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Problem 1.

(a) We have

W−(y1, y2|u1) = PY1,Y2|X1⊕X2(y1, y2|u1) =
PY1,Y2,X1⊕X2(y1, y2, u1)

PX1⊕X2(u1)
(∗)
= 2PY1,Y2,X1⊕X2(y1, y2, u1)

= 2
∑

u2∈{0,1}

PY1,Y2,X1⊕X2,X2(y1, y2, u1, u2)

(∗∗)
= 2

∑
u2∈{0,1}

PY1,Y2,X1,X2(y1, y2, u1 ⊕ u2, u2)

= 2
∑

u2∈{0,1}

PY1,Y2|X1,X2(y1, y2|u1 ⊕ u2, u2)PX1,X2(u1 ⊕ u2, u2)

= 2
∑

u2∈{0,1}

W (y1|u1 ⊕ u2)W (y2|u2)
1

22

=
1

2

∑
u2∈{0,1}

W (y1|u1 ⊕ u2)W (y2|u2),

where (∗) follows from the fact that if X1, X2 are independent and uniform then
X1 ⊕X2 is also uniform. (∗∗) follows from the fact that

(X1 ⊕X2 = u1 and X2 = u2)⇔ (X1 = u1 ⊕ u2 and X2 = u2).

(b) We have

W+(y1, y2, u1|u2) = PY1,Y2,X1⊕X2|X2(y1, y2, u1|u2) =
PY1,Y2,X1⊕X2,X2(y1, y2, u1, u2)

PX2(u2)

= 2PY1,Y2,X1⊕X2,X2(y1, y2, u1, u2)

(∗)
= 2PY1,Y2,X1,X2(y1, y2, u1 ⊕ u2, u2)
= 2PY1,Y2|X1,X2(y1, y2|u1 ⊕ u2, u2)PX1,X2(u1 ⊕ u2, u2)

= 2W (y1|u1 ⊕ u2)W (y2|u2)
1

22

=
1

2
W (y1|u1 ⊕ u2)W (y2|u2),

where (∗) follows from the fact that

(X1 ⊕X2 = u1 and X2 = u2)⇔ (X1 = u1 ⊕ u2 and X2 = u2).



(c) We have

Z(W+) =
∑

y1,y2∈Y,
u1∈{0,1}

√
W+(y1, y2, u1|0)W+(y1, y2, u1|1)

=
1

2

∑
y1,y2∈Y,
u1∈{0,1}

√
W (y1|u1 ⊕ 0)W (y2|0)W (y1|u1 ⊕ 1)W (y2|1)

=
1

2

( ∑
y1,y2∈Y

√
W (y1|0⊕ 0)W (y2|0)W (y1|0⊕ 1)W (y2|1)

)

+
1

2

( ∑
y1,y2∈Y

√
W (y1|1⊕ 0)W (y2|0)W (y1|1⊕ 1)W (y2|1)

)

=
1

2

( ∑
y1,y2∈Y

√
W (y1|0)W (y2|0)W (y1|1)W (y2|1)

)

+
1

2

( ∑
y1,y2∈Y

√
W (y1|1)W (y2|0)W (y1|0)W (y2|1)

)

=
1

2

(∑
y1∈Y

√
W (y1|0)W (y1|1)

)(∑
y2∈Y

√
W (y2|0)W (y2|1)

)

+
1

2

(∑
y1∈Y

√
W (y1|0)W (y1|1)

)(∑
y2∈Y

√
W (y2|0)W (y2|1)

)

=
1

2
Z(W ) · Z(W ) +

1

2
Z(W ) · Z(W ) = Z(W )2.

(d) For every y1, y2 ∈ Y , we have:

W−(y1, y2|0) =
1

2

∑
u2∈{0,1}

W (y1|0⊕ u2)W (y2|u2) =
1

2

∑
u2∈{0,1}

W (y1|u2)W (y2|u2)

=
1

2
W (y1|0)W (y2|0) +

1

2
W (y1|1)W (y2|1) =

1

2
α(y1)α(y2) +

1

2
β(y1)β(y2)

=
1

2
(α(y1)α(y2) + β(y1)β(y2)),

and

W−(y1, y2|1) =
1

2

∑
u2∈{0,1}

W (y1|1⊕ u2)W (y2|u2)

=
1

2
W (y1|1⊕ 0)W (y2|0) +

1

2
W (y1|1⊕ 1)W (y2|1)

=
1

2
W (y1|1)W (y2|0) +

1

2
W (y1|0)W (y2|1) =

1

2
β(y1)α(y2) +

1

2
α(y1)β(y2)

=
1

2
(α(y1)β(y2) + β(y1)α(y2)).

2



We have

Z(W−) =
∑

y1,y2∈Y

√
W−(y1, y2|0)W−(y1, y2|1)

=
1

2

∑
y1,y2∈Y

√(
α(y1)α(y2) + β(y1)β(y2)

)(
α(y1)β(y2) + β(y1)α(y2)

)
.

(e) For every x, y ≥ 0, we have x+ y ≤ x+ y + 2
√
xy = (

√
x+
√
y)2 which implies that√

x+ y ≤
√
x+
√
y. Therefore, for every x, y, z, t ≥ 0 we have:

√
x+ y + z + t ≤

√
x+ y +

√
z + t ≤

√
x+
√
y +
√
z +
√
t.

Therefore,

Z(W−)

=
1

2

∑
y1,y2∈Y

√(
α(y1)α(y2) + β(y1)β(y2)

)(
α(y1)β(y2) + β(y1)α(y2)

)
=

1

2

∑
y1,y2∈Y

√
α(y1)2γ(y2)2 + α(y2)2γ(y1)2 + β(y2)2γ(y1)2 + β(y1)2γ(y2)2

(∗)
≤ 1

2

∑
y1,y2∈Y

(√
α(y1)2γ(y2)2 +

√
α(y2)2γ(y1)2 +

√
β(y2)2γ(y1)2 +

√
β(y1)2γ(y2)2

)
=

1

2

( ∑
y1,y2∈Y

α(y1)γ(y2)

)
+

1

2

( ∑
y1,y2∈Y

α(y2)γ(y1)

)

+
1

2

( ∑
y1,y2∈Y

β(y2)γ(y1)

)
+

1

2

( ∑
y1,y2∈Y

β(y1)γ(y2)

)
,

where (∗) follows from the inequality
√
x+ y + z + t ≤

√
x+
√
y +
√
z +
√
t.

(f) Note that
∑
y∈Y

α(y) =
∑
y∈Y

β(y) = 1 and
∑
y∈Y

γ(y) = Z(W ). Therefore,

Z(W−) ≤ 1

2

( ∑
y1,y2∈Y

α(y1)γ(y2)

)
+

1

2

( ∑
y1,y2∈Y

α(y2)γ(y1)

)

+
1

2

( ∑
y1,y2∈Y

β(y2)γ(y1)

)
+

1

2

( ∑
y1,y2∈Y

β(y1)γ(y2)

)

=
1

2

(∑
y1∈Y

α(y1)

)(∑
y2∈Y

γ(y2)

)
+

1

2

(∑
y2∈Y

α(y2)

)(∑
y1∈Y

γ(y1)

)

+
1

2

(∑
y2∈Y

β(y2)

)(∑
y1∈Y

γ(y1)

)
+

1

2

(∑
y1∈Y

β(y1)

)(∑
y2∈Y

γ(y2)

)

=
1

2
1 · Z(W ) +

1

2
1 · Z(W ) +

1

2
1 · Z(W ) +

1

2
1 · Z(W ) = 2Z(W ).

3



Problem 2.

(a) We have

Qi+1 =
√
Zi+1(1− Zi+1) =

{√
Z2

i (1− Z2
i ) w.p. 1/2√

(2Zi − Z2
i )(1− 2Zi + Z2

i ) w.p. 1/2

=

{√
Z2

i (1− Zi)(1 + Zi) w.p. 1/2√
(2− Zi)Zi(1− Zi)2 w.p. 1/2

=

{√
Zi(1− Zi)

√
Zi(1 + Zi) w.p. 1/2√

Zi(1− Zi)
√

(2− Zi)(1− Zi) w.p. 1/2

=
√
Zi(1− Zi)

{√
Zi(1 + Zi) w.p. 1/2√
(2− Zi)(1− Zi) w.p. 1/2

= Qi

{
f1(Zi) w.p. 1/2

f2(Zi) w.p. 1/2
,

where f1(z) =
√
z(z + 1) and f2(z) =

√
(2− z)(1− z).

(b) We have

f ′1(z) =
2z + 1

2
√
z(z + 1)

so

f ′′1 (z) =

4
√
z(z + 1)− (2z + 1)

2(2z + 1)

2
√
z(z + 1)(

2
√
z(z + 1)

)2
=

4z(z + 1)− (2z + 1)2

4
(
z(z + 1)

) 3
2

=
−1

4
(
z(z + 1)

) 3
2

≤ 0.

Therefore, f1 is concave. By noticing that f2(z) = f1(1− z), we obtain:

f1(z) + f2(z) = f1(z) + f1(1− z) = 2

(
1

2
f1(z) +

1

2
f1(1− z)

)
(∗)
≤ 2f1

(
1

2
z +

1

2
(1− z)

)
= 2f1

(
1

2

)
= 2

√
1

2

(
1

2
+ 1

)
= 2

√
1

2
· 3

2
= 2

√
3

2
=
√

3,

where (∗) follows from the concavity of f1. We have

E
[
Qi+1

∣∣ Z0, . . . , Zi

]
=

1

2
f1(Zi)Qi +

1

2
f2(Zi)Qi =

1

2
(f1(Zi) + f2(Zi))Qi ≤ ρQi,

where ρ =
√
3
2
< 1.

(c) We will show the claim by induction on i ≥ 0. For i = 0, we have Z0 = z0 with
probability 1. Therefore, EQ0 =

√
z0(1− z0).
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It is easy to that the function [0, 1] → R defined by z →
√
z(1− z) achieves its

maximum at z = 1
2
, and so EQ0 =

√
z0(1− z0) ≤

√
1

2

(
1− 1

2

)
=

1

2
. Therefore, the

claim is true for i = 0.

Now suppose that the claim is true for i ≥ 0, i.e., EQi ≤ 1
2
ρi. We have

EQi+1 = E
[
E
[
Qi+1

∣∣ Z0, . . . , Zi

]] (∗)
≤ E[ρQi] = ρE[Qi]

(∗∗)
≤ ρ · 1

2
ρi =

1

2
ρi+1,

where (∗) follows from Part (b) and (∗∗) follows from the induction hypothesis. We
conclude that EQi ≤ 1

2
ρi for every i ≥ 0.

(d) By noticing that δ < z < 1− δ if and only if z(1− z) > δ(1− δ), we get:

P
[
Zi ∈ (δ, 1− δ)

]
= P

[
Zi(1− Zi) > δ(1− δ)

]
= P

[√
Zi(1− Zi) >

√
δ(1− δ)

]
= P

[
Qi >

√
δ(1− δ)

] (∗)
≤ EQi√

δ(1− δ)

(∗∗)
≤ ρi

2
√
δ(1− δ)

,

where (∗) follows from the Markov inequality and (∗∗) follows from Part (c). Now

since ρ < 1, we have
ρi

2
√
δ(1− δ)

→ 0 as i→∞. We conclude that

P
[
Zi ∈ (δ, 1− δ)

]
→ 0 as i gets large.

Problem 3.

(a)

I(X;Y ) = I(Xk, K;Yk, K) = I(K;Yk, K) + I(Xk;YK , K|K) = H(K) + I(Xk;Yk|K)

= h2(α) + PK [1].I(Xk;Yk|K = 1) + PK [2]I(Xk;Yk|K = 2)

= h2(α) + α.I(X1;Y1) + (1− α)I(X2;Y2).

(b) The distribution of X is determined by α and by the distributions of X1 and X2.
It is clear from the expression in (a) that for any given α, I(X;Y ) is maximized
when I(X1;Y1) and I(X2;Y2) are maximized, i.e., when the distribution of X1 (resp.
X2) achieves the capacity of P1 (resp. P2). We conclude that the value of α in
the capacity achieving distribution is the one that maximizes the function f(α) =
h2(α) + αC1 + (1− α)C2. The derivative of f is:

f ′(α) = − log2(α)− 1

ln 2
+ log2(1− α) +

1

ln 2
+ C1 − C2 = C1 − C2 + log2

1− α
α

.

We have f ′(α) = 0 (resp. f ′(α) > 0, f ′(α) < 0) if α = α∗ (resp. α < α∗, α > α∗),

where α∗ =
2C1

2C1 + 2C2
. This means that f(α) is maximized at α = α∗. Therefore,

the capacity achieving distribution is such that α =
2C1

2C1 + 2C2
and X1 (resp. X2)

achieves the capacity of the channel P1 (resp. P2).
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(c) From (b), we have:

C = − 2C1

2C1 + 2C2
log2

2C1

2C1 + 2C2
− 2C2

2C1 + 2C2
log2

2C2

2C1 + 2C2
+

2C1C1

2C1 + 2C2
+

2C2C2

2C1 + 2C2

= − 2C1

2C1 + 2C2
C1 +

2C1

2C1 + 2C2
log2(2

C1 + 2C2)− 2C2

2C1 + 2C2
C2

+
2C2

2C1 + 2C2
log2(2

C1 + 2C2) +
2C1C1

2C1 + 2C2
+

2C2C2

2C1 + 2C2

= log2(2
C1 + 2C2).

Therefore, 2C = 2C1 + 2C2 .
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