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From coding to probabilistic inference
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Binary symmetric channel

ENCODER CHANNEL DECODER
m x y m̂

y = x ⊕ z , Hx = 0 .

z = (z1, z2, . . . , zn) , zi ’s iid Bernoulli(p).
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Syndrome decoding

s = Hy = Hz
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Syndrome decoding

(z1, . . . , zn) ∈ {0, 1} is n p sparse

z1

z2

z3

z4

z5

s1

s2

s3

s4

s = Hz mod 2

s1, . . . , sm: linear observations of the noise vector.
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Outline

1 Sparse vectors

2 Collaborative filtering

3 Conclusion
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SPARSE VECTORS
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Why sparse vectors? Network measurements
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Network measurements

Internet core link :

1010 ÷ 1011 bits/sec

Packet size 103 bits

106 ÷ 107 flows per hour (mice. . . elephants)

ROUTER
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A naive approach (1 flow ↔ 1 counter)
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Problem 1: Memory

Processing time: 12 nanosec per packet

Space: 106 flows × 64 bits counters = 8 MBytes
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Problem 2: Flow-to-Counter association
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Andrea Montanari and Rüdiger Urbanke Phase Transitions



Previous approaches and Related work

Hybrid architectures
[Shah, Iyer, Prabhakar, McKeown 2002]

Sampling
[Estan, Varghese 2001; CISCO’s NetFlow]

Compressed sensing
[Candes, Donoho, Romberg, Tao, Indyk, Gilbert, Tanner 2006-. . . ]
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Counter braids: Vanilla version
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Counter braid: one layer

x1

x2

x3

x4

x5

y1

y2

y3

y4

y = Hx

flows counters

x = (x1, . . . , xn) ∈ Nn

y = (y1, . . . , ym) ∈ Nm

H adjacency matrix
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Decoding: probabilistic inference

x1

x2

x3

x4

x5

y1

y2

y3

y4

y = Hx

flows counters

µ(x) =
1

Z

m∏
a=1

I(ya = hT
a x)

n∏
i=1

p0(xi )
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Message passing algorithm

BP messages → ν
(t)
i→a(xi ), ν̂

(t)
a→i (xi ).
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Low complexity message passing algorithm

ν
(t)
i→a : flow i to counter a

ν̂
(t)
a→i : counter a to flow i

i

a

i

a

ν
(t)
i→a, ν̂

(t)
a→i ∈ N, ν

(0)
i→a = 0

Andrea Montanari and Rüdiger Urbanke Phase Transitions



Low complexity message passing algorithm

ν
(t)
i→a : flow i to counter a

ν̂
(t)
a→i : counter a to flow i

i

a

i

a

ν
(t)
i→a, ν̂

(t)
a→i ∈ N, ν

(0)
i→a = 0
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Decoding a counter braid

ν̂
(t)
a→i =

[
ya −

∑
j∈∂a\i ν

(t)
j→a

]
+

ν
(t+1)
i→a = min

{
ν̂

(t)
b→i : b ∈ ∂i \ a

}

a

i

j

a

i

b

for t even

ν
(t+1)
i→a = max

{
ν̂

(t)
b→i : b ∈ ∂i \ a

}
for t odd
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Analysis and performances
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The sandwich property

Proposition

ν
(0)
i ≤ ν

(2)
i ≤ ν

(4)
i ≤ ν

(6)
i ≤ · · · ≤ xi

ν
(1)
i ≥ ν

(3)
i ≥ ν

(5)
i ≥ ν

(7)
i ≥ · · · ≥ xi
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A statistical model?

X1,X2, . . . Xn iid, Xi ≥ Xmin

P{Xi > Xmin} = ε .
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Typical runs
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Density evolution

l : flows degree
r : counters degree

zt ≡ P{ν(t)
i→a 6= xi}

zt+1 =

{
(1− (1− zt)

r−1)l−1 for t even,
ε(1− (1− zt)

r−1)l−1 for t odd,
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Threshold in memory space
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Dimensionality reduction

γ =
#counters

#flows
.
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Optimal dimensionality reduction

Theorem (Donoho, Tanner, 2006)

Let γdens(ε) be the dimensionality reduction rate for ε-sparse
sources, with Gaussian random matrices and LP decoding. Then

γdens(ε) = 2 · ε log(1/ε) + O(ε).

Theorem (Lu, M, Prabhakar, 2008)

Let γsparse(ε) be the dimensionality reduction rate for ε-sparse
sources, sparse matrices and message passing decoding. Then

γsparse(ε) ≤ 2.09 · ε log(1/ε) + O(ε).
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Optimal dimensionality reduction
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COLLABORATIVE FILTERING
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Netflix dataset: A big (!) matrix
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A big (!) matrix
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You get a prize if. . .

RMSE < 0.8563 ;−)

Is this possible?
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A model: Random low-rank matrices
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The observations

24312412365126251454231542321542143214324135124424225534242444245231552162561272662262626711515252241

13421532161432614361436514327147171542154437171521726547152481582524858141258141841852423233334448148

24312412365126251454231542321542143214324135124423323212144422555231552162561272662262626711515252241
24312412365126251454231542321542143214324135124424225552315521625612726622621412412212626711515252241
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543154311315464566366531253151353116‘161466
24312412365126251454231542321542143214324135124424225552315521625612726622626267115143434343225252241
24312412365126251454231542321542143214324135124424225552315521625612726622623452352566626711515252241
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543154311315312345334646653151353116‘161466
24312412365126251454231542321542143214324135124424225552315521343466663562561272662262626711515252241
24312412365126251454231542321542143214324135124424223434543453555231552162561272662262626711515252241
41315426514236152461547‘614542422471‘6567157157‘65147‘353534543361524154315431131531253151353116‘161466
24312412365126251454231542321542143214343453453452413512442422555231552162561272662262626711515252241
24312412365126251454231542321542143245345354551432413512442422555423155216256127266226262671151525241
41315426514236152461547‘614542422471‘346567157157‘65147‘61524154315431131531253151353116‘16146453454356
24312412365126251454231542321542143214324135133133111124424225552315521625461272662262626711515252241
24312412365126251454231542321542143334211233321432413512442422555231552162561272662262626711515252241
24312412365126251454231542321542143214324135124424225552315521625612721231‘13132662262626711515252241
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543154311131232333311531253151353116‘161466
24312412365126251454231542321542143214324135124424225552315521625612726622626267115152522443744747441
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543154311343344453551531253151353116‘161466
143265421542715765127651543151221652465236125436541625143615243162534535666461r5261463416452646161611
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543154366363443135131531253151353116‘161466
41315426514236152461547‘614542422471‘6567157157‘65147‘615241543144444345554431131531253151353116‘161466

41315426514236152461547‘614542422471‘6567157157‘65147‘615241545345346664315431131531253151353116‘161466

24312412365126251454231542321542143214324135124424225552315521625446346466661272662262626711515252241
24312412365126251454231542321542143214324135124424225552315521625446436666661272662262626711515252241

24312412365126251454231542321542143214324135124424225552315521625464363423361272662262626711515252241

41315426514236152461547‘614542422471‘6567157157‘65147‘615241543135353453445431131531253151353116‘161466
24312412365126251454231542321542143214324135124424225552315521624534466433561272662262626711515252241

24312412365126251454231542321542343434445514321432413512442422555231552162561272662262626711515252241
24312412365126251454231542434444453332154214321432413512442422555231552162561272662262626711515252241

24312412365126251454231542321542121432413512442422555231552162561272662262626713242442515252233333341
5125125653426356254412545346532671735712351663571237213533333333172671238127638172681871881

nα users

n
m

ovies

M =
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The observations
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You need some structure!

nα

r
r

nM = U

VT

r ≤ n1/2
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nα

r
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VT
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Factors

• Uik , Vak i.i.d.

• U, V random orthogonal.

• U, V ‘incoherent’.
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Metric (RMSE)

D(M, M̂) ≡

 1

n2α

∑
i ,a

|Mia − M̂ia|2


1/2
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Previous work

Theorem (Candés, Recht, 2008)

If

ε ≥ C n1/5 log n

then whp

1. M is unique given the observed entries.

2. M is the unique minimum of a SDP.

cf. also [Recht, Fazel, Parrilo 2007]
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Great, but. . .

1. n1/5 observations for 1 bit of information?

2. RMSE = 0?

3. SDP = O(n4...6). Substitute n = 105. . .
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Andrea Montanari and Rüdiger Urbanke Phase Transitions



Great, but. . .

1. n1/5 observations for 1 bit of information?

2. RMSE = 0?

3. SDP = O(n4...6). Substitute n = 105. . .
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A graphical model
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The graph

movies

users

1

1

nα

n

i

a

(i , a) ∈ E ⇔ User a rated movie i .
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The graphical model

rows of U

rows of V

~u1

~v1

~unα

~vn

~ui

~va

µ({~ui}, {~va}) =
1

Z

∏
(i ,a)∈E

I(~ui · ~va = Mia)
nα∏
i=1

p0(~ui )
n∏

a=1

p0(~vi ) .
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Belief propagation

Messages νi→a(~ui ), νa→i (~va).

A small simulation
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O(n) entries are enough (practice)
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Rank = 1: an easy trick
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Rank = 1: Trick vs. Belief Propagation
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Rank = 2: Belief Propagation
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Rank = 3: Belief Propagation
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Rank = 4: Belief Propagation
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O(n) entries are enough (theory)
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Can you prove anything about BP?

Assume p0( · ) uniform over {−1,+1}r

Uniform fixed point ν∗i→a( · ) = ν∗a→i ( · ) = p0( · )

• Becomes unstable for rε > 1.

• Two new +/− symmetric fixed points.

• Become unstable for ε > const. :-(
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Naive spectral algorithm

ME
ia =

{
Mia if (i , a) ∈ E ,
0 otherwise.

Projection

ME =
n∑

i=1

σixiy
T
i , σ1 ≥ σ2 ≥ . . .

Tr (ME ) =
n
√

α

ε

r∑
i=1

σixiy
T
i .
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Troubles and solution

If ε = O(1), ‘spurious’ singular values Ω(
√

log n/(log log n)).

Trimming

M̃E
ia =

{
ME

ia if deg(i) ≤ 2 Edeg(i), deg(a) ≤ 2 Edeg(a) ,
0 otherwise.
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Not-as-naive spectral algorithm

Spectral Matrix Completion( matrix ME )

1: Trim ME , and let M̃E be the output;

2: Project M̃E to Tr (M̃
E );

3: Clean residual errors by coordinate descent in the factors.

Andrea Montanari and Rüdiger Urbanke Phase Transitions



Complexity

SVD of M̃E

• Standard algorithms → O(n3)

• Iterative → O(nrε log n)
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Theorem (Keshavan, Oh, M, 2009)

For each δ > 0, if ε ≥ C (α, δ), then with high probability

||M− Tr (M̃
E )||2F ≤ n2r δ.

Theorem (Keshavan, Oh, M, 2009)

If ε ≥ C ′(α) log n, then Spectral Matrix Completion
returns, with high probability, the matrix M.
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Key technical result

M =
r∑

i=1

Σiuiv
T
i ,

||ui || =
√

n , uT
i uj = 0 , ||v i || =

√
nα , vT

i v j = 0 .

Theorem

If {ui}, {v i} are incoherent, then, w.h.p.

|σq − εrΣq| ≤ C r
√

ε log ε for q ≤ r ,

σq ≤ C r
√

ε for q > r .
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n = 10000, r = 4, ε = 12.5
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Back to the data
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Is Neflix a random low-rank matrix?

Compare for coordinate descent (SimonFunk).

(n = 5 · 103, α = 1)
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Rank = 3
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Rank = 4
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Rank = 5
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CONCLUSION
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Conclusion

Enough information, measurements,. . .⇒ Threshold

Engineering phase tranditions.
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