deal can be learned by looking
at the correlations between code-bits (more precisely the covariance of the
MAP decoder), averaged over the channel outputs. Intuitively, studying the
correlations should tell us how much “information” one code-bit conveys about
another. As we will show, this has an immediate bearing on the performance
of the BP decoder. We will have much more to say about the methods we use,
but let us say at the outset that our aim is to cover a fairly general class of
BMS channels, including the BSC and BIAWGNC.

One of our main results in this chapter is that, for sufficiently high noise,
the correlations between two code-bits of an LDGM code and a class of LDPC
codes decay exponentially fast as a function of the graph distance between
these code-bits. Further the convergence is uniform in the block-length n. The
sparsity of the underlying graph then implies that, if furthermore the decay
rate beats the local expansion of the graph, the asymptotic average MAP-
GEXIT curve can be computed via density evolution. Another interpretation
of this result is that the solutions provided by the replica method of spin glass
theory are exact. For LDGM codes transmitted over the BSC, the decay of
correlations has another consequence. It implies that the limits d,n — +o0
can be exchanged for the computation of the asymptotic average BP-GEXIT
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curve.

For lattice spin systems (e.g. the Ising model) an important criterion that
ensures correlation decay is the Dobrushin’s criterion [104], [99], [62]. The
second most common method is based on suitable expansions in powers of “the
strength of interactions”. There exists a host of such expansions collectively
called “cluster expansions”. In the context of spin systems the historically
first and the simplest such expansion is the so-called “polymer expansion”
[98], [105].

The main rule of thumb is that all these methods work if the spins/code-
bits are weakly interacting. In the language of coding: the methods would
work only for bounded LLRs. However, when we consider transmission over
the BIAWGNC, the LLRs are unbounded. As a result, these methods are not
suitable for the analysis. It turns out that a cluster expansion of Dreifus, Klein
and Perez can be carried out for the case of transmission over the BIAWGNC.
This method was first developed in [101], in the context of lattice systems. We
adapt their expansion to our case of Tanner graphs and demonstrate decay of
correlations.

The rest of the chapter is organized as follows. In Section 4.2 we formulate
the channel models and the encoding schemes. In Section 4.3 we state our
main results for LDGM as well as LDPC codes. The main strategy of the
proofs is also explained there. Section 4.4 contains the proof of correlation
decay and its consequences: computing the asymptotic average MAP-GEXIT
curve via density evolution and exchanging limits of large block-length and
iteration number of computing the average BP-GEXIT. The proof of decay of
correlations for the special class of LDPC code ensemble is provided in Section
4.5. We conclude the chapter in Section 4.6 by some discussion and by pointing
out some open problems. Appendix 4.A derives the cluster expansion, in the
Tanner graph setting, which is used in our proofs.

4.2 Set-Up — Channels and Codes

In this section we introduce the channel models and the codes for which we
will state and prove our main results. We first describe a fairly general class of
BMS channels. This includes the important case of the BIAWGNC. We will
then describe the codes that we use for transmission, namely LDGM codes
and a special class of LDPC codes.

4.2.1 Low SNR Channel Models

Consider a BMS(¢) channel defined by a transition p.d.f. pyix(y | =) with
inputs x € {—1,41} and outputs belonging to R. In this chapter, it will be
convenient to replace the channel LLR with the half-loglikelihood (3LLR )

1 [pyix(yl+1)
L= 5 In| >

pyix(y| — 1) (4.1)
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which, by abuse of notation, we also denote by I.

Also, we denote the p.d.f. of the %LLR , assuming that the all-one codeword
was transmitted, by ¢(l). Recall from Section 1.2 that, the noise parameter
varies in an interval [0, €max| (€max 1S possibly infinite). For example, we have,
Emax = % for the BSC, €,.x = +00 for the BIAWGNC and €,,,, = 1 for the
BEC. Note that ¢ — 0 corresponds to low noise and € — €,,,, corresponds to

high noise. We now define the class of channels for which our main results
hold.

Definition 4.1 (Class of Channels — KC). A channel belongs to the class KC if
it satisfies:

1. The numbers Ty,(€) = L [*_dlc(l)(tanh()? are uniformly bounded with
respect to the positive integer p (p > 1).

2. For any finite m > 0 we have E[e™!] < ¢, < 4+o0.

3. (High noise condition): Set §(e, H) = e — 1+ P(|l] > H). One can
find H(e) > 0 such that lim¢_,,. (¢, H(¢)) = 0, where P(-) is the c.d.f.
(associated to c(l)).

Let us give some examples of channels which belong to the class K.

Example 4.1 (BSC). Consider the BSC(e) with € € (0,3). We have

pyix(ylz) = (1 —€)d(y — ) + ed(y + ),

o(l) = (1—6)5<z—%1n[1j]> +65<<z—%1n [1;}) (4.2)

From above we have, (tanhl)?’ = (1 — 2€)* for all values of . As a conse-
quence, we obtain

d

Top(e) = (1= 26)%) = ~dp(1 — 207"
€

It 1s easy to see that, for any 0 < e < %, one can find a constant, which depends

only on €, which upper bounds Ty, for every p > 1. Since E[e™!] = (%)%, the

second condition is also met. Let us turn our attention to the last condition.

If we choose H(e) = £ In1=< for e € (0,1/2), we find from the distribution c(l)

2
that P(|l| > H) = 0. As a result, §(e, H) = *™ 2] — 1, andlim_ 1 6(e, H) =
0. Let us say a few more words on the high noise condition. The2high noise
condition states that we can make the term 6(e, H) as small as we want, by
making the channel sufficiently bad (€ — €max). The factor §(e, H) appears
in the analysis of the correlation between code-bits. By choosing the channel
noise large enough we gain control over its estimate.
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Example 4.2 (BIAWGNC). The most important ezample is the BIAWGNC.
Let us show that BIAWGNC € K. We have

prxclole) = e~ et = e (<1550,

d;(el): \/% eXp(_(l —6‘2)2) L€ exp(_@)(e—tez?). (4.3)

Thus we have

Ty < /;de\dZ—(E”(

+o0 | — 672)2 400 € (l _ 672)2
<e ! dl— —(— 3/ dl —_
<e \/ﬂ exp( e ) + € " exp e 2
+oo ep (l _ 6_2)2 12

< S
\/ 262

=2(e” —|—€73).

+e€

This implies a uniform bound on Ty, with respect to p. Since Ele™!] < E[e™!]+
Ele™™], we use the characteristic function for the Gaussian distribution to get
E[e™l] < e *(mt5) 4o ?mtt) — ¢ < oo. Let us test the high noise
condition. Choose H(e) = e 3/*. Clearly lim o e*#© —1 = ¢t ™" —1 =0,
Using the definition of the Q—function, Q(a) = rf%o - /2dx and the
bound Q(x) < 16_352/2, for x >0, we find,

P(|l| > H) =y Sy
> 2e™ 2 Ee— 2e—2
- [ e

2 [T _a-e2)?
e 22 (l
21

-2

2 _z?
_7/r
:2Q<H_

_(H_€72)2
> S e 2¢—2
1/672
L 1/2(1_.—5/4\2
— e € (1—e ) /2'

From the above we conclude that im,_, 1 d(e, H) = 0.

The case of unbounded likelihoods turns out to be significantly more dif-
ficult than that of bounded ones. For channels, such as the BSC, we could
use the simpler polymer expansion or the Dobrushin theory [99], [62]. But
since we want to also cover the BIAWGNC, we directly use the more powerful
cluster expansion.

Note that the BEC is not contained in the class K. The BEC violates the
second condition. Nevertheless, due to the special nature of this channel our
methods can easily be adapted. We show this in Section 4.4.1.
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Uy
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Ug T3
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Us Ts
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Uy T

Figure 4.1: The variable nodes on the left represent the information bits and
the variable nodes on the right represent the code-bits. The information bits are
denoted by uq, us, usz and uy. The code-bits are denoted by x1, 2, 3, x4, x5, g
and x7.

4.2.2 Codes

We consider transmission over channels belonging to the class K using two
types of codes: LDGM codes and a special class of LDPC codes.

Recall that LDGM codes are constructed from a fixed bipartite graph with
n + m variable nodes and n check nodes. Edges only connect variable and
check nodes. Refer to Figure 4.1 for an illustration. The information bits
ULy ooy Uy, € {—1, 41} are represented by the variable nodes on the left. The
code-bits, x1,...,x, are represented by the variable nodes on the right. The
check nodes are numbered in the same manner as the code-bits. Thus, code-bit
1 and check node ¢ are fungible. The code-bit z; is obtained by x; = Hae i Ua S
ugi, © = 1,...,n. Note that here 97 denotes the neighborhood of information
bits of the check node i. The design rate of the code R = * is kept fixed.

In the sequel, we will consider the Tanner graph without the variable nodes
on the right (representing the code-bits). See Section 4.4 for details. In this
modified Tanner graph, the check node 7 has only information bits, u,, as its
neighbors. Recall that the set of neighbors of a variable node a is denoted
by da. Also, 0i denotes the neighborhood (of information bits) of the check
node 7, in the modified Tanner graph. We consider graphs with bounded node
degrees |0a| < lpax and 01| < kpax. As usual, we use A(z) and P(z) to denote
the variable and check node degree distributions.

We also consider a special class of LDPC code ensembles, which we define
as follows.

Definition 4.2 (Class of Ensemble of LDPC Codes — R). The ensemble of
LDPC codes R is defined as follows. Consider a code from the standard en-
semble LDPC(n,A(z), P(z)) with design rate R=1 — gl,ﬁg and bounded maz-
imum variable and check node degrees. We denote the set of variable nodes
of this code by U. Denote the set of check nodes by €. To every check node
belonging to €, attach a degree-one variable node with probability p. Call the
set of new degree-one variable nodes U1. The set of check nodes which contain

a new degree-one variable node is €, and the remaining ones are denoted by
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Figure 4.2: A code from the ensemble K is constructed from a standard LDPC
graph, with 7 variable nodes and 4 check nodes denoted by wvq,vs,...,v7 and
1, Ca, C3, ¢4, respectively. To each check node in the underlying LDPC code, we
attach a degree-one variable node with probability p. In the figure, wy, w, and ws
denote the degree-one variable nodes belonging to the set 2U;. The check nodes
¢y, ¢ and ¢4 form the set &;.

¢y = €\ €. On an average the resulting Tanner graph has n + mp variable
nodes. The design rate of the code is R = 1_1(;(—1{1)915”' See Figure 4.2 for an
wlustration.

Note that this LDPC code construction has two kinds of randomness. We
denote by E¢, the average with respect to the randomness in the underlying
code ensemble LDPC(A, P). We denote by S = {Si,...,Su} the vector of
Bernoulli(p) random variables. We associate S, to each check node a where
the value S, = 1 indicates that a € €; and S, = 0 indicates that a € &;. We
will denote the average w.r.t. to the ensemble K by E¢ g = EcEs.

Recall that we use the Gibbs bracket (—) to denote the averages with
respect to the a posteriori (MAP) measure when transmitting over a BMS
channel using any of the above codes.

4.3 Main Theorem on Correlation Decay

Before we set out to state our main theorems on the decay of correlations for
the two types of codes mentioned above, we define the notion of self-avoiding
random walks and the graph distance.

Definition 4.3 (Self-Avoiding Walk). Consider a Tanner graph (representing
either an LDGM code or an LDPC code). A self-avoiding walk w between
two wvariable nodes a and b, belonging to the Tanner graph, is a sequence
V1,C1,V2,Ca, ..., C, U1 Of variable nodes (denoted vy, vy, ..., v11) and check
nodes (denoted cyi,ca,...,c), such that vi = a,vi1 = b, {Um,Ums1} € Ocm,
and Uy, # Uy, Cp F# Cp for m £ n.
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Thus on a self-avoiding walk we do not repeat variable and check nodes. The
length of the walk, denoted by |w]|, is the number of edges present in it. If
a = b then the self-avoiding walk from a to b is the trivial walk a. The length
of such a walk is zero.

Clearly, two variable nodes a and b are connected on the Tanner graph, if
and only if there exists a self-avoiding walk from a to b. Also, it is not hard to
see that from any general walk between a and b, we can extract a self-avoiding
walk w, between a and b, which has all its check nodes belonging to the parent
walk (this is done by chopping off all the loops of the general walk).

Definition 4.4 (Graph Distance — dist(A, B)). Consider two non-empty sets
of variable nodes A and B. Let Wy, denote the set of all self-avoiding walks
between variable nodes a and b and let Wap = UseapesWap. We denote the
graph distance between A and B by dist(A, B) and set it to

dist(A,B) = min |w]|.

weWap

Recall that E; denotes the expectation w.r.t. the vector of %LLR realizations
L. Also, recall that (—) denotes the average w.r.t. the Gibbs (MAP) measure.

Theorem 4.1 (Decay of Correlations for the MAP Decoder and LDGM
Codes). Consider communication over a channel from the class K at high
enough noise, i.e. €5 < € < €max, Where €, > 0 depends only on lyax and kyax.
Consider transmission using a fived LDGM code. Then

_ dist(9i,85)

Ey[[(ziz;) — (za)())]] < ce™ s, (4.4)

where i and j are any two code-bits, ¢ is a positive constant, and &(€) is a
strictly positive constant depending only on €, lynax and Kpax.-

Theorem 4.2 (Decay of Correlations for the MAP Decoder and the Ensemble
of Codes R). Consider communication over a channel from the class K. Con-
sider transmission using a code picked from the ensemble K of LDPC codes with
large enough fraction p of the extra degree-one variable nodes, 0 < py < p < 1.
Here py depends only on Lyae and Tpq,. Let the channel noise € be high enough,

i.6. €5 < € < €max, Where €, > 0 depends only on po, lyax and kmax. Then for
i and j belonging to U (c.f. Definition 4.2)

_ dist(4,5)

Esi[[(ziz;) — (z:)(z))]] < cre” <07, (4.5)

where ¢y is a positive constant and £(€) is a strictly positive constant depending
only on €, lnax, kmax and p. If i € By and j ¢ By (j € Vi) (c.f. Definition
4.2), then we replace dist(i, j) by dist(0i, j) (dist(0i, dj)) in (4.5). If both i and
J belong to 0y then the theorem holds with dist(i, 7) replaced by dist(0i, 7).
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We first remark that in the above theorem, the “underlying” code from the
ensemble LDPC(A(z), P(x)) (c.f. Definition 4.2) remains the same. The ran-
domness is only in the noise realizations and the addition of the extra degree-
one variable nodes.

In the statement of Theorem 4.2, when i € Uy, then 0i is the set of variable
nodes of the underlying LDPC code, which belong to the corresponding check
node. Also, notice that in the above theorem if either i € U, (j € U;), then
the expectation in (4.5) should be replaced with Eg~i; (Eg~;;), where S™
(S™7) denotes the expectation w.r.t. all S except S; (S;). If both i and j
belong to the set Uy, then the expectation in (4.5) should be replaced with
Eg~i; where S~ denotes the expectation w.r.t. all S except S; and S;. We
also remark that £ 1(e) grows with € — €, and also as p — 1 for the case of
the ensemble K. We furnish the proofs of these theorems in Sections 4.4 and

4.5.

4.3.1 Consequences of Decay of Correlations

We first describe the BP decoder from the point of view of Gibbs measures.
Given a graph G defining a given LDGM or LDPC code with the block-length
n fixed (large), we choose a code-bit i. Construct the computation tree Ty(i) of
depth d (even) [23]. This is the universal covering tree truncated at distance d
from node i. We label the variable/check nodes of this tree with labels denoted
by v. Let w : T4(i) — G be the projection from the covering tree to the original
graph. A node v € Ty(i) has an image 7(v), and due to the loops in G this
projection is a many to one map: one may have 7(v) = w(v') for v # /. Now,
consider a tree-code defined in the usual way on the tree-graph T;(i). One can
view the BP decoder (d— iterations) for node z; as a MAP decoder for this
tree-code. In other words the BP decoder uses the Gibbs measure on Ty(i):
one crucial point is that for this Gibbs measure, the %LLR attached to the
nodes are no longer independent.

LDGM: Recall from Section 1.7 that the Gibbs measure for LDGM codes is
given by

puy (| y) =7 H elioi, (4.6)

For the LDGM case the measure on the computation tree, Ty(i), is

1

lr(K)uak (4 7)
e , )
ZTd(i)

kETd(i)

where Zr,;) is the proper normalization factor. We call (—)F” the Gibbs
bracket with respect to this measure. The extrinsic BP soft estimate for the
code-bit 7 is (z;){’}. Recall that the average (with respect to the ensemble)
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MAP-GEXIT function is given by

/ o dz(ezi)EN . { 1+ (z;)o tanh; }] | 48)

n =E
gn(€) ¢ 1+ tanh,

Recall that (—)o denotes the (extrinsic) Gibbs average with [; = 0. Also,
recall from (1.18) that we can write the average (with respect to the ensemble)
BP-GEXIT function, for LDGM case as

/dl dd(l E,.. ln{ L+ {rifoa tanhl }] (4.9)

BP
=E
In.d (€) ¢ 1+ tanh/,

Notice that we have abused the notation to denote the average BP-GEXIT
curve also by gP7(e). The soft code-bit estimate (z;)F” can be computed
exactly by summing the spins starting from the leaves of Ty(7) all the way
up to the root . This computation is left to the reader and yields the usual

message passing BP algorithm.

Example 4.3 (MAP-GEXIT for LDGM over BEC). Figure 4.3 shows the
asymptotic average (over code ensemble) MAP-GEXIT curve for the case of
transmission over the BEC using the ensemble LDGM(n, A(x) = z*, P(x) =
0.3z + 0.723). We also show the asymptotic average BP-GEXIT. Notice that
there is a jump (discontinuity) in the asymptotic average MAP-GEXIT curve
as well as in the asymptotic average BP-GEXIT curve. Away from the jumps
the two curves match.

One of the consequences of our main result on decay of correlations en-
ables us to compute the asymptotic average MAP-GEXIT curve via density
evolution, for large enough erasure fractions (see Corollary 4.1). This can be

seen form the figure, where for large erasure fractions the asymptotic average
MAP-GEXIT and BP-GEXIT match.

Codes from R:  Consider now the Gibbs measure associated to a code in the
ensemble K. Under MAP decoding the a posteriori probability distribution of
the input to the channel X = (Xj,..., Xy) given the output Y = (V3,...,Yn)
(where N = [T U | is the block-length of the code) is

X’_ Z H 14+ ZCaa H %(1 + xaa) H elixi H €limi,
aG(’:o acly €Y €0y
with

Z = Z H (14 2aq) H %(14—:)5(%)1_[6”“ H eli®i

x CLEQ:O ael; i€ S





130 Decay of Correlations: Low Signal-to-Noise Ratio
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Figure 4.3: This figure illustrates the asymptotic average MAP-GEXIT curve
(dark curve) for the case of transmission over a BEC using the ensemble
LDGM(n, A(z) = 23, P(z) = 0.32z+0.72*). We also show the asymptotic average
BP-GEXIT curve (gray curve). Note that away from the jumps, the curves match.

As usual, hy = +H(X | Y). Recall from Section 1.5 that the MAP-GEXIT

is given by
Elw In { 1+ <Il>0 tanh lz }

dh
dév _Nz/dl

1+ tanh lz

1+ (x4)0 tanhl,

dl,——— .
N Z / { 1 + tanhl,
ac€U

Note that [ = (l1,..., jwum,) is the vector of 1LLR realizations.

For channels belonglng to class IC one can show that
[ aL=; de(ls )]Evl~11 {Hlilt;ts?hl }and [ di, dc(l ln{Hlﬁ‘t);nt}??hl“} are bounded.

Taklng the average w.r.t. the code ensemble EC7§ , using the symmetry of sites
and tail bounds for the Binomial(m,p) distribution, one can show that for
channels belonging to the class K we have

d B 1 de(l;) 1+ (z;)o tanh
e eslhn] = (1+(1 —R)p)]EC’§ /dl e Dl { 1+ tanhl;
(1—-R)p / de(ly) 1+ (x,)o tanhl,
———FE dl Ej~al 1).
(1+(1—R)p) ° “Tge M 1 + tanhl, +onll)

(4.10)

Above, x; denotes a random variable node belonging to the set U and z,
denotes a random variable node in the set ;. Recall that (mi>0(<xa>0) denotes
the (extrinsic) Gibbs average with [; = 0(l, = 0). Again, we get 5% (¢) by

replacing the two soft bit-MAP estimates, (x;)o and (z4)o by (z:) 4 and <xa)g§)
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respectively. The Gibbs measure (z;)§’} is obtained from the computation

tree, Ty(i), of depth d around the code-bit i in the set . Similarly, the Gibbs
measure ()5 is obtained from the computation tree Ty(a) of depth d around

the code-bit a € 0.

Example 4.4 (MAP-GEXIT for Ensemble K over BEC). As an illustra-
tion, Figure 4.4 shows the asymptotic average (over the code ensemble) MA P-
GEXIT curve for LDPC(n,A(z) = z* P(zx) = x',p = 0.9) on the BEC.
The probability of attaching a degree-one variable node is set to p = 0.9. The
asymptotic average MAP-GEXIT curve has been sketched using the Maxwell’s
construction of [106] on the EBP-GEXIT curve given in the parametric form
by

1

(1—R)p
(dm%(TI?T:EﬁSA@f{I—dxmhxl—xD%— )0—4%1—x»),

(14 (1 —R)p
where €(x) is the unique positive real solution of the density evolution equation

(for the erasure fraction emanating from a variable node in the set 0) given
byx=e(l—(1—ep)(l—x)th)>2

0.8:
0.6:
0.4:
0.2

02 04 06 08

Figure 4.4: This figure illustrates the asymptotic average MAP-GEXIT curve for
the case of transmission over a BEC with LDPC(n, A(x) = 23, P(z) = z'°,p =
0.9) code ensemble as defined in Section 4.2.2.

The following two corollaries say that the asymptotic average MAP-GEXIT
function can be computed by the density evolution equations in the high noise
regime. They also show that the replica expressions computed at the appro-
priate fixed-point are exact.

Corollary 4.1 (Density Evolution Allows to Compute the Asymptotic Aver-
age MAP-GEXIT for Ensemble of LDGM Codes). Consider communication
over a channel belonging to the class KC at high enough noise, i.e. €, < € < €max
where e’g depends only on lyax and kyax. Then for the LDGM(A, P) ensemble
we have

lim g,(e)= lim lim g77(e). (4.11)

n—-+o0o d—+o00 n——+o00
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Corollary 4.2 (Density Evolution Allows to Compute the Asymptotic Av-
erage MAP-GEXIT for Ensemble R). Consider communication over a chan-
nel from the class IC. Consider transmission using the ensemble 8 of LDPC
codes with large enough fraction p of the extra degree-one variable nodes,
0 < po <p < 1. Hereypy depends only on lye and Ty Let the channel
noise € be high enough, i.e. €, < € < €max, where €, > 0 depends only on Py,
lpax and kyax. Then we have

i go(e) = lm lim_g27 (o) (4.12)
The above corollaries extend the results previously known for the BEC [23],
[106], to the class of channels K. Note that the result applies irrespective
whether or not there is a phase transition (e.g a jump discontinuity in the
GEXIT curves): so it applies even in situations where the area theorem [30],
[107] does not allow to prove (4.12). The values obtained for €, are in general
worse than those €, obtained in Theorem 4.1. One reason for this is that in
our proof technique to show the exactness of the BP estimate we use the decay
of correlations. We obtain the result only if the decay (of correlations) is fast
enough to beat the expansion of the graph.
Finally, concerning the exchange of limits d, n — +oo for the BP algorithm
we prove

Corollary 4.3 (Exchange of Limits for Computing Average BP-GEXIT).
Consider transmission over the BSC(e) using LDGM(A, P) ensembles with
bounded degrees. For high enough noise, i.e. efq’ < € < €max, With e;’ depending
only on lyax, kmax, we have

A g (€)= i msupgng (€)= i lminfgq (). (413)

The proof is a simple application of the decay of correlations. We present it
only for the BSC. But it can also be extended to cover any convex combination
of such channels. More generally, as long as ¢(l) has bounded support that
diminishes as the noise parameter increases (¢ — €may) the present result
applies. The present result complements the recent work [37] which concerns
the bit-error-rate of LDPC codes for message-passing decoders in the regime
where the error rate vanishes (low noise regime).

4.3.2 Proof Strategy

In this section we outline the strategy to prove the above statements. As ex-
plained in the introduction, for LDGM at high noise and for channels with
bounded LLR ; (4.5) follows from Dobrushin’s criterion or from the polymer
expansion [98], [99], [62], [108]. These techniques however do not work when
the LLR are unbounded. This is because, roughly speaking, overlapping inter-
actions involve moments E[I"] which can spoil the convergence as m — +oc.
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More physically, what happens is that even in the high noise regime there
always exists, with positive probability, large portions of the graph that are
at low noise (or “low temperature”). This might result in large correlations
between the nodes.

Therefore, we use instead a cluster expansion of Dreifus, Klein and Perez
[101], developed first in the context of lattices, and adapt it to the Tanner
graph setting. This overcomes the “overlapping of moments” problem by or-
ganizing the expansion over self-avoiding random walks on the graph. Since
the walks are self-avoiding, the moment problem does not occur and we can
treat unbounded loglikelihoods.

For LDPC codes the situation is more subtle because of the hard parity-
check constraints. The hard parity-check constraints give an inherently “low
temperature” flavor to the problem. For the moment we have no approach for
dealing with general LDPC ensembles. But for codes in the ensemble K, the
addition of the extra degree-one variable nodes helps create a system which is
a mixture of LDPC type hard check nodes and LDGM type soft check nodes.
If there is a sufficiently large number of soft check nodes, then we can again
provide an estimate of the average correlation via the cluster expansion. We
will see in the concluding remarks of this chapter that this ensemble provides

a possible approach towards proving our results for a more general class of
LDPC codes.

4.4 Proof of Main Theorem for LDGM Codes

In this section we prove Theorem 4.1 and Corollary 4.1. Let us recall here the
Gibbs measure for LDGM codes. We have

puy (| y) =7 Hel i, (4.14)

The code-bit x;, which is transmitted over the channel, equals uy;. Thus from
(4.14) we see that it will be convenient to think of the LDGM Tanner graph
as consisting of m variable nodes and n check nodes. The variable nodes, as
usual, correspond to the m information-bits wuq,...,u,. Check node 7, has
the function e’“o associated to it, and corresponds to the code-bit ¢ which is
transmitted over the channel. So in this modified Tanner graph, the variable
nodes corresponding to the code-bits are not present. Refer to Figure 4.5 for
an illustration.
It is convenient to set K = [ paxkmax-

Proof of Theorem 4.1, LDGM. Refer to the Tanner graph of the LDGM code
as described just above (c.f. Figure 4.5). Let W, denote the set of all self-
avoiding walks between variable nodes a and b and let Wyp = UzeapesWab
(see Figure 4.6). In words, Wyp is the set of all self-avoiding walks between
any variable node in A and any variable node in B. Fix some number H > 0.
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U elrual
el2uaz
Uo elauas
elauoa
U3 elsuas
elouas
Uy elruar

Figure 4.5: The figure illustrates the modified LDGM Tanner graph with variable
nodes representing the information-bits, uy, us, us and uy. The number of check
nodes is equal to the block-length. Each check node i has associated to it the
function e’“oi. Here, [; is the LLR value for the code-bit i.

Figure 4.6: The sets A and B each contain three variable nodes. The light
squares denote the code-bits or check nodes in the complement of B and the
dark squares denote the check nodes in B. The thick path is an example of a
self-avoiding path between A and B. The dashed path is an example of non-
self-avoiding path. As shown in Appendix 4.A, the self-avoiding walks contribute
towards estimating the correlation between the sets A and B.

Denote by B the set of all check nodes ¢, such that |l;| > H. In words, the set
B consists of all check nodes, whose associated “code-bit” has %LLR greater
than the chosen number H. Recall that (—) denotes the average w.r.t. the
Gibbs (MAP) measure (c.f. (4.14)). The proof of the following lemma can be
found in Appendix 4.A.

Lemma 4.1 (Bound on the Correlation). Consider an LDGM code with bounded
left and right degree. Consider two sets of variable nodes A and B. We have

’<Hu“gub>_<g““><g“b> <2 > 1le (4.15)

a€A weWyB i€w
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where the product ||
Abowe,

icw 18 over all the check nodes of the self-avoiding walk w.

1, 1 € B,

pi= {64”” —1, i¢B.

Averaging over the noise realization in (4.15) we get

<Huagub>—<gua><gub> <2 Z H]El[pz] (4.16)

a€A weEW B 1€W

E,

In the r.h.s. of the above inequality, we took the expectation inside the product
because each w € Wy is a self-avoiding walk. As a result, all the check nodes
on the walk are distinct and hence all the corresponding %LLR are independent
random variables.

Now,

Eilpi] =Ey[pi | i ¢ Bl P(i ¢ B) + E,[p; | i € B] P(i € B)
< (e —1)+P(|l| > H) = (e, H). (4.17)

Since we consider transmission over a channel chosen from the class of
channels I, condition (3) of the Definition 4.1 implies that we can choose
H = H(e) such that K(§(e, H(e)))Y? < 1.

As a consequence, we get

E1<Hu“Hub>_<Hu“><Hub> <2 Z <5(6,H)>|w|/2
acA beB acA beB weWapB
<2A|IB| Y (K(3(e, H))V?)
d=dist(A,B)
2| Al B

= 1=K (5(e, H))'72 (K (3, H))2)BHAE - (4.18)

The second inequality is obtained by noticing that the number of self-avoiding
random walks of length |w|, with the same initial node, is bounded by K™/,
Also, we have that the factor d(e, H) is raised to a 1/2, because a walk of
length |w| (which is the number of edges present in the walk) has |w|/2 check
nodes. The factor |A||B| accounts for the number of initial and final vertices.
The correlation decay of the theorem is in fact a special case of this last bound
for the choice A = 9i and B = 95 for the check nodes i and j (associated to
code-bits i and j respectively). O
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4.4.1 Exactness of BP Estimate

We now look at GEXIT functions of the MAP and BP decoders. For LDGM
codes recall from (1.17) that the average MAP-GEXIT function is given by

/dl de(l; )Elw1 {1 + (:I;Z->0tanhli}]' (419)

gn(€) = de 1 4 tanh;

The average BP-GEXIT curve is given by the same function with (x;)o
replaced by (z;)§’}. Recall that (x;)§'} corresponds to the estimate provided
by the BP decoder after d iterations. Consider Ny(7), the neighborhood of node
i of radius d, an even integer (all the vertices at graph distance less or equal
to d from ). As is well known for an LDGM(A, P) ensemble with bounded
degrees, given d, if n is large enough, the probability that Ny(i) is a tree is
1 — 0(75) (where v depends only on Iy and kpax). Thus when d is fixed
and n — +oo the computation tree T,(:) and the neighborhood Ny(i) match
with high probability. This implies that the asymptotic average BP-GEXIT
function is given by

lim 2% (e) = E

n—-4o00

de 1+ tanh;

/dl dC(l )ElNL l { 1 -+ <xi>0,Nd(i) tanh lz}

‘Nd(i) is a tree] : (4.20)

where (x;)o,n,@;) is the Gibbs bracket associated to the subgraph Ny(i). The
right hand side can computed exactly by performing the statistical mechanical
sums on a tree and it yields the density evolution formulas

de(l) . { 1 + tanh A@ tanhl}]

lim lim g5 () = lim /dl de A 1+ tanh!

d—+o00 n—+00 d—o0

(4.21)

where both limits exist and E @ is expectation w.r.t. the random variable
AW given by

A@ = tanh~ (Htanhv > (4.22)

The vi(d) are i.i.d. random variables with distribution obtained from the itera-
tive system of density evolution equations

-1

:ZAZ/HduZ A(d (u;)d Zul), (4.23)

i=1
k-1 k-1

= Z Pk / dlc(l) H dvg 'V (v,)6(u — tanh ™' (tanh [ H tanh v,),
k a=1 i=1

(4.24)
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with the initial condition 7(°)(v) = 6(v). Note that the degree k in (4.22)
is random with distribution P(z). Recall that these equations are also an
iterative version of the stationary point equation of the replica solution.

Remark 4.1. Note that for a LDGM code the BP decoder fails to start and
is always stuck at the trivial fized-point §(v). But for an LDGM code with
an arbitrary small fraction of degree-one check nodes, the BP decoder goes to
a non-trivial fized-point. Thus this corollary gives a non-trivial result when
the fraction of degree-one check nodes present in the LDGM code ensemble is
non-zero.

Proof of Corollary 4.1. We want to prove that

lim ga(e)= lim lim g¢Z%(e).
Jm ga(e) = lim  lim g, (e)

Recall that the Gibbs bracket (—)o denotes the Gibbs average when the $LLR
l; is not present. Since we are considering the limit n — +o00, we have <xi>55 =
(wi)o,n,(:) for any fixed d. Thus, in order to prove the corollary, we would like
to prove that (x;)o = (%i)o,n,)- The idea is to use the decay of correlations

to prove that
(i)o = (zi)oNa() + 0al1)-
Taking the limit d — +o0o allows us then to prove the corollary.

Let us make these informal statements more precise. Note that the MAP
estimate, (x;)o appears in the logarithm in the average MAP-GEXIT (c.f.
(4.19)). This makes it quite cumbersome to handle. So we first expand the
logarithm (in both the numerator and the denominator) using log(1l + z) =

—1)ptlp
> pei ()T for |z] <1 to find

0n() = Ee /dlidz(f)Ew{ 3 (_1]'%“ (<<xi>0tanh li>” _ (tanh zi>p}]
)

| (e ) (et

where we used that the 1LLR I; does not appear in (—)j.
We now use the following Nishimori identities (see 2.A.2)

]ELM' [<:L‘l>gp] = Eéw [((I}ngil}

E, [(tanh li)Qp} =, [(tanh li>2p_1}

=Ec| ) (_1p)p+1 ( / dlidi‘xi

L p=1

dE;, [(tanh1;)?*]  dE;, [(tanhl;)%~!]
= = ’
de de

to combine the even and odd terms in the sum over p. Thus we obtain,

)= i) L oy Ber G- ()
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for the MAP-GEXIT for any BMS channel. We recall that

Ty(e) = % /_ "l e(0) (tanh ). (4.26)

Recall that for the class K that we consider here, the condition (1) in Definition
4.1 implies that T3, is uniformly bounded in p. Also, |Ec l~z[<$z> Pl —1| < 2.
As a result, the series (4.25) behaves like the series Zp -5 which is uniformly
convergent. Thus the series (4.25) is absolutely convergent, uniformly with
respect to n, for the class IC. Thus by dominated convergence, the proof will
be complete if we show that for every p,

lim E, lw[(@%} = lim lim E, l~z[(xl>

n—-+oo d—-+00 n—+o00

Ode(i)|Nd(i) is a tree|.  (4.27)
Indeed one can then compute the n — +o0 limit term by term in (4.25) and
then resum the resulting series (which is again absolutely convergent, uniformly
with respect to d) to obtain (4.20). Since we consider codes with bounded
maximum degrees we have lim,, o E¢ i ()] = limy oo Ee j~i [(za)e? |
Ny(i)is a tree|. Thus it is enough to show

lim [Eq -~ [(a:z>0 |Ny(i)is a tree]

n—-+o0o

= lim lim Eg [(mz> ) | Na(i)is a tree]. (4.28)

d—+00 n—+00 0,Na (i

Notice that all paths connecting the node i with those outside Ny(i) have a
length at least equal to d, so because of Theorem 4.1 in the high noise regime
x; is very weakly correlated to the complement of N4(i). Therefore we may
expect that (4.28) holds.

Let us formally prove (4.28). Recall that Ny(i) is the boundary of checks
that are at distance d from i. We order the checks € Ny(i) in a given (arbitrary)
way, and call (—)o.< the Gibbs average with [, = 0 for the k first checks of
Ny(i) (and I; = 0 for the root node). For the first one (call it 1) we use
el1®1 = (cosh [, + x; sinh ;) to get

tanh [y ((zi21)0,<1 — (zi)o,<1{T1)0,<1)

(Ti)o = (Ti)o,<1 + T (er)oes tanh s (4.29)
Therefore
()" — (@idores| < 2p|(wi)o — (z:)o< |
< 2ptif{zizi)o,<1 — (Ti)o,<1 (1)<l (4.30)
where
o= | tanhli] (4.31)

1— ]tanhlk|'





4.4. Proof of Main Theorem for LDGM Codes 139

We remark that when [l,| — +oo0, the factor #; diverges.We can now take the
second check of Ny(7) (call it 2) and show

[(ma)orey — (ma)ores| < 2ptal(Tia2)oco — (Ti)oca(Ta)os<al- (4.32)

We can repeat this argument for all nodes of Nd(i) and use the triangle in-
equality to obtain

e = (@)ohv,l <20 ) tel(@imn)ock — (@ido<k(@r)okl-  (4.33)
keNy(4)

Indeed the Gibbs average with all I, = 0 for all k € Ny(i) is equal to (T3)o,Ny ()
Now using the bound (4.18) in the proof of Theorem 4.1 for K(5(e))'/? < 1,
the last inequality implies

Ee i KK (3(e)' )"

(4.34)

(200" = (eadaln,| | Nali) tree] < =287

Note that since we are considering channels from the class I, we use the
condition (2) of Definition 4.1 to get

| tanh /|

Et] =E|——————| <E['] < cc. 4.35
] [1—|tanhzd— [ < o0 (4.35)
The right hand side of (4.34) does not depend on n, so it is immediate that
limg .y lim, ., vanishes as long as the noise is high enough such that
K?6(¢) < 1. This is again possible because of the condition (3) of Defini-
tion 4.1, which allows us to make d(€) as small as desired. This proves (4.27)

and the corollary. O

To conclude, let us remark that, for the BIAWGNC the GEXIT formulas
simplify considerably and there is a clear relationship to the magnetization,

Gn(€) = = (1 — Eyf{z))

€
= 6—3(1 — E[tanh(l + tanh™*(2;)0)]), (4.36)
and our corollary gives
. . 1
dginoo nEI—&I-loo gry(e) = = (1 —Eya@ [tanh(l + AD)]). (4.37)

The proof of Corollary 1 for the BIAWGNC can thus proceed without expan-
sions and is slightly simpler. Next, we show that for the BEC there are similar
simplifications and this allows us to make a proof which avoids the second
condition in the class K.
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Example 4.5 (Computations for the BEC). For the BEC the factor (e, H(¢)) =
e —1+P(Jl| > H), for any H > 0 equals e —1+ (1 —¢). So we can choose
e, H such that K(5(e, H))"/? < 1 and we can argue evactly as in the proof of
Theorem 4.1 in Section 4.4 to prove the correlation decay in this case also. To

get a feel of the numbers H, €4, it is easy to check that for all € > 1 — ﬁ = €q

and for any H < §In (1 + ﬁ) we have K(8(e, H))'/? < 1.

To prove the exactness of the BP estimate for the case of BEC, we have from
(2.26),

gn(€) = I 2(1 — Ecy[(zi)o])
=In2(1 — Ec;[(@:)o | Na(i) is a tree]) + 0,(1).

We now proceed exactly as in (4.29), use the GKS inequality ({(x1)p.<x > 0) to

bound
tanh [},

1+ <£L’1>0;§k tanh lk -
and conclude the Corollary 4.1 for the BEC as well.

Y

4.4.2 Large Block Length Versus Large Number of
Iterations for Computing BP-GEXIT

In the LDGM case we prove the exchange of limits d,n — +oo for the BSC
channel. As will become clear one needs the decay of correlations (or co-
variance) of the Gibbs measure on the computation tree for d > n. Hence
the likelihoods are not independent r.v.: the proof of Theorem 4.1 still goes
through in the case of the BSC when we consider the computation tree instead
of the Tanner graph. Indeed, in Lemma 4.1 we can take H > %ln% such

that B =0 and p,(;) = el — 1 = % for all j € T,(7).

Lemma 4.2 (Decay of Correlations for the BP decoder, LDGM on BSC). Con-
sider communication with a fived LDGM code with block-length n and bounded
degrees lmax and kpyax, over the BSC(e). We can find ¢ > 0, a small enough nu-
merical constant, such that for lyaxkmax|1 —2€| < ¢ we have, for any realization
of the channel outputs,

[(wiz)i” = (wa)d " (w5)d"| < crem OO, (4.38)

where 1 1s the root code-bit of the computation tree, j and arbitrary code-bit,
¢1 > 0 a numerical constant and cy(e) > 0 depending only on €, lnax, Kmax-
1

Moreover, cy(€) increases like In |1 — 2¢| as e — 3.

We remark the Tanner graph in this case should also be thought of in the same
way as in Section 4.4 Basically, this result is contained in [62] where it is ob-
tained by Dobrushin’s criterion. Note that it is valid for fixed noise realizations
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and not only on average. The unbounded case would require to take averages
but then, on the computation tree one has to control moments E[p,(7)"] and
this requires more work. The following proof is a simple application of this
lemma.

Proof of Corollary 4.3. We consider d > n iterations of the BP decoder. We
consider the subtree of root i and depth d' < n on the computation tree Ty(7).
This subtree is a smaller computation tree T (i) C Ty(i) and d’ < n < d. Let
Ty (i) be the boundary of check nodes k with dist(i, k) = d’ and order them
in an arbitrary way. Consider the Gibbs measure (—)ZZ, where for the first &

checks of Ty (i) we set lx@ry = 0 in (4.7). Proceeding as in Section 4.4 we get

(e g™ — (@) g"I < D tegol{wiwn) 5, — (2a)dn(wn) fEx. (4.39)

ke (i)

For the BSC, t ) = 12|

Taq- From Lemma 4.2, for |1 — 2¢| small enough (but

independent of n, d)
() 7 = (@) 3" = O(K e, (4.40)

In this equation O(—) is uniformly bounded with respect to n and d (and the
noise realizations of course). Recall the GEXIT function of the BP decoder

N1 de(l;) | 1+ ;)4 tanh;
gna(€) = P'(1) / Mige Fer | M 71 tanny, ‘ (4.41)

Since for |1 — 2¢| < 1 we have |tanh/;| = 3|In1=¢| < 1, one can easily show
(by following same arguments as in the proof of Corollary 4.1 done in the
previous section 4.4.1: by expanding the In in powers of |tanh ;| and estimate
the series term by term.)

Gn.a(€) = gna(€) + O(K¥ e=2(d), (4.42)

Now since O(—) is uniformly bounded with respect to n,d, (4.42) implies for
d’ fixed

lim liminf g, s(c) = lim Gnar(€) + O(K g2, (4.43)

n—+oo d—oo n

Now we take the limit d’ — 400,

lim liminfg,q(¢) = lm lim g, s(¢). (4.44)

n—+4o0o d—oo d'—+o00 n—+o00

A similar result with lim sup replacing lim inf is derived in the same way. [J
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4.5 Proof of Main Theorem for the Ensemble £
of LDPC Codes

In this section we first prove Theorem 4.2 on the decay of correlations and
then its implication in the form of the Corollary 4.2. Recall that the partition
function for a code picked from the ensemble K is given by

7 = Z H %(1 —|—.T}aa) H %(1 —i—Iaa)Helimi H eliwz‘.

xz a€ely acd; i€y 1€01

We make the following crucial observation. Consider a check node a € €; and
its associated degree-one variable node. Together their contribution to the
Gibbs measure is given by (Hxl#)ell“, where x; denotes the degree-one
variable node € ;. It is not hard to see that the effective contribution of this

combination is given by

ellxaa\l.

Indeed, (Hml—;d“\l) is non-zero if and only if 77 = 2g,1. One more way to
see this is that, in deriving the cluster expansion (see Appendix 4.A), we
can sum out the degree-one variable nodes in Uy, in both the numerator and
denominator of equation (4.64), in an independent manner. We thus obtain

the previous claim by noticing that

1 o
3 (L 4

1

Remark 4.2. With above observation, any code from our ensemble R, is ba-
sically a mizture of “LDGM-type” soft checks (those belonging to €;) and
“LDPC-type” hard checks (those belonging to &g ).

Proof of Theorem 4.2, LDPC. We prove the main theorem for i and 7 both
belonging to U (c.f. Definition 4.2). We again refer to Section 4.4, and view
the Tanner graph for a code from ensemble K in a similar manner (each check
node a in €; is associated with the function e"'®oa\1 (c.f. (4.45)) and the
variable nodes corresponding to the code-bits in U; are not present in the
modified Tanner graph).

We make use of the bound on the correlation provided by the Lemma 4.1.
We choose the set B of check nodes as follows. We put all the check nodes
belonging to the set €y, in the set B. These are all the hard parity-check
constraints. We also include in the set B, all those check nodes a € &, for
which the absolute value of the associated LLR (c.f. (4.45)) is greater than some
constant H. With this, we find in the bound of Lemma 4.1, p, = el — 1 <
e — 1 fora ¢ Band p, =1 for a € B.
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Applying now the correlation decay Lemma 4.1, for A = i and B = j
(where ¢, j are any two code-bits belonging to ), we obtain

S T =g B +1cen)|,

weW;; cEw

Eq[(wirs) — (i) ()] < 2E;

where 1(-) is the indicator function. Using the definition of the set B in our
case, we write the indicator function explicitly as,

I(ceB)=1(cey,|l.|]>H)+ 1(c € &),
=1(|l.]| > H) 1(c ¢ &) + L(c € ). (4.46)

Now since the walks are self-avoiding, all the check nodes in a given path
are independent and we can take the expectation w.r.t. the noise inside the
product yielding

By [[{ziz;) — (i) ()]
<2 ), H([ +P<u\>H>}n<c¢¢o>+n<cee:o>)

weW,; cEw

<2 > ] ( (c¢ C) +1(ce e:o)> (4.47)
weW;; cEw

<2 Z H< (e, H) + 1( c€€0)>
weW;; cEw

where we use §(e, H) £ e* — 1 +P(|l] > H). In the first inequality we used
(4.46) coupled with the fact that since € C B, we have 1(c ¢ B) < 1(c ¢ &).
In words, if a check node does not belong to B, then it cannot belong to €.
Now taking the average w.r.t. the randomness in S we find

EsBi[|(wi;) — (za)(x;)] <2 Y]] (6(c, H) + Es[leee, (0)])
weW,; cew
=2 Y (3(e, H)+1—p)""
weW;;
1/2x d
oy (sfreme] )
d>dist(7,5)

where we again upper bound the number of walks of length d with the same
initial node by K<. In the first inequality we could take the expectation w.r.t.
S inside the product, because each check node has a degree-one variable node
attached to itself independent of any other check node. For our class K, we
can choose € and p to be large enough such that K[d(e, H(¢)) + (1 —p)]*/2 < 1
(c.f. the condition (3) of Definition 4.1). As a result, we get

2 K[(S(e) H(€)) 11— p]l/Q dist (4,)
EsE [[(ziz;) — (i) {z;)]] = (1 — K[6(e, H(e)) + 1 — 1)9]1/2 :
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proving the decay of correlation theorem. ]

4.5.1 Exactness of BP Estimate

Arguing on the same lines as in Section 4.4.1, we have the average BP-GEXIT,
for fixed d and in the limit n — 400, is given by,

lim g2 (e) =

n—-+0oo

1 de(ly) 1+ (2:)o,n,0) tanh l;
(1+(1 —R)p)EC’SUdlZ de E’”{m( 1+ tanhl; }

- Cllq <:Ea>0,Nda an la
+(1—(f-1(1 f)g)p)lﬁzc’s{/dladcgi)H'I'M{ln(w 1+tar(1h)lta - )}}
(4.48)

From (4.48) and arguing on the same lines as in Section 4.4.1 we get

lim lim g () =

d—+00 n—+00

, 1 de(l)
1 dl E
ot { ) s

_ (d)
(1-R)p ln(l—l—tanhA1 tanhl)]}j (4.49)

1+ tanh!

| <1 + tanh AY tanhl)]
n

de(l)
* (1+(1—R)p)/dl de Al 1+ tanh(

where E, @ (E,w@) denotes the expectation w.r.t. Aéd) (Agd)), where the
0 1

random variables Aéd) and A(d) are given by

A( = tanh™ (Htanhv )

AP =" u, (4.50)

The fui(d) are i.i.d. random variables with distribution obtained from the itera-
tive system of density evolution equations

D(y) = Zpk{p/dlc(l)]ﬁdvm(d”(Ui)

k—1
x §(u — tanh™" (tanh! Htanh v;)) + (1 —p)
i=1
k—1 k—1
y /Hn(d—l)(yi)é(u — tanh ! (] tanh ;) }. (4.51)
i=1 i=1
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where ¢(I) denotes the distribution of the $LLR assuming transmission of the
all zero codeword. The initial condition is n®(v) = c¢(v). Here n¥(v) is the
density of messages from a variable node in % to a check node and 7\® (u) the
density of messages from a check node to a variable node in . Note that
in (4.50), the degrees | and k are random with distributions A(z) and P(x)
respectively.

To prove our main theorem we utilize the following lemma. It is stated for
a variable node belonging to U but is also valid for a variable node belonging

to U,. Recall that K = 1. Ty, Define a = In — KD

W we have,

Lemma 4.3 (Existence of Soft Boundary). Pick a code in the ensemble R
and a node i € U w.a.r. Take an integer L > %, a depth d and consider
the two neighborhoods N4(i) and N(p1ya(i). The integer L is to be considered
large enough but fixed and not depending on d and n. With high probability
1 — 0,,4(1) these two neighborhoods are trees and there exists a check node
boundary IOSS between Nd(i) and N(Lﬂ)d(i) such that all the check nodes in IOSS
belong to the set €. Here 0,4(1) is a function of d,n which goes to zero as

n — +oo followed by d — +o00.

Proof. The fact that the neighborhoods are tree like with high probability
is well known for sparse graphs (see for example [23]). The existence of a
boundary B s of soft checks follows from the standard analysis of a Birth-Death
process and is presented in Appendix 4.B. O]

Let us denote the graph, enclosed by the boundary IOBS (which includes the
root variable node i), by Bg.

Proof of Corollary 4.2. As in the proof of Corollary 4.1, we will be done if (c.f.
(4.10))

lim Ee g ~i ()] = lim lim Ee g ~i [<Ii>§],oNd(i)|Nd(i) is a tree] (4.53)

n—4o0o d—+o00 n——+o00

. 2 . . 2 )
nEIJ{loo EC’EJNG [<$a>0p} - dl—l>gloo nginoo EC’S’LNG [<xa>07de(a) |Nd(a) 15 a tree}
(4.54)

We provide the proof for the first term in (4.53) (estimate for variable nodes
in ), since for the other one all arguments are similar.

Consider a code-bit z; € U and the neighborhoods Ng4(7), N(1+1)q(?) around
it, where L is the same constant as in Lemma 4.3. Let us denote T the event
that Nz41)q(7) is a tree. Since this is a high probability event for bounded
degree distributions we have,

Ec,g,pi[<$i>§p] = Ec,g,pi[@i%p | T] + o0n(1).

Let S denote the set of all S such that there exists a boundary between Nd(i)
and N(z41)4(7) such that all the check nodes in the boundary belong to €.
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From the previous lemma we know that P(S) > 1 — 0, 4(1). Thus we have
Eesil(2i)o"] = Besal(zi)a” | T, 8]+ ona(1),

Let us now compute Eeg[(z:)s” | T,S]. For a S € S, let us denote the
boundary! which contains only check nodes belonging to €;, by IOBS. Recall
that for any check node ¢ in the boundary és the effective contribution of
%(1 + xlxac\l)ellml to the Gibbs measure is given by e1%oe\

As in the proof in the case of LDGM codes in Section 4.4.1, we order the
checks belonging to Bg in a given (arbitrary) way, and call (—)o.<; the Gibbs
average with [, = 0 for the k first checks of B s (and [; = 0 for the root node).
For the first one (call it 1) we again use e"'®* = (coshl; + z; sinh ;) to get

tanh [y ((z;:21)0.<1 — (%:)o:<1 (1) 0:<1)

Ti)o = (Ti)o<1 + 4.55
< >0 < 0=l 1 + <I1>0;§1 tanh ll ( )
We repeat this argument for all check nodes of IOBS to obtain

|<ZL’Z>§p <ZL’Z>0 Bs | < 2p Z tkl ZE {L‘k>0 <k — <{L‘Z>0 <k<xk>0 <k| (456)

kJEBS

where  is defined in (4.31). Indeed the Gibbs average with all I = 0 for all
k € Bg is equal to (z;)o8s-

Proceeding as in the proof of the correlation decay Theorem 4.2 (c.f. (4.47))
we get

B [(mizr)0,<k — (Ti)0;<k (Th) ;<]

2( S I [ (c¢ @) +1(ce @0)]) (4.57)

weW; 1, cEw

where B, §(e, H) are the same as defined in the proof of Theorem 4.2 on decay
of correlations.

Now we consider the average w.r.t. the randomness in S. Since we restrict
the random vector S to lie in S we “lose” the randomness in the region between
Ny(i) and ]<7( r+1)a(?) (but fortunately the number of such check nodes on any
self-avoiding path of any length [ is upper bounded by Ld). Thus for check
nodes belonging to this intermediate region we bound [d(e, H)1(c ¢ €y)+1(c €
¢o)] by 1. As a result, for any self-avoiding path w we have

I1 [5(6, H)l(c ¢ €) + 1(ce @0)} < H [5<67H>n(c ¢ Co)+ 1(c e &)

cEw C¢N(L+1)d( i)\Na (%)

'There can be many soft boundaries between Ny(i) and Nz 1)4(i). We choose any one
of them for the purpose of our analysis and call is IOBS.
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Now taking expectation, w.r.t. the randomness in S € S, of the r.h.s. of
(4.57), we get

zES[ 3 H (5(6, H)ll(c ¢ &)+ 1(ce e:o)) | s]
U Ny (D\Na(i)

2y 2} H (5e, ) + Es[1(c € &) | S])

weW;,
C€N<L+1>d( i)\ Na(7)

Y [I  (sem+1-p)

wEWik CE’LU( )
& N(r4+1ya(9)\Na(7)

I—Ld (L+1)d d
<2 Y K([em+1-p"") T Y K([0e 1)+ 1))
1>(L+1)d I=d
(4.58)

where in (a) we used the fact that any check node ¢ ¢ N(41ya(7)\ Nq4(7) belongs
to € independent of any other check node, with the probability 1 — p. We
also utilize the fact that along any self-avoiding walk w we have distinct check
nodes. In the last inequality we did several things. Firstly, we upper bound the
total number of paths of length [ with the same initial node by K. Secondly,
for paths with length [ > (L+1)d we do not consider the check nodes belonging
to N(r+1)a() \ Na(i) which gives ([6(e, H) + 1 — p]l/z)l_Ld as a contribution of
such paths. Finally, for paths with length [ < Ld we do not consider check
nodes outside Ny(¢), which results in a contribution of ([5(e, H) + 1 — p]l/Q)d
by such paths. The power of 1/2 arises because the number of check nodes in
a path of length |I| is equal to |I|/2.

Choose p > 1 — Q(KQ)% and € such that (e, H(e)) < (1 —p). This would

imply that /2(1 — p) K2+ < 1. Putting all together, from (4.56), we get

2 2 L+1 d
Ees-<[1 (@) — @)l | T.8) < 4pE[f] (K20 /21 =)
1
v )
(4.59)

where we bound the number of check nodes in the boundary B by K(E+Dd
and the second sum in (4.58) by LdKF+14(,/2(1 —p))?. Since for the class
IC, the term E[t] is bounded (c.f. condition (3) of Definition 4.1), we find that
the r.h.s in the above inequality is less than (¢ for some ¢ < 1.

We will be done if we can show that

lim lim ECSZ~1[<951>OB | T,8] = lim lim Ecsz~l[<$z>

d—+o00 n—-+00 d—+00 n—+00

0,Ng z)|TS:|





148 Decay of Correlations: Low Signal-to-Noise Ratio

To evaluate E; g~ [(IO(Q)?BS | T, 8], it is sufficient to compute E¢ g ~i [<Ii>(2)f)ss |
T]. Indeed, since P(S°) < 0,,4(1) and [(z:)g| < 1 we have
Ec@hi [<:L’z’>(2fss | T] = EC,ﬁ,N [(wZ)O Bs | T 5] 4 Ond(l)
Define
2p
@Mp—{@%muww s¢s,

<ZE7;>3?BS, § eSs.

Arguing as above we also have |E, Sz~2[<$z>o '] — Ec Sl~z[<$z>0 BH < 0pa(1).
Applying Lemma 3.11 in Appendix 3.D of Chapter 3, we get

Ee s [()on, | T] < Eegpei ({207 | T

2

Since L is a constant which depends only on code parameters, taking the
limit d — 400 in (4.60) we obtain the result. O

For the BIAWGNC the average MAP-GEXIT formula simplifies to

sl = T 11 —gpy (1~ Fesl(e)

de
(1-R)p
TS =Ry <1 - EC@R%”) +on(1);

Thus our corollary implies that, for high enough noise, the two soft code-bit
MAP estimates can be computed using the density evolution equations as

lim Eegy[(x;)] = lim Em(()d)[tanh (l_i_Aéd))]?

nteo d—+o0
' d
Jim By [(n)] = Jim B, o | tanh 1+ A7),

where A(()d) and Aﬁd) are defined in (4.50).

4.6 Discussion and Open Questions

In this chapter we have shown that cluster expansion techniques of statistical
mechanics are a valuable tool for the theory of error correcting codes on graphs.
We showed that for high enough noise regimes of a fairly general class of BMS
channels and the MAP decoder, the average correlation between any two code-
bits decays exponentially with their graph distance. We showed this result for
two class of codes, namely LDGM codes with bounded maximum degrees and
the ensemble of LDPC codes, K. As an important consequence we showed that
the asymptotic average MAP-GEXIT function can be computed via density
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evolution equations. In other words, we showed that the replica solution is
exact.

There are several open issues here. Firstly, it would be nice to extend our
results to a wider class of channels. Secondly, we were able to show decay
of correlations and consequently the exactness of the replica solution only for
small regimes of noise. We believe that the limitedness of the regime of noise
in which we could prove our results is an artifact of our techniques and that
the correlation should decay in a larger regime.

We have not investigated the regimes of low noise for LDGM codes. In
this regime there will be very large areas of “singularity” (equivalently the
set B will be very large). As a result, the cluster expansion technique we
use here would fail to give us any meaningful estimate. Nevertheless, we still
believe that the correlations should decay exponentially in the low noise regime
also. Indeed one can argue informally as follows. Consider transmission over
the BIAWGNC using any fixed LDGM code. For any noise variance of the
gaussian channel we can write, using our sum-rule technique, for the special
case of the BIAWGNC,

* dv

ECLK%” = EC,£[<xi>Nd(z‘)] + 2K, Z / ﬁEl[(<xzxk>§k - <$z>gk<$k>gk)z]

keN4 (i)

Empirically? for large block-lengths, we know that the BP estimate is equal
to the MAP estimate for some values of noise even in the low noise regime.
Combining this observation with the above sum-rule we conclude that the
correlations vanish. In fact the correlation decay is strong enough to even
kill the local graph expansion. It would be interesting to determine if the
BP threshold signals a change in the nature of decay of correlations (of the
MAP decoder). This would relate the BP decoder and the MAP decoder in
an intimate manner, different from the Maxwell’s construction of [36].

In the case of LDPC codes and high noise we are able to prove decay of
correlations for the special ensemble of LDPC codes defined by K. This is the
only example known to us for which such a rigorous derivation is made beyond
the BEC with non-combinatorial methods. In fact one can extend this result for
any LDPC code ensemble that contains a sufficient fraction of degree one vari-
able nodes. This would include the Poisson-LDPC code ensemble. We do not
present the result here as the computations are technically involved. The idea
behind the proof was to eliminate the degree-one nodes and convert the prob-
lem to a new graphical model containing a mixture of hard parity-check con-
straints and soft LDGM type weights. We then show the decay of correlations if
the density of soft check nodes is high enough. This method of “summing” out
the degree-one variable nodes to convert a low-temperature problem (LDPC)
to a high temperature problem (LDGM) resembles the renormalization-group

2For BEC we in fact can prove that the BP estimate is equal to the MAP estimate in
the large block-length limit for low noise regime [23], [18], [19], [106].
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technique of statistical mechanics. It would be interesting to see if the “sum-
ming” out technique can be applied to a larger class of LDPC codes. For
example, one could “sum out” the degree two variable nodes. A potential
hurdle in this approach is that the degrees of check nodes in the resulting
graph can increase unbounded. Dobrushin and Bassalygo [109] also developed
a technique to show uniqueness of Gibbs measure in a random spin-glass with
large values of the spin-spin interactions. In their technique one also “con-
verts” the low temperature system to a high temperature system at the price
of unbounded degrees.

One of the consequences of the decay of correlations was the proof of the
equivalence of lim,, ,, limy ., and limgy ., lim, .., while evaluating the
average BP-GEXIT function, in the high noise regime for the case of transmis-
sion over the BSC channel. Firstly, it would be nice to extend this result to
the more general case of channels with unbounded LLR , like the BIAWGNC.
Recently it was shown in [37], that the limits of large block-length and iter-
ation number can be exchanged for computing the bit-error rate of the BP
decoder. This was shown for various message-passing algorithms for the case
of transmission over general BMS channels. Their result holds only in the
regime of noise where the bit-error rate vanishes, i.e. in the low noise regime.
We point out that although the BP-GEXIT function and the bit-error rate
of BP decoder are related, at the moment our techniques do not extend to
the case of bit-error rate. More precisely, the BP-GEXIT function is a “soft”
estimate and the bit-error rate is a “hard” estimate which makes its analysis
more complicated. Thus a second goal here would be to see if one could extend
our methods to prove the exchange of limits for computing the bit-error rate
of the BP decoder in the high noise regime.

We hope that the ideas and techniques investigated in the present work will
have other applications in coding theory and, more broadly, random graphical
models. We mentioned in Section 1.6 of Chapter 2, that decay of correlation
was crucially used in the investigation of the random k-SAT problem at low
constraint density in [58]. This has allowed the authors to prove that the
replica symmetric solution is exact at low constraint density. It is not hard
to show that the decay of correlations which we show is stronger than the
worst case decay of correlation used by Montanari and Shah in [58]. We
hope that this analysis can be extended to the random k-satisfiability problem
and counting the number of independent set problem, as mentioned in the
Section 1.6 of Chapter 1. More precisely, suppose we are able to associate
an appropriate Gibbs distribution to the above mentioned problems. And
suppose we consider an ensemble of graph/formulas from which we pick a
graph /formula uniformly at random. Then demonstrating that the correlations
of the form E[|(z;x;) — (x;)(x;)|] decay exponentially with the graph distance,
could help improve the range of the parameters for which the results for the
above problems hold (see [58], [59]).

As mentioned in Section 1.6 of Chapter 1, in [55], [56] the authors derive
a new type of expansion called “loop expansion” in an attempt to compute
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corrections to BP equations. The link to traditional cluster expansions is
unclear, and also it would be interesting to develop rigorous methods to control
the loop expansions.
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4.A Cluster Expansion for LDGM Codes

Here we adapt the cluster expansion of Dreifus, Klein and Perez in [101] to
our setting of Tanner graphs. In the process we prove Lemma 4.1 stated in
Section 4.4. Using the notation ug; = [, .5 te for i = 1,...,n, we find that
the correlation (of Lemma 4.1) becomes

a€di

(uaup) — (ua)(up). (4.61)

It is first necessary to rewrite the Gibbs measure (4.6) in a form such that the

exponent is positive
1 s lix; 1 a Liug;+|l|
EHe :Zne oitllil (4.62)
i=1 i=1

where Z’ is the appropriately modified partition function. Notice that with
this modification we do not change any averages, since the added factors will
be canceled. We introduce the replicated measure, which is the product of two
identical and independent copies,

A ORI N
ﬁ el’( oi T4 )+2|ll‘. (463)
i=1
Thus we now have two replicas of the information-bits ugl), ey ul) and ugz), . ug).

The Gibbs bracket for the replicated measure is denoted by (—)i2. It is not
hard to see that

(uaup) — (ua)(up) =

Indeed, expand the r.h.s. of (4.64) to obtain

1 1 2 1 2
) =)y —up) (464)

1 1
—((u(l) (2))(u581) _ u(2))>1 = —(( 1), (1) 4 u(2)u(2) (1)u(2) o u(2)ug))>12

A T Uy B )/12 2UAUB AU — Uy Up A

Using the linearity of the Gibbs bracket we get

1 1
S — D)) —uf e =5 (W uy)), + (P u),,)
1
=5 (W), + (WPul)),,).

From (4.63) we see that

< L (1)>12 < i (1)>1 <UAUB>7

<uA uB >12 <uf)u§32)>2 - <uAuB>'

Note that we have dropped one of the replicas in the Gibbs averages in the
second equality above.
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Also, since the replicated measure is a product measure (c.f. (4.63)), we
have

<“(Al)U53 Do = (i), (i), = (wa)(us),
<UA UB >12 - <u > <UB)>1 <UA><UB>'

Thus combining all of the above we find (4.64).
Recall that B = {i | |l;| > H} for some fixed number H, and set

(1

elilug +ug 2l ) = fg (4.65)

It will be important to keep in mind later that K; > 0. Expanding the product
[Licg: (1 + K;) we find

Lo @)D — @)y,

§<(UA — Uy )\Up _UB
D) (2) _
S fafs L e [T+ )
u® (2 ieB ieBe
1 1, (2
_ l; w4211
I | EL D I I
@ () icB GCBec ieG
1 1, (2
_ l; w421
DI CEatiell | IS
GCBe (1) 4(2) ieB i€G

where fx = uﬁ? — ug), X = A, B and G is any subset of distinct check nodes
of the set B°.

Take a term with given G C B¢ in the last sum. We say that “G connects A
and B” if and only if there exist a self-avoiding walk® w,, with initial variable
node a € A, final variable node b € B and such that all check nodes of wg,
are in G UB*. The crucial point is that: if a set G does not connect A and B,
then it gives a vanishing contribution to the sum. We defer the proof of this
fact to the end of this section. For the moment let us show that it implies the
bound in Lemma 4.1.

Consider a self-avoiding walk w,, connecting A to B and lying entirely in
G U B. Note that there can be many such self-avoiding walks. We split the
contribution of G U B, for a given G, as follows

R R | el 1

1€B i€G i€B 1€wWap \B €G!

3See Section 4.4 for the definition of these walks.
4Note that it is really G U B that connects A and B. Since B is fixed our definition is
valid
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where it is easy to see that G’ C B¢\ wg,. Thus using the positivity of K; we
have

[(uaup) — (ua)(up)]
< % Z Z He uall)+u(2) )+2|Li| HKl

GCBe u@) (2) ieB i€G
G connects A and B

Zi Z Z Z He @D +u2)4 211 H biHKi7(4-67)

EWap G'CB\w (1) 4(2) i€B icw\B €G!

where in the first inequality we use the trivial bound |fx| < 2 for both X =
A, B. In the second inequality we used K; < el —1 =, for i € w\ B. Now
resumming over G' C B\ w we obtain

|<UAUB> — (ua)(up)|
< Z/2 Z H hl Z H l; uaz)—l-u(?) )21 H (1+Kz)(468)

weWap icw\B 1) 4(2) i€B i€B\w

Inserting extra terms (1 + K;) > 1 for i € w \ B we find

|(UAUB>—(UA>( B)| (4.69)
U4y 2)) )
< Z,Q ST > II (@D +u®) 2 []a+x) [ a+K)
weWap icw\B 41 4(2) i€B iew\B 1eBN\w

=2 > ] v (4.70)

weWap icw\B

The last equality follows by reconstituting Z’? in the numerator. Indeed, for
any walk we have

Hezi(ué%ué?)% I a+x) [ 0+K) He (i +ul)+20L]

i€B iew\B 1€BN\w

Using

2 Z H hi =2 Z Hpiv

weWap icw\B weWap icw

where p; = 1 for i € B and p; = b; for i ¢ B we get the bound (4.15).

[t remains to explain why, if G does not connect A and B, the G-term does
not contribute to (4.66). Let 0G U OB be the set of variable nodes connected
to the check nodes GUB. We define a partition 0GUOIB = U, UV UV into
three sets of variable nodes. U4 is the set of all variable nodes v € 0G U 9B
such that there exist a self-avoiding walk w,, connecting some a € A to v, and
such that all check nodes of w,, are in G U B. Ug is similarly defined with B
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Figure 4.7: In the figure we show a part of the graph representing a LDGM code.
The set B is depicted by the dark squares. The set G C B¢ is depicted by the light
squares. A and B contain both three nodes and are demarcated by the continuous
curves. From the figure we see that there does not exist a self-avoiding walk that
connects A to B with all its check nodes in G U B. The sets of variable nodes
U 4, Vp and YV, are disjoint as well as the sets of check nodes G4, G and G
these sets are enclosed in the dotted areas.

and b € B instead of A. Finally Vo = (0GUIB)\ (B4 UYp). By construction
Ve NVy = Vo NYp = (. The point is that if G does not connect A and
B, then U4 NV = 0. Indeed, otherwise there would be a v € U, N Vg
with a walk w,, and a walk w,; both with all check nodes in G U B, but this
would mean that G connects A and B through the walk wg,, Uw,,. We also
define three sets of check nodes €4 = (GUB) NIV, €5 = (GUB)NIVp
and € = (GUB) \ (G4 UGp). Again the three sets are disjoint when G
does not connect A and B: indeed if there exists ¢ € €4 N €z then dc has an
intersection with both U, and U which would again imply that G connects
A and B. This situation is depicted in Figure 4.7.

Now we examine a term of (4.66) for a G that does not connect A and
B. Expanding the product ffp and using linearity of the bracket, the term
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equals
1 1 (1 2) (2
(2 e ] B @)+ 3 oful [ s
w4 i€GUB w4 i€GUB
)
X ) I ) Y ol TT E0.),
u(l u(2) 1€EGUB u(l) u(2> 1€EGUB
where

L(ul) +u§)v2ll]
B, @) = § & e B,
HiEG'KZ" 1€ Q.

Observe that [[,ccus H; (u™, u®)) is symmetric under exchange of replicas
(1) « (2) for any i. More precisely we have, for any i, H;(u™,u®) =
H; (u®,uM). As a consequence, the G—term contribution is is equal to the
difference I — II where

1
I= 7 Z ufj)ug) Hel (g +ug)) 21 HK (4.71)

u(1) u(2) ieB €@
@, @2
E uPul H elilas Tug; ) +2[L] H K. (4.72)
u(l) u(z) ZEB ’LGG

Because of the disjointness of the sets U4, Upr and Ve and the sets €4, Cp
and € (the areas enclosed in dotted lines, see Figure 4.7) one can, in / and
I1, factor the sums »_ ), in a product of three terms (in fact there is a
fourth trivial term which is a power of 2 coming from the bits outside the
dotted areas) as

22|V\(VAUDpUD0)|

1) (1)
I=———( X P TTm)( X wf [T')( X [1H=).
w2 1€Cy wb 2 i€Cp wD @ iee
a yYa b 9 b (& yYe
a€V 4 beVg ceVeo

22‘%\(‘UAUmBUmC ‘

)
_ (1) (2)
=————( Y o [Tm)( X wif [Tm)( > IIm=).
ulD) @ i€y ulD i€ep WD) 2 i€
acUy beVp ceVc

where for convenience we drop the dependence on v, u® of H;. Then by
symmetry (1) < (2) one recognizes that I = II. Thus I — II = 0 and this
proves that G does not contribute to (4.66) when it does not connect A and

B.

4.B Existence of Soft Boundary

In this appendix we prove Lemma 4.3. This lemma is crucial for us to apply
the sum-rule to relate the MAP and BP estimates. Let us point out that the





4.B. Existence of Soft Boundary 157

ZT; O
(1 O O
OHONORONON®
d
[] [] [] [] (] [
Na(i) | (L +|1)d
By Ny(i)
MO0 000 OO0 o0
Bs
N 41)a(7)

J m J OJ m J °Jd m O O m J ;| §m ] 0
N(z41)a(?)

Figure 4.8: Figure shows the two tree neighborhoods Ny(), Niz11)4(i) as well
as their boundaries Nd(O),]{f(LH)d(i). Check nodes belonging to €; are shaded
black and those belonging to &, are white. We also show the irregular boundary
Bs consisting of only “soft” check nodes belonging to €; and lying between the
two neighborhoods.

notion of the boundary is to be thought of as a set of check nodes, which when
appropriately “removed” would separate the region “inside” the boundary from
the one “outside”.

Proof. Since we consider codes with bounded maximum degrees, from standard
arguments [23] the neighborhood N41)q(¢) is a tree with high probability.
Pick a code randomly from the ensemble K such that N(L+1)d(i) is a tree
and consider a variable node ¢ in *U. Consider the check nodes belonging to
Nd(i). We define the following process of finding the required “soft” boundary
IOSS consisting only of check nodes belonging to the set &;. Initially we set
boundary Bg = By £ {c|c € Ny(i) and ¢ € €;}. In words, consider the check
nodes in the boundary ]\Ofd(z'), belonging to the set €, as the initial constituents
of the soft boundary.

Next, pick a check node ¢ € Ny(i) \ By. Traverse down along all possi-
ble paths emanating from c till we hit a check node belonging to €; on all
the possible paths. We include all these check nodes belonging to €; in our
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boundary Bg. Now pick another check node ¢ € Ny(i) \ By and follow down all
the possible paths originating from this check node, till we encounter a “soft”
check node. Again include all these “soft” check nodes in és. Continue this
process for all the check nodes in ]\Ofd(i) \ Bp. At the end we have our soft
boundary Bg. The region enclosed by Bg, containing the root variable node
i, is denoted by Bg. Clearly, if we “remove” all the check nodes from Bg we
would end up disconnecting Bg from the rest of the graph.

We now associate the following Birth-Death (B-D) process, independently
to each check node in the set Ny(i)\Bo. This would model the above procedure
for finding the soft-boundary. We say that a check node is “alive” if it has no
degree-one variable node belonging to U, attached to it and “dead” otherwise.
A check node is alive with probability 1 — p and dead with probability p.
At each time, an alive check node gives rise to the next generation of check
nodes and then dies. The number of check nodes fathered by any check node
is given by (1 — 1)(r — 1), where 1 corresponds to the variable node degree
and r is the check node degree. Initially there is only one alive check node
(€ Nu(i)\ By). It gives rise to a random number of check nodes and then dies.
The B-D process continues like this till the time becomes Ld + 1, at which
we stop the B-D process, irrespective of whether there are alive check nodes
at that time. If the B-D process stops before reaching time Ld + 1, then we
say that the B-D process dies naturally. Suppose that all the B-D processes,
running parallely for all check nodes in Ny(i) \ By, stop naturally. Then we
claim that we would have found our boundary of soft check nodes. Indeed,
the soft-boundary consists of all the dead check nodes from every B-D process.
Also, this soft-boundary would clearly lie between Nd(i) and N( r+1)a(?). Also,
since the B-D processes are independent, we have the region enclosed by the
boundary to be a tree.

Let us give a bound on the probability that a single B-D process does not
stop naturally, i.e., the extinction time is strictly greater than Ld. Let Y;
denote the number of alive check nodes at time ¢t —1. Let Z; denote the number
of alive check nodes generated at time ¢ by one alive check node at time ¢ — 1.
Thus the number of alive check nodes at time ¢ is given by V; =Y, 1 + Z; — 1.
Here Z, is distributed as Binomial((r —1)(1 —1),1— p). Thus from standard
arguments [110], [111], [112] we have

P(T > Ld) < HD(YLOZ > O) :P(Zl +Zo+ -+ Zpg > Ld)

From the Markov inequality and the independence of {Z;}, we have for
s >0,

P(Zy + Zy+ -+ Z1g > Ld) < E[e*(Z1F22t+21a)]g=sLd
— (E[ele])Lde—sLd

(a) s —1)(r— —s
2 ]El,r [(p +e (1 . p))Ld(l 1)( 1)]e Ld

(b)
S (p + 65(1 o p))LdKe—sLd’
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where in (a) we used the characteristic function of a Binomial ((r—1)(1—1),1—
p) distribution. In (b) we use s > 0 to find p + e*(1 — p) > 1, which gives us
the inequality since (1 —1)(r—1) < K. Above, E; , denotes expectation w.r.t.
the degrees 1 and r which are distributed as A(z) and P(x) respectively.For
p>1-— % the B-D process extincts in finite time. Also, it is not hard to see

that for p > 1 — %, setting s = In (m) minimizes the above bound and
we get

P(T > Ld) < et

where o = ln% > 0.
Since |Ng4(i) \ Bo] < K9 and each check node ¢ € Ny(i) \ By gives rise to
an independent and identical B-D process, the probability that all the B-D

processes extinct within time Ld is lower bounded by

P(all birth-death processes are extinct within depth Ld)
> (1-— e—aLd)Kd.

Note that since L > %, the probability that all birth-death processes are

extinct within depth Ld is lower bounded by 1 — 0,4(1). O










Decay of Correlations:
High Signal-to-Noise
Ratio

5.1 Introduction

In this chapter we study the correlations between code-bits of an LDPC code
when transmitting over general BMS channels in the low noise regime.

The Gibbs measures associated with the optimal decoder of LDPC codes
confront us with new challenges which invalidate the direct use of the standard
methods. For example it is easy to see that the standard Dobrushin type
methods [99], [62] fail due to the presence of hard parity-check constraints.
As seen in the last chapter, for the high noise regime we were able to convert
the problem, in the special case of LDPC code ensemble with large fraction
of degree one variable nodes, to a spin-glass containing a mixture of soft and
hard constraints for which appropriate cluster expansions can be applied to
show decay of correlations. The low noise regime which is our interest here is
a truly “low-temperature” spin-glass problem for which all the above methods
fail. Our method entails transforming LDPC codes to a dual one that involves
“negative weights”. As a result we cannot proceed by probabilistic methods
and we resort to cluster expansion techniques different from those employed
in the previous chapter.

The rest of the chapter is organized as follows. In the next section we set-up
our channel models and encoding schemes. In Section 5.3 we state our main
result on decay of correlation and its corollary for computing the asymptotic
average MAP-GEXIT via the density evolution equations. Before going on
to prove our main theorem, we present duality formulas for LDPC codes in
Section 5.4. The duality idea coupled with cluster expansion technique allows
us to prove our main theorem in Section 5.5. In Section 5.6 we sketch our main
application of our result to the asymptotic average MAP-GEXIT function.
We prove that in the low noise regime where the average correlation decays

161
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(fast enough) the asymptotic average MAP-GEXIT function can be exactly
computed from the density evolution analysis. These curves remain non-trivial
all the way down to zero noise as long as there are degree one variable nodes
(e.g Poisson LDPC codes). This proves that a non-trivial replica solution is
the exact expression for the conditional entropy of a class of LDPC codes
(containing a fraction of degree one variable nodes) on our class of general
channels. Previously the result was known only for the BEC [23], [18], [19],
[113], [114], [106], [115] and for a class of codes in the high noise regime as
shown in the previous chapter. We end the chapter with some discussion and
open problems. Appendix 5.D contains the derivation of the cluster expansion
for LDPC codes.

5.2 Set-Up — Channels and Codes

In this section we describe the high SNR channel models (low noise regime)
for which we will state and prove our results. The class of channels that we
define here is essentially the same as the one in Chapter 4, except for the
high noise condition. Consider a BMS(€) channel defined by a transition p.d.f.
pyix(y | ) with inputs € {—1,+1} and outputs belonging to R. As in the
previous chapter, we use the %LLR convention. The %LLR is given by

=1 [w}’ (5.1)

2 [pyvix(yl—1)

We denote the distribution of the %LLR , under the all-one codeword assump-
tion, by ¢(l). As usual the noise value varies in the interval [0, €pax] Where
Emaz = % for the BSC, €,,4. = 400 for the BIAWGNC and €,,,, = 1 for the
BEC. We now define the general class of channels for which our main results

hold.

Definition 5.1 (Class of Channels — K). A channel belongs to the class KC of
BMS channels if it satisfies:

1. The numbers Ty,(€) = L [* dlc(l)(tanh()* are bounded uniformly with
respect to the positive integer p (p > 1).

2. For any finite m > 0 we have E[e™!] < ¢,, < +o0.

3. (Low noise condition) There exists so > 0 small enough such that for
0 < s < sy we have lim,_oEle™!] = 0.

Notice that the first and second condition are exactly the same as in the
definition of class of general BMS channels in the previous chapter. The only
change is the modification of the high noise condition to a low noise condition.

Let us provide some examples of the channels which belong to this class.
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Example 5.1 (BSC). Consider the BSC(e) with € € (0,%). We recall from

12
the previous chapter that

pyix(ylr) = (1 —€)o(y — ) + ed(y + ),

)
o(l) = (1—6)5<z—%1n [iﬂ) +65<Z—%1n [1;]) (5.2)

As seen from the Example 4.1 in Section 4.2, the first two conditions are met.
Let us turn our attention to the low noise condition. From the expression for
the %LLR distribution we get

N|w

Ele ] = e2(1 —€)'75 + (1 —€)2€l 2.

As a consequence, as long as 0 < s < 2, we get lim,_oE[e™*!] = 0. Thus the
low noise condition is satisfied.

Example 5.2 (BIAWGNC). This example shows that our class of channels,
IC, covers the BIAWGNC. Recall from Section 4.2 that the transition p.d.f,
pyix(y | =), and the $LLR distribution c(l), assuming the all-one codeword
transmission are given by,

prxlole) = e - = e (<155 6

Again the first two conditions are met as shown in Example 4.2. All that
remains 1s the low noise condition. Using the characteristic function formula
for the gaussian distribution we find

E[efsl] — 6756_2+#

_ s 2(1-3)
Clearly, for any 0 < s < 2 we have lim, o E[e™%'] = 0, thus satisfying the low
noise condition.

Note that the BEC is not contained in the class K because of the second
condition. Nevertheless, due to the special nature of this channel our methods
can easily be adapted.

Codes

We use for transmission a fixed LDPC code or a code picked u.a.r. from a
standard LDPC(A(x), P(x)) ensemble with bounded maximum degrees.

Recall the definition of graph distance dist(, j) provided by Definition 4.4
in Chapter 4. Also, recall that E; denotes the expectation w.r.t. the output
LLRs denote by the vector [. Further recall that E;~: denotes the expectation
w.r.t. all output LLRs except ;. We are now ready to state our main theorem
on decay of correlations.
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5.3 Main Theorem on Correlation Decay

Theorem 5.1 (Decay of Correlations for the MAP Decoder and LDPC codes).
Consider transmission using a fixed LDPC' code with bounded mazximum degrees
Linaz and Tpae.  Consider communication over a channel, from the class of
channels KC, at low enough noise, i.e., 0 < € < €4, where ¢, > 0 depends only
0N Upmaw aNd Tpae. Then for any two code-bits with dist(i,7) > 414, we have
_ dist(4,5)

Ei[[(ziz;) — (wi){zj)|] < cre” €97, (5.4)
where ¢y is a finite positive numerical constant and &(€) is a strictly positive
constant depending only on €, Ly and Thag.

We will find that £7'(€) grows as € — 0. Before we set out to prove this
theorem, let us look at an important consequence.

5.3.1 Consequence of Decay of Correlation
Recall from 1.7 that the average MAP-GEXIT for any standard LDPC(A(z), P(x))

code ensemble is given by
de(l;) 1+ (2;)0 tanh [
l; E~il :
/d’ de & n{ 1+ tanhl;

gn(€) = Ec

As in Section 4.3.1 from Chapter 4, we define the soft code-bit estimate of the
BP decoder after d iterations as the Gibbs average on the computation tree,
T4(i) of depth d. Recall that the average with respect to this Gibbs measure
is denoted by (—)Z¥. Thus the BP-GEXIT function is given by

. 1+ (z;)B7 tanh;
/ a2 ln{ ()0 tan } |

BP
_E
Ina (€) = Ee de 1+ tanh;

(5.5)

The following corollary to the main theorem states that the asymptotic
average MAP-GEXIT function can be computed by using the density evolution
equation. Alternatively, the corollary proves that in the low noise regime, the
replica solution evaluated at the appropriate fixed-point is exact.

Corollary 5.1 (Density Evolution Allows to Compute MAP-GEXIT for En-
semble of LDPC Codes). Consider communication over a channel belonging

to the class IKC at low enough noise, i.e., 0 < € < e’g where 6; depends only on
Unaz, Tmaz- Then for LDPC(A, P) ensemble we have

lim g,(e) = lim lim g2%(e). (5.6)

n—-+o0o d—+o00 n——+o00

We point out that the above corollary is true even when there are jump dis-
continuities in the GEXIT functions, which would invalidate the use of area
theorem to prove such a statement as done in [36]. It is well known [23] that
with the presence of a non-zero fraction of degree one variable nodes, the es-
timates are non-zero and the corollary allows us to compute the asymptotic
average MAP-GEXIT function via density evolution.
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5.3.2 Strategy of Proof

The general idea of our strategy is to apply a duality transformation to the
Gibbs measure (MAP measure) of the LDPC code. It turns out that the dual
problem does not correspond to a well defined communications problem, and
in fact it does not even correspond to a well defined Gibbs measure because
the “weight” takes positive as well as negative values. Nevertheless, the dual
problem has the flavor of a high noise LDGM system (or high temperature
spin glass) and we are able to treat it through cluster expansions. There exist
a host of such expansions [105], but we wish to stress that the simplest ones
do not apply to the present situation for at least two reasons. The first is
that there exist arbitrarily large portions of the dual system which are in a
low noise (or low temperature) phase with positive probability. The second, is
that the weights of the dual problem are not positive. As a result the cluster
expansion method of the previous chapter as well as methods related to the
Dobrushin criterion are ruled out.

It turns out that a cluster expansion originally devised by Berretti [116]
is very well suited to overcome all these problems. We would like to point
out here that the duality idea was used in the context of BEC to show that
the asymptotic average MAP-GEXIT can be computed via density evolution in
some regimes of noise for some class of LDPC code ensembles in [115]. The case
of the BEC is special because under duality the Gibbs weight remains positive
and the communication problem using LDPC codes on BEC(¢) transforms to
a real communication problem using LDGM codes on the BEC(1 — ¢€) [38],
[115].

5.4 Duality Formulas

As explained in Section 5.3.2 we first transform the Gibbs measure of the
LDPC code to a dual measure. The duality transformation reviewed here is
an application of Poisson’s summation formula over commutative groups, and
has been thoroughly discussed in the context of codes on graphs in [117]. Here
we need to know how the correlations transform under the duality, a point
that does not seem to appear in the related literature.

Recall that for a linear code C' with the codewords given by the n—tuples,
u € {0,1}", the dual code, C* is defined as the set of n—tuples v € {0,1}"
such that u-v" = 0. We use the mapping z; = 1 — 2u; and 7; = 1 — 2v; for
1 <4 < n to denote the corresponding codewords in the spin language.

For any function f : C'— R, the Poisson summation formula gives

S fla) - |Cﬂ| S flo), (5.7)

zelC TeC+
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where the Fourier (or Hadamard) transform is given by,

foy= 3 fa)eiTitmion, (58)

ze{-1,+1}"

The dual code C+ is an LDGM code with codewords given by 7 where

7= | tta; (5.9)

a€di

and u, are the m information bits.

We now apply the Poisson formula to the partition function Z of the LDPC
code with f(z) =[]}, €"*i. This yields the extended form of the MacWilliams
identity,

Z = |CL|€ZJ:1 7, (5.10)
where .
Zi= > JIo+e® ] w (5.11)
ue{—1,+1}m i=1 a€di

For completeness, we provide a derivation of the Poisson summation formula
and (5.10) in Appendix 5.A. The expression (5.10) formally looks like the
partition function of an LDGM code with “channel half-loglikelihoods” g; such
that tanh g; = e™?. Indeed, we can write (1 + e 2 [], o u,) as €% (upto
a cosh g; factor) and compare it with 1.25. This is truly the case only for the
BEC(€) where I; = 0,400 and hence g; = 400, 0 which still correspond to a
BEC(1 — ¢) and one recovers (taking the e derivative of the logarithm of the
partition functions) the well known duality relation between EXIT functions
of a code and its dual on the BEC [38], [23]. For other channels however this
is at best a formal (but still useful) analogy since the weights are negative for
li <0 (and g; takes complex values). We introduce a bracket (—), which is
not a true probabilistic expectation (but it is still linear)

(Ni=— > f@][a+e™ ]]u) (5.12)

Z1 . ;
ue{-1,+1}m i=1 act

The denominator may vanish, but it can be shown that when this happens the
numerator also does so in a way that ensures the finiteness of the ratio (this
becomes clear in subsequent calculations). Taking logarithm of (5.10) we find

mZ=-I|C+> l;+InZ,.

j=1
We now take the the derivative with respect to [; of the above equation to find,

olnZ olnZ,
o, T o

. (5.13)
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We now show how to compute dhallzl. For convenience we use 7; to denote

[L,coita (cf. 5.9). From (5.11) we can write

81 Z
et Z 26_%7}1—[ 1 —|—Tje_2lj)

J#i
1 —2e~ 2k a A
:Z_L21—|—ne*2li ZH(1+TJ )
T j:l
1 —2e72i(1 — e - B
:ZZ — H1+T] 2, (5.14)

where in the last equality we utilized 72 = 1. Recall that (—) denotes the av-
erage with respect to the Gibbs measure corresponding to the LDPC partition
function Z. Using the notation (5.12) we find

2e~2i(r;) ) 24k
() =1 - 1—e 4 1—e 4
1 <TZ'>J_
= — . 5.15
tanh 2l;  sinh 2[; ( )
Now differentiating once more with respect to [, j # ¢
<xixj> o <l’z><$]> _ <7_i7—j>J_ - <7_i>J_<7—j>J_‘ (516)

sinh 2/, sinh 2[;

The second derivative is evaluated in the same way as the first derivative, and
we defer its computation to the Appendix 5.B. We stress that in (5.15), (5.16),
7; and 7; are given by products of information bits (5.9). The left hand side of
(5.15) is obviously bounded. It is less obvious to see this directly on the right
hand side and here we just note that the pole at [; = 0 is harmless since, for
[; = 0, the bracket has all its “weight“ on configurations with 7; = 1. Similar
remarks apply to (5.16). In any case, we will beat the poles by using the
following trick. For any 0 < s < 1 and |a| < 1 we have |a| < |a|®. Also since
(—) is a true Gibbs measure we must have |[(x;z;) — (x;)(x;)| < 2. Combining

we get
By [[{wizy) — @) {i)]] < 2 By [(ziws) — (2a)(z) ]

where recall that E; is the expectation w.r.t. the channel LLR realizations, [.
We stress here that (—) are true averages as opposed to (—),. Using (5.16)
and Cauchy-Schwarz we find

Ey[|(ziz;) — (@) ()] < 2'*El(sinh 20) %) By [|(remy) 1 — () 1 ()0 [*]
(5.17)

In the above derivation we used the independence of the identically distributed
random variables /; and [; and denote them simply by [. The prefactor is always
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finite for 0 < s < % for our class of channels IC. For example for the BIAWGNC
one can show that

E|[(sinh 20)~%] < o (5.18)

for some positive constants ¢ and ¢ and for the BSC we have

E[(sinh 21)~%] < (261(1_—_2?> : (5.19)

5.5 Proof of Main Theorem on Decay of
Correlations

We will prove the decay of correlations by applying a high temperature cluster
expansion technique to estimate By [|(7;7;) 1 — (73) () 1[*]. As explained in
Section 5.3.2 we need a technique that does not use the positivity of the Gibbs
weights. In Appendix 5.D we give a streamlined derivation of an adaptation
of Berretti’s expansion which gives us the following relation,

(Timj) L — (T3) Z (ZL Xc)) , (5.20)

Z
where
)= > > @@= -] B (5.21)
(1) (2) r compatlble kel
an withX
and
E, = 7‘]&1)6_2lk + 7’,52)6_2lk + 7']51)7',52)6_4lk. (5.22)

Here ug and u((f) are two independent copies of the information bits (replicas)

and T(a) = [Lex uEf“). Let us explain the various objects appearing in (5.20).
Even though the relation (5.20) is in language of the dual code, to explain
what are X and I' we will refer to the Tanner graph of the LDPC code. To
avoid confusion, we call the check nodes in the Tanner graph representing the
LDPC code a-nodes. Also, we call the variable nodes in the Tanner graph
representing the LDPC code i-nodes. In this language, ¢ and j appearing in
(5.20) are i-nodes. Given a subset S of nodes of the graph we denote by 05,
the subset of neighboring nodes.

In (5.20), X is a set of distinct a-nodes (subset of the entire set of a-nodes)
such that “X is connected via hyperedges”: this means that

(a) X = 0X for some connected subset X of i-nodes,
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(b) X is connected. Connected here means that any pair of i-nodes in X
can be joined by a path all of whose i-nodes lie in X and,

(¢) X contains both di and 9j.

We remark that X need not contain the ¢-nodes ¢ and j. In the sequel we will
also refer to X as a cluster of a-nodes.

In the sum (5.21), I" is a set of i-nodes (all distinct). We say that “I" is
compatible with X7 if:

(i) T Ui Udj = X,

(ii)) OT' N i # ¢ and II' N Jj # ¢. In words, ' must intersect both 9i and
07 and,

(iii) there is a walk connecting di and 07 such that all its i-nodes are in T'.

Finally we have,

Z(X)=>Y_ ] +e]]u (5.23)

Ua all k s.t. a€k
a€X® gkNX=¢

In words, the sum in (5.23) is carried over all a-nodes which do not belong
to the set X. The product is over all i-nodes such that they do not have an
a-node (belonging to their neighborhood) in common with X. The Figure 5.1

illustrates an example for all the sets appearing above.
We are now ready to prove the theorem on decay of correlations.

Proof of Theorem 5.1. Because of (5.17) it suffices to prove that
Ey [[(7ims) 1 — (1) 1(75) 1] decays.
The first step is to prove

A

‘ZL(XC)

Z

<1 (5.24)

This ratio cannot be estimated directly because the weights in Z, are not
positive. However we can use the duality transformation (5.10) backwards to
get a new ratio of partition functions (corresponding to LDPC codes) with
positive weights. More precisely, using the duality relation, we have

2(X°) = m( anlgt el’“) (ZLQA(C)),

IkNX =6

where

7x9= 3 I el’““H%(l—l— T = (5.25)

k allks.t acXe k€aand
OkNX=¢ OkNX=0¢ OkNX=¢
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) 'ULS
[] ] 1 [] [] []

Figure 5.1: In this figure we explain the various sets appearing in the clus-
ter expansion (5.20). The Tanner graph represents the LDPC code with vari-
able nodes (i-nodes) denoted by circles and check nodes (a-nodes) denoted
by squares. In this example the set X is the set of dark check nodes.
Let us verify that this choice of X satisfies all our conditions. Let X =
{4, j, v1, 9, U3, vy, Us, Vg, U7, Vs, Vg, V10, V11, V12 } be a set of i-nodes (these are de-
noted by dark circles in the figure). It is easy to check that the set of neighbors of
X is given by the dark check nodes which is equal to the set X. Hence X = 90X
and we satisfy condition (a). Secondly, any two variable nodes in X are connected
by a path all of whose variable nodes lie in X, thus condition (b) is met. Also
notice that X contains both di and 07, thus satisfying condition (c). Let us now
show an example of the set I' which appears in (5.21). Consider the set of dis-
tinct i-nodes, I' = {vq, v3, V4, V5, Vg, U7, Vs, V10, V11, V12 }- In the figure, the set of
i-nodes belonging to I' have a dotted circle around them. Let us verify that I' is
compatible with X. We meet the first condition (i), since it is easy to check that
the set of a-nodes in the union ' U i U 9] equals X . To see that the condition
(ii) is satisfied, consider the i-nodes v15 and wvy;. Clearly, a; € (Qvip N Ji) and
a7 € (Ovy; N 07). The walk {av12a2v9a3v3a4v6a5v8a6v11a7} connects Ji and 05
and all its i-nodes lie in I, hence the condition (iii) is also satisfied. Another choice
for I' would be the set {vs, v3, v4, V5, Vg, V7, Us, Vg, V19, V11, V12}. In the definition of
ZJ_(XC>, Z(XC) the /Ight variable nodes, U13, V14, V15, V16, V17, V18, V19, U20, U21, Al
not present because they have a non-empty intersection with X (each of them has
a dark a-node is their neighborhood). All check nodes which are not dark belong
to X°.
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This is the partition function corresponding to the subgraph induced by a-
nodes of X¢ and i-nodes such that i N X = ¢. Moreover C’L(XC) is the dual
of the code C(X©).

Then combining with (5.10) we find,

Z.(X¢ CH(Xe Z(X°¢
Z<L ):<exp Z lk)(’ \CSH”)( (Z )), (5.26)

allks.t
OkNX#¢

To bound %f) we first bound the ratio (of cardinality of the codes),

|C|LC(—LX‘C)| The rank, £, of the parity-check matrix of code C' (X ), which is
obtained by removing rows (checks) and columns (variables) from the parity-
check matrix of the original LDPC code C| is smaller than the rank, ¥, of the
parity-check matrix of C. Also set the block-length of the code C'(X¢) to be
n'. We have |C| - |C*| = 2" and |C(X¢)| - |CH(X*)| = 2¥. Dividing the two
and using |C(X¢)| = 27 ~% and |C] = 2"~ we get

1/ ve n’ n—%
|C (‘i( )l _ ( 2 _ ) (g) _ 2n’—n(2 /_3) _ 22—‘3,' < 17
|G [C(X)|/\ 2" 2n

where in the last inequality we used that £ < %.
Moreover we claim

<eXp > lk>Z(XC)§Z. (5.27)

allks.t
OkNX £

To see this one must recognize that the left hand side of the inequality is the
sum of terms of Z corresponding to x such that x;, = +1 for 0k N X # ¢ (and
all other terms are > 0). These remarks imply (5.24).

Using | >, a;* < >, |a;* for 0 < 2s < 1, and (5.24) we find

N (2

<o ZE 1K (X)) (5.28)

2s

EL[|<TiTj>L - <Ti>L<Tj>L|2s = ﬁEl

Let us now provide an estimate on r.h.s. of the last inequality. Recall that

=YY -y [ B

1) (2) r compatlble kel
aEX withX

E, = T]gl)e_glk - T]i Je= 2 4 7',51)7,52)6_41’“. (5.29)
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To proceed further, first trivially bound the term |(Ti(l) -7 ) (7 =17
by 4 and |Eg| by [2¢7 % 4+ e~%%|. Thus we obtain

\Ki,j(f()] <43 3 e et

u((:) u((f) T" compatible k€T’
we X withX

:4IX\+1 Z H|26_2lk+€_4l’“|,

T compaAtible kel
withX
where, to %et the last equality, we first notice that there is no more dependence
on uS}S, u((z2 in the expression and we then use Zug) u® = 41X for a € X.
Then, we again use the identity 272 + e‘4lk|és < 2274l 4 785k for
2s < 1 to deduce

EL[|K2',J'(X>|28] < 4|X'\+1 Z (225E[€—4sl] + E[S_BSZ])m
" compatible
withX

< gt Y (A(e))|r, (5.30)

" compatible
withX
where in the first inequality we take the expectation inside the product because
all the k € I' are distinct and hence have independent [,. We use the notation

A(e) = 2%E[e™*] + E[e™%]. (5.31)

It only remains to bound the number of I" in the sum (5.30) and the cardinatlity
of I' which is equal to |I'|. First we give a bound on |I|.

Remember that our final aim is to make the r.h.s. of (5.30) small. Recall
that the channel over which we are transmitting belongs to the class K. From
condition (3) of Definition 5.1 we can choose s and € so that A(e) is less than
one. To further estimate the bound in (5.30), we provide a lower bound on |I'|.
We do this as follows.

Since I is compatible with X, we must have (from condition (i))

orudivoj = X.
As a consequence we obtain
8T | > | X| — |9i] — |85]. (5.32)

Since the maximum degree of i-nodes is 1. we have |0 < |I|lyax, [0i] <
lyax and |07] < 1pax. Thus combining with (5.32), we get

‘F‘ Z (’X’ - 2lmax)/1max-

Let us now bound the number of I' which are compatible with X. Clearly,
the maximum number of i-nodes which have an intersection with X is | X |rpax.
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Thus there are at most 2/ Fmsx possible choices for I'. Combining all the above
we obtain

(1]~ 2Lm) L
) L (5.33)

B, [| K, (X)[?] < 40X1+DgmmaxlX] ( Afe)

From (5.28) and (5.33) we get

S 1 X r X X |—
Byl — (70 ] S g 3 AF# g1 A (1) e
X

) A (5.34)
The clusters X connect i and 95 and thus have sizes | X| > $dist(¢, j).

Moreover we claim

Lemma 5.1. The number of clusters of a given size, |X|, which satisfies condi-
tions (a), (b), (c), is upper bounded by Tpaq| X| (35K X)) where K = 1paeTmas
18 fized for a given LDPC' code.

We prove this claim in the Appendix 5.C. Combining with Lemma 5.1 we can
arrange the sum in (5.34) as

S 1 > r % % r o
EL[|<TZ'TJ‘>L — <Ti>i<Tj>L|2 } < % Z rmax|X|(3K max\X|>4(|X|+1)2 max| X|
| X[ >dist(i,5) /2
X A(e)(l)&‘_zlmax)/lmax

-2

~ Tmax (A(e))

< 5% Z exp {\X| (rmaxK In3+In4 + rp.In2

| X |>dist(4,5) /2

+

In ( A(e)
—gmx ) + 1)}

(5.35)

For channels belonging to the class K we have, for s small enough, E[e~*!] —
0 as e — 0. As a consequence we chose e small enough to make A(e) small

enough. Thus we can make the exponent negative and we conclude the proof.
O

5.6 Density Evolution Equals MAP for Low
Noise

By the same arguments than in Section 4.4.1 we have for LDPC codes, the
average MAP-GEXIT function,

de(l; 1+ (2:)o tanh [
/ dliﬂEmln{ T {wijo tan } .

(€)=K
gn(€) ¢ de 1+ tanh;

(5.36)
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For fixed d number of iterations, the average BP-GEXIT function in the limit
n — +oo is given by

lim g, (c) = Ec

n—-+0o00

dl; YR In d
/ de ! { 1+ tanh;

‘Nd(i) is a tree] : (5.37)

Above, (x;)o,n,@) is the Gibbs bracket associated to the graph Ng(i). When
Ny(i) is a tree, the set of leaves in the boundary of Ny(i) are variable nodes.
Thus the boundary conditions of N4(i) are given by the channel outputs. In
the sequel, we will call such a boundary condition also as “free” or “natural”
boundary. We will also abuse the notation introduced in Section 1.1.3 of
Chapter and denote Ny(i) as the variable nodes at a distance d from the root
node. Thus Ny(i) denotes the boundary of variable nodes (leaves) of Ny(i).
On the tree we evaluate (x;)o n,(;) using density evolution equations to get

, de(l) 1+ tanh A@ tanh
Ii Ii =1 E 1
Jm T goi(€) = Jim [ dl=5 2 Eaw { 1+ tanhl ’
(5.38)
where both limits exist and
k
AW ="l (5.39)
a=1

The u[(ld) are 1.1.d. random variables with distribution obtained from the itera-
tive system of DE equations

-1 -1
= Z Al / H dv;n'(v;) 6(u — tanh ™! (H tanhv;))
1 j=1 =1
k-1

—Zpk/dlc Hdu nld= 1)ua d(v—1-— Zu(d
k

a=1

The initial condition is given by 7®(v) = c(v). Recall that these equations
are an iterative version of the replica fixed point equation [66], [67].

Proof of Corollary 5.1. The first few steps are the same as in the proof for
LDGM. First, we expand the logarithm in (5.36) and use Nishimori identities
to obtain a series expansion like (4.25). Second, we notice that since the
resulting series expansion is uniformly absolutely convergent it is again enough
to show that

Jim Ee (o) | Na(i) tree] = lim T B m[(w), o | Na(i) rec].
(5.40)
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Again, because of [b* —a?!| < 2p|b—al] it is enough to show the last equation for
2p replaced by 1. Unfortunately, one cannot proceed as simply as in the LDGM
case. We prove (5.40) as a consequence of the next two lemmas stated below.
Let (=)gy, ;) be the bracket defined on the subgraph Ng(i) with I = +oo for

k € Nd(i) and [; = 0. This in fact is formally equivalent to fixing z; = +1
boundary conditions on the leaves of the tree k € N4(i). The first lemma says
that the bit estimate can be computed locally.

Lemma 5.2. Under the same conditions as in Corollary 5.1,

i B [{mido | Na) tree] = lim T Be i [(2)3ov,co | Nali) tree].
(5.41)

The second lemma says that at low enough noise, free and +1 boundary
conditions are equivalent

Lemma 5.3. Under the same conditions as in Corollary 5.1,
lim  lim Ee i [(2:)00, ) | Na(i )tree} (5.42)

d—+o00 n—+00

(5.43)

We prove the first lemma. It will then be clear that the proof of the second
one is essentially the same except that the original full graph is replaced by
Ny4(7), and thus it will be spared.

Proof of Lemma 5.2: In (5.41) (and (5.42)) the root node i has l; = 0 which
turns out to be technically cumbersome. For this reason we use the identities

<ZL’Z>0 + tanh [; <:L‘z>0 Ny(3) + tanh(;

e .44
(i) = 1+ (z;)o tanh[;’ (i) = 1+ (24) 3oy, tanh l;’ (5.44)
to deduce
- (1= (tanh;)*)((z:) — (2)%,0))
(Ti)o — <l'i>0,Nd(z') = (1 = (z) tanh L)(1 — (x >N » tanh i)’ (5.45)
This implies
1+ | tanh ;] -
[(zi)o — (T)on, | < T [tanh | (1) — (20) X, |- (5.46)

Averaging over the noise and using Cauchy-Schwartz,

Epi [[(z:)0 — (@)oo l] < 2E[V2E[|(@) — (2)3%,0°]
< WV2E[M 2B [|(@:) — (z)%,0]] (5.47)

1/2
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Notice that we have removed the square in the second expectation above and
have a multiplicative factor of 2 in front. This is easy to see because |(z;) —
(i) %] < 2. Let us now prove

lim  lim Ee,[[(z:) — (2:)%,6)| | Nal(é) tree] = 0. (5.48)

d—+00 n—-+00

We order the variable nodes at the boundary Nd(z) Let [; denote the vector
of LLR with components € Ny(i). We write (—)%,_, to denote the average
when the first £ — 1 components of lod are set as [y = ... = [_1 = 400, the k-th
component is [, and the remaining ones are i.i.d. and are distributed as ¢(I)
(in other words they are “free”). From the fundamental theorem of calculus,
it is not difficult to see that

+o0 oo
(@) —(@) N =— D / dlk dl’<k 1

ke Ny (i)
400
. / dl, (e Sy — ()T (@) ). (5.49)
keN, (i)~

Using |a| < |a|®, for any 0 < s < 1 and |a| < 1, for a = §([(ziz) Sy —
<xi>%ok—1<xk>%ok—1‘) we get
[(2a) = {2 N,
+o00

<o Y / Al ) Doy — (@)D (@) Dol (5.50)

- 1
keNy(i) =k

Let (—)2, k , be the Gibbs bracket corresponding to the dual code (with the first

k components of Nd( ) set as l; = ... = ly_1 = +o00 and the k-th component
equal to [}). Because of (5.16) we have

(i) — <$z‘>(fvod(z)|

P Z +00 a |<TiTk>?;;J__1 <n>i°kl1<7k>i°ﬁ1 ’ (5.51)
< (] sinh 27| sinh 27} |)* .

Note that the denominator in the integral is important to make the integral
convergent for [;, — co. Moreover at [; and [;, = 0 the hyperbolic sin terms are
harmless as long as for s < 1. The next step is to use the cluster expansion to
estimate

00, L 00,1

4 /+OO Il ’<Ti7'k>?éi1 (T () S 1
Who ot (| sinh 21| sinh 21} |)* '

(5.52)

By following similar steps than in the proof of Theorem 5.1 one obtains an
upper bound similar to (5.33) except that the likelihoods of the end points are
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weighted differently. More precisely, we get

B /+OO dl’ |<7'i7k>;o1i1 - <Ti>?li1<7'k>?éi1 °
: g (| sinh 21;|[ sinh 217])

ZX AIXI+1 Sor compatible ng@se—zslj + 64313)]

Uk

<E

/+OO dl/ with X
I g (| sinh 2{;|| sinh 21} |)*

Now we separate out the terms corresponding to [; and I (using their inde-
pendence) to further upper bound the last expression above by

T,T; By Z4lfc|+1 Z H (252 4 6—4513-)]7 (5.53)
X I' compatible jeT'\(I;,lx,)
withX
where
95 —2sl; + e 4sli 1
X | sinh 27;]° “ | sinh 21,]*

+o0 (256—231k _|_e—45lk) +oo 1
T, = {]E dl! E / i, ——— }
e {/lk & | sinh 27} |* } b [ L b | sinh 212]5]

Recall that E,~ix denotes the expectation w.r.t. all the LLRs except [; and [j.
The terms T}, T, arise because any particular I' may or may not include the
nodes i and/or k.

Since the i-nodes in I are distinct, we can again take the expectation inside
the product for the third term in (5.53). Thus we proceed along the same lines
as in (5.33) and (5.34) to finally get an upper bound for this term similar to
(5.35). Again, all the previous manipulations are possible because our channel
belongs to class K.

Also for our class K we can show

286—28l 4 e—4sl +o00 256—25l’ + e—4sl’
El ———| < d E dl’ < 0.
[ | sinh 21|* ] > o {/I | sinh 20’ |* >
(5.54)

which implies that the terms T; and T}, are finite and depend only on the value
of e. Putting everything together we find

By [|(z:)—(z)¥,ml) <270 ) cre 8T < 2l Kde T (5.55)
keNy(i)

We obtain the final inequality by upper bounding the number of i-nodes in
the boundary Nd(i) by K% But for our class of channels K we can choose ¢
small enough so that K ¢ 8 < 1. This immediately implies (5.48) and the
Corollary 5.1 follows. O
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5.7 Discussion

In this chapter we use duality to convert the LDPC coded system to a system
which has the flavor of an LDGM (or equivalently “high temperature”) coded
system. A natural question would be whether one could use similar techniques
to show decay of correlations for LDGM coded system at low noise. Unfortu-
nately, using duality in this case, will give us an LDPC coded system, which
is inherently at “low temperature”. This would render the cluster expansion
technique useless.

Of course, the biggest issue here would be to widen the regime of noise
for which the correlations decay. We do not attempt to optimize the esti-
mates/counting arguments. This would clearly be one way to increase the
noise regime. We know in few instances, like regular LDPC code ensembles,
that below egp, both the asymptotic average MAP and BP-GEXIT curves are
zero. This leads us to believe that the correlations should decay exponentially
(in fact faster than the local graph expansion) till egp.

We saw in the previous chapter, that in the special case of LDGM codes
transmitted over the BSC, one could exchange the limits d — +o00,n — +00,
while computing the average BP-GEXIT function. It would nice to have such
a statement for the case of LDPC codes. A final aim would be to provide such
an exchange of limit result for the bit error rate of the BP decoder.
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5.A Poisson Summation Formula and its
Application

We re-state the Poisson summation rule here. Let C' be a linear code of block-

length n and let C* denote the dual code. We use z; = 1 — 2u; (1; = 1 — 2u;)

to map codewords u (v) of C' (C1) belonging to the space {0, 1}" to the space

{+1, —1}". Abusing notation, we let C' also denote the set of codewords after
being mapped to the space {+1, —1}". For any f : C'— R we have

> flz) CL’ i (5.56)

zeC T€CL

~

where the Fourier transform, f(-), is given by,

J/C\(I) = Z f(z)eiﬁ j=1 (1=m)(1—5) (5.57)

Note that i? = —1. Let us start with the r.h.s. of (5.56). Using (5.57) we get

S f@)etSmmi-m)

TeCL ze{-1,+1}"

:|0_1i| Y flo) Y @ERintmmmml (558)

2 ~ 7
T

zc{-1,4+1}n TeCL
We claim that
1
Z et 2= (=) (1=z;) _ o
= 0, z¢C.

If we assume the above claim to be true then we immediately obtain the Poisson
summation rule. Let us now prove the claim. First assume that x € C'. From
the definition of duality we have

~(1—z)(1—7
u-v =0= z_:( Zx)( QT):even.

The sum in the expression above is carried over R. Consequently we must
have €1 2i=1(1=m)(1=2) — 1 for each 7 € C*. Thus we get the contribution of
|C+| when z € C. Now assume that z ¢ C. This implies there must exist a
dual codeword 7’ such that 27 U= xZ) Lt 2” = odd. We claim that

Z eig(zy L (=73) (1)) +(1=7)) (1-2;) ) Z el 2= (1-m)(1—zj) (5.59)

TeCt TeCt
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It We assume for the moment that this claim is true then using,
ot T _,(1- 7 D(l—xz) _ eiﬂ- (odd number) __ _17 we obtain

_E 642]117—J1x] E 642111TJ(1IJ)

TeCt TeCt

which implies that ) .. 1 X2 (0=m)=2) — () for any z ¢ C.

17']

—|— ] equals 0
or 2 when 7; = 7; and equals 1 when 7; # 7;. Whenever ;Tj + = 5 T 2, we

can replace it by a 0 (since both 2 and 0 are even) and it would not make a
difference to the sum ) . e'T 2= -e)l=m)+0 7). Thus we can write

It remains now to prove (5.59). Notice that the term

3 o3 (T -m) (e +a-r)-2)) _ 3 € Dm0+

TeC+ TeCt
= 3 F T 0-ai-n)

TeCt
= Y STt

T"eCL

o
1—7;7

1_25{) mod 2 = 5 i The

last equality follows because T]’/ £ T = Haeaj ugu!, implies that 77 € C*.

The second equality above follows because (1_2

7 a
Hence the claim. O]

Is is easy to see that the partition function Z, of an LDPC code C', can
be written as > . f(z) with f(z) = [T, €. Thus applying the Poisson
summation rule we get

CLZ Z HelzJH64llex]

T7eCL ze{+1,-1}7 j=1
— ﬁ E E Heljxﬁi%(l—fj)(l—%).
TeCL ze{+1,-1} j=1

Exchanging the sum over x € {+1,—1}" and the product over j and using
ez(17m) = 7; we obtain

7 — % Z ﬁ <6l]- + e—l]-+ig(1—7j)>

TeCL j=1
1
= —ez Z H (I+e” JT
TeCt j=1
I z
= w0 [+ [Ju),
ue{+1,—-1}m j=1 acy

where u is the vector of m information bits. O
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5.B Second Derivative Computation

Here we provide a quick derivation of (5.16). Taking the derivative of (7;)
with respect to [; we find

8 Ti) 1L ﬂk *Wk 8 1
<8lj> ZLGZ (ZQH 14 me™ > (ZQH 14+ e )81 ( )

) ' (5.60)

For the first term on the r.h.s. of (5.60), we proceed as (5.14) to get

%(Zﬁﬁ(ﬂrﬂc@mk ) 2_27] 1_1@—:@ 2lj)7'iﬁ(1+7k€2lk).
J

T k=1 k=1

Combining with 1/7, we find the first term to be equal to

(imi)L  2e7%i(r)
sinh 21; 1—e 4

(5.61)

The second term in (5.60) is equal to

0z
( L) = Z 2672%7'] H l—i-Tke*Ql’“)
k#j
—21; 2) n

L e o)

1 (1)1 N —1/( 24
~ Z) \sinh?2l; Zi\1—e )
Combining with (Y7 [T,_;(1 4 mxe~?*)), the second term is equal to

(ri) i) 2e7M(m)1
sinh 21; 1 —e 4~

(5.62)

Thus putting (5.61) and (5.62) together we obtain (5.16). O

5.C Proof of Lemma 5.1

Before we commence, let us recall that a-nodes and i-nodes are the check
nodes and variable nodes, respectively, of the Tanner graph of the LDPC code.
Recall that 1,,., denotes the maximum degree of i-nodes and ry,,, denotes the
maximum degree of a-nodes.

Let L be a positive integer. Our aim is to count the number of X such that
|X| = L and the conditions (a), (b) and (c) given in Section 5.5 are satisfied.
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Instead, we will count the number of X such that |X| = L and which satisfy
conditions (a) and (b). But we only require that it contains 0i. It may or may
not contain dj. Clearly, this will be an upper bound to our required number.

We know that the required X corresponds to some set of i-nodes X such
that X = X (condition (a) in Section 5.5). Also X is connected, i.e., there is
a walk between any two ¢-nodes contained in X. Note that X may or may not
contain the i-node i. Let us modify this X to include the i-node (if it is not
already present). Let us denote this set by X. We point out two properties of
the set X: (i) It is connected. Indeed, any two i-nodes, neither of which is 4,
are connected (follows from previous connectivity in X). Let 9% denote the
neighborhood of the set di. It is clear that 82 is a set of i-nodes. Since X
includes 0i, it must be that X contains at least one i-node which belongs to

0%. But i is already present in 822 Consequently, ¢ is connected to any other

i-node in X and (ii) The size of X is bounded as, IL < |X| < Lrmax.

Thus for each X we have constructed an X , such that 0X = X , 1€ X , X

L
1ma

with size equal to L and both satisfy our requirements. Then it is clear that
the corresponding X 1 and Xg are also different. As a result, counting such X
will provide us with an upper bound on the number of required X of given
size L.

Without loss of generality we consider the following graph, G, to count the
number of X. The nodes in G consists of the i-nodes in the original graph.
We attach an edge between two nodes in G, if there is a-node containing the
corresponding i-nodes in the original graph.

We simplify our analysis as follows. Instead of counting on G, we perform
our counting on the computation tree, denoted by Cq rooted at the node . It
is not hard to see that by counting X on Cg we will over-estimate the same
on G. We further simplify by considering the degree of the root node in Cg to
be K and the degree of every other node to be K + 1. Denote this last graph
by TG.

With the above simplifications, let us now count the number of sets X on
the graph 7. We first provide a crude upper bound which is sufficient for the
purpose.

We will now provide a finger-print for any set X. Given a set X , generate
the following sequence of numbers. Start from the root node and number every
edge coming out of the root node as follows. Mark an edge e coming out of the
root node by 0, if the node (other than the root node) is not contained in the
set X. If the node is contained in X but not further extended (by extended
we mean we include any of the node below the current node in the set X ) then
mark the edge by 1. If the node is further extended below, then mark the edge
by 2.

Consider the following generation of the finger-print of the set X. Perform
Breadth-First-Search (BFS) type labelling of edges according to previous rules.
First consider the K-tuple (€ {0, 1,2}) corresponding to the edges emanating

is connected and |X | € erax}. Suppose that X 1 # Xg are two sets
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(-
(@)

Figure 5.2: The finger-print corresponding to the set X shown by dark circles
is given by I = {(0,2,2)(2,1,0)(2,1,2)(0,1,0)(1,1,0)(0,1,0)}. It is easy to
see that given the finger-print F' we can reconstruct the set X uniquely in BFS
manner.

from the root node. Observe that the set X grows only along edges labeled
as 2. Thus write down the K-tuple corresponding to the end-node of all edges
marked as 2. Proceed to build up the sequence of numbers in a BFS manner.
At the end we have a sequence of K-tuples each containing either 0, 1, or 2. It
is easy to see that there is one-to-one correspondence between the finger-print
and the set X. Indeed, from a given finger-print sequence one can uniquely
generate a set X in a BFS manner. Note that we have written down a K -tuple
only when we have added a node to the set X. Clearly the number of K-tuples
in the finger-print is upper bounded by L. As a result, the number of possible
sets, X, is upper bounded by (3%)/XI.

Putting everything together we get that the number of sets X, with a given
size L is upper bounded by

TmaxL

Do (B < Ly (3,

X |=52

lmax

proving the lemma. Figure 5.2 illustrates a BF'S labeling. O

5.D Cluster Expansion for LDPC Codes

Here we adapt the Berretti cluster expansion to our setting of Tanner graphs.
For more details we refer to [116], [118]. Consider the replicated partition
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function

7% = > H (1+ 7 e M) (1 4 7P e 2y, (5.63)

u(l) u(2)€{ 1 +1}m

Recall that Z, corresponds to the dual code. To avoid confusion we will
always have in mind the Tanner graph corresponding to the original LDPC
code. Furthermore, we will refer to the variable nodes of the Tanner graph (of
the LDPC code) as i-nodes and refer to the check nodes as a-nodes.

Above uM) = ugl), . ,u,(%) and u® = uf), e ,u%) are two replicas of the
a-nodes. Also we have 7',51) = [Lex u! and T,§2) = [Lex u?. Arguing on
the same lines as in Appendix 4.A of the previous chapter, we can write the

correlation function as
1
() = {mhu(r)s = S = m @ =7 (5.69)

where (=) 12 corresponds to the replicated system. In the above language,
i and j are i-nodes. Note that in obtaining a similar expression in Appendix
4.A, we only relied on the linearity of the Gibbs bracket and the fact the
replicated system is a (product of two copies. To lighten the notation we use

= T(l) TZ@)’ = 7_](2) Then we have

<fzfj 1,12 — LQ Z fzf]H 1+Ek) (565)
J_

MORE)
Recall that Ej (c.f. (5.22)) is given by
Ey = T;il) —2he 7,52)6_21’“ + 7,51)7',52)6_4“. (5.66)

Expanding the product [;_,(1 4+ Ej) we get,

(fifiYii2 = % Z ffJZHEk

w( w2 VCUkeV
= § Y A6 E (5.67)
l VB () (2 kev

where U denotes the set of all variable nodes of the original Tanner graph for
the LDPC code and V' is any subset of distinct variable nodes.

We will now reason that those V' (in the sum in (5.67)) which do not
“connect” 7 and j do not contribute to the above sum. Let us argue more
formally. Suppose V' C U is such that one cannot create a walk (i.e., a sequence
of alternating i-nodes and a-nodes) connecting any a-node in 9i, to any a-
node in @j such that all its -nodes are contained entirely in V. Then we can
partition V' into three mutually disjoint sets of variable nodes, Vi, V5, V3 such
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thati € V4, j € Vo and V3 = V'\ (V1 UV5). Note also that 9V;, 0V,, OV3 are also
mutually disjoint otherwise we can create a walk between 0i and 9j. Thus we
can write

3 fifjHEk_< 5 1)( 5 fiHEk)< S fjHEk)
WD u®  kEV oD @ WD @ keV: WD @ eV
all a¢oV all a€dVy all a€dVi

D (2 kEV3

ug) ,u&z) €0Vs

(5.68)

We point out that the pre-factor in the r.h.s. above comes from the sum over
all a-nodes which do not belong to 0V. We observe that under the exchange
(1) < (2), fi (or f;) is “antisymmetric” and Ej, is “symmetric”. More precisely,
we have

S -] (Tlgl)elek 4 rPe 2 +Tl£1>ﬂ£2>ef4zk) _
e kevi

ul
all acoVy

Z (7'.(2) — 7-.(1)) H <7-,§2)e_2l’“ + T,gl)e_%“ + 7']52)7']&1)6_4[’“>.
NOMC) keVy

all acoV;

where we exchanged the replica indices (1) and (2). Thus we obtain that (5.68)
vanished. Thus only those V' which contain a walk with all its ¢-nodes in V'
and which intersects both i and dj contributes to the sum in (5.67).

For a given V (contributing to the sum (5.67)), we construct the set of
i-nodes I'y as follows. I'y is the union of all maximal connected clusters of
distinct i-nodes in V', such that each of those connected clusters intersects the
union 07 U dj. Let I'{, = V' \ I'y. From the definition of I'y, it is clear that
no ¢-node € I'{, shares an a-node in common with any node € I'y. It is not
hard to see that there exists such a set, I'y,. Indeed, the walk which connects
0i and 07, is a candidate set. It is clear that the set I'y is unique.

Let Xy = oIy Ui U dj be a set of a-nodes. Since I'y is unique, it implies
that XV is also unique. It is not difficult to see that XV satisfies all the
requirements of the set X in the sum (5.20). Indeed, consider Xy = Iy UiUj.
By construction, 0Xy = Xv; any two ¢-nodes in Xy are connected by a walk
with all its -nodes in Xy; Xy contains both 9i and 0j. Also note that I'y is
compatible with Xy as is required in the sum (5.21). Indeed, by construction
oLy UdiUdj = Xy; 00y N0 # ¢ and Ty N j # ¢; there exists a walk
between 0i and dj with all its i-nodes in I'yy. An important point to keep
in mind is that 9T, does not intersect Xy. Because if it did, then it must
intersect either 0i U 05 or dI'y, which would be impossible.
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With this we can write (5.67) as

(fifj) a2 = Z > £:5 11 Ex > 1 &

i Ve MOIMC) kely WDy kel
acdly Udiudj =Xy remaining a

YA e ¥ I

X Vcy: ul® kely uD @) kels

u
XV_X an remalnlng a

(5.69)

In the second equality we first sum over all X which satisfies all the three
conditions (a), (b) and (c) of Section 5.5. Then we sum over all the sets of
t-nodes, V', such that Xy = X. We are able to perform the above exchange of
sums because, for each V' there is a unique XV. Note that there can be many
V which have the same Xy as seen from the Figure 5.1 in Section 5.5. Also,
in the second sum in (5.69), by “remaining a” we mean sum over all a-nodes
which are not contained in V.

Recall that 8T¢, does not intersect X. And T'y is compatible with X and
is unique for a given V. As a result we re-sum over the sets V. This re-
summation consist of I' compatible with X and the rest G which does not
intersect X. Thus we have

(fifi) L1z = {Z > fszHEk}{ > HEk}

(1) ,,(2) I'compatible ker oDy GCU keG

“ex  withX " %e agnX=¢
1
axyly vy wnel s moaes)
1 X (1) (2) Icompatible kel w4, (2) allks.t.
“ex  withX wexe okNX=¢

(5.70)

The last bracket is equal to (5.23) and we recognize Berretti’s expansion. Fig-
ure 5.3 shows a sample set V' and I'yy which give a non-vanishing contribution.
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] ] ] V14
@
J

P
7 ' f?

Vs
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Figure 5.3: The dark circles (i-nodes) form the set V' = {vy,..., v}
The walk aqv12a0v9a3V3a4V5a5v9a6v11a7 connects 0i to J7 and hence V
has a non-vanishing contribution to the sum (5.67). The set I'y =
{Ul,’Ug,U:;,U4,U5,U67U7,U8,U9,U10,’011,U12,Ulg}, is union of the two maximal con-
nected clusters: {Ul,Ulg} and {Uu,?)g,U3,U4,U5,U6,U77U87Ug,Ul(),UH}. Both of
these clusters have an intersection with 9i U 0j. Also, I'S, = {v14, V15, v16}.
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