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Problem 1.

(a) We have

P[U(1) 6= Un|Un = un] = P[U(1) 6= un|Un = un]
(∗)
= P[U(1) 6= un]

= 1− P[U(1) = un] = 1−
n∏
i=1

P[U(1)i = ui] = 1−
n∏
i=1

pU(ui),

where (∗) follows from the independence of U(1) and Un.

(b) An encoding failure happens if and only if U(m) 6= Un for every 1 ≤ m ≤ M .
Therefore,

P[“failure”|Un = un] = P[U(m) 6= Un, ∀1 ≤ m ≤M |Un = un]

= P[U(m) 6= un, ∀1 ≤ m ≤M |Un = un]

= P[U(m) 6= un, ∀1 ≤ m ≤M ]

=
M∏
m=1

(
1−

n∏
i=1

pU(ui)

)
=

(
1−

n∏
i=1

pU(ui)

)M

.

(c) Note that if un ∈ T nε (pU), then
n∏
i=1

pU(ui) ≥ 2−nH(U)(1+ε), which implies that

P[“failure”|Un = un] =

(
1−

n∏
i=1

pU(ui)

)M

≤ (1− 2−nH(U)(1+ε))M

(∗)
≤
(
e−2

−nH(U)(1+ε)
)M

= e−M2−nH(U)(1+ε)

= e−2
nR−nH(U)(1+ε)

,

where (∗) follows from the inequality 1− x ≤ e−x. Therefore, we have

P[“failure”|Un ∈ T nε (pU)] =
P[“failure”, Un ∈ T nε (pU)]

P[Un ∈ T nε (pU)]

=

∑
un∈T nε (pU )

P[“failure”, Un = un]

P[Un ∈ T nε (pU)]

=

∑
un∈T nε (pU )

P[“failure”|Un = un]P[Un = un]

P[Un ∈ T nε (pU)]

≤
∑

un∈T nε (pU )
e−2

nR−nH(U)(1+ε)P[Un = un]

P[Un ∈ T nε (pU)]

= e−2
nR−nH(U)(1+ε)

∑
un∈T nε (pU )

P[Un = un]

P[Un ∈ T nε (pU)]

= e−2
nR−nH(U)(1+ε)P[Un ∈ T nε (pU)]

P[Un ∈ T nε (pU)]
= e−2

nR−nH(U)(1+ε)

.



(d) Assume that R > H(U), then there exists ε > 0 such that R > H(U) + ε. We have

P[“failure”] = P[“failure”, Un ∈ T nε (pU)] + P[“failure”, Un ∈ T nε (pU)c]

= P[“failure”|Un ∈ T nε (pU)]P[Un ∈ T nε (pU)] + P[“failure”, Un ∈ T nε (pU)c]

≤ P[“failure”|Un ∈ T nε (pU)] + P[Un ∈ T nε (pU)c]

≤ e−2
nR−nH(U)(1+ε)

+ PUn(T nε (pU)c).

On the other hand, PUn(T nε (pU)c)→ 0 as n→∞, and e−2
nR−nH(U)(1+ε) → 0 as n→∞

since R > H(U) + ε. Therefore, if R > H(U) then P[“failure”]→ 0 as n→∞.

Problem 2.

(a) For every 0 ≤ p ≤ 1, define p := 1− p. We have:

h2(p) = −p log p− p log p = −p log p− p log p = h2(p). (1)

On the other hand, it is easy to check that for every 0 ≤ p′, p′′ ≤ 1, we have:

p′ ∗ p′′ = p′ ∗ p′′ = p′ ∗ p′′ and p′ ∗ p′′ = p′ ∗ p′′.

Now (1) implies that

h2(p′ ∗ p′′) = h2(p
′ ∗ p′′) = h2(p′ ∗ p′′) = h2(p

′ ∗ p′′). (2)

Let p′ = P[X1 = 1] and p′′ = P[X2 = 1]. We have the following:

• P[X1 ⊕ X2 = 1] = P[X1 = 1]P[X2 = 0] + P[X1 = 0]P[X2 = 1] = p′p′′ + p′p′′ =
p′ ∗ p′′. Therefore, H(X1 ∗X2) = h2(p

′ ∗ p′′).
• Since H(X1) = h2(p1), then we have either p′ = p1 or p′ = 1− p1. I.e., we have
p1 = p′ or p1 = 1− p′ = p′.

• Since H(X2) = h2(p2), then we have either p′′ = p2 or p′′ = 1− p2. I.e., we have
p2 = p′′ or p2 = 1− p′′ = p′′.

Now (2) implies that H(X1 ⊕X2) = h2(p
′ ∗ p′′) = h2(p1 ∗ p2).

(b) We have H(X1|Y ) =
∑

y∈Y H(X1|Y = y)PY (y) =
∑

y∈Y h2(p1(y))q(y).
Now for every y ∈ Y , X1 and X2 are independent conditioned on Y = y. Moreover,

H(X1|Y = y) = h2(p1(y)) and H(X2|Y = y) = H(X2) = h2(p2) since X2 and Y are
independent. Therefore, Part (a) implies that H(X1 ⊕X2|Y = y) = h2(p1(y) ∗ p2).

We conclude that

H(X1 ⊕X2|Y ) =
∑
y∈Y

H(X1 ⊕X2|Y = y)PY (y)

=
∑
y∈Y

h2(p1(y) ∗ p2)q(y) =
∑
y∈Y

h2(p2 ∗ p1(y))q(y).

(c) Note that p2 ∗ p = p(1 − p2) + p2(1 − p) = βp + p2, where β = 1 − 2p2 ≥ 0. Let

g(p) =
∂
∂p
h2(p2∗p)
∂
∂p
h2(p)

=
∂
∂p
h2(βp+p2)
∂
∂p
h2(p)

=
βh′2(βp+p2)

h′2(p)
. We have

g′(p) =
β2h′′2(βp+ p2)h

′
2(p)− βh′′2(p)h′2(βp+ p2)

h′2(p)
2

=
βh′′2(βp+ p2)h

′′
2(p)

h′2(p)
2

[
β
h′2(p)

h′′2(p)
− h′2(βp+ p2)

h′′2(βp+ p2)

]
.
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Note that h′2(p) = log 1−p
p

and h′′2(p) = −1
p(1−p) ln 2

, which implies that h′′2(βp + p2) ≤ 0 and

h′′2(p) ≤ 0. Therefore,
βh′′2 (βp+p2)h

′′
2 (p)

h′2(p)
2 ≥ 0 and so it is sufficient to show that we have

β
h′2(p)

h′′2 (p)
− h′2(βp+p2)

h′′2 (βp+p2)
≥ 0. Now define α = 1− 2p. It is easy to check the following:

• p = 1
2
(1− α).

• 1− p = 1
2
(1 + α).

• βp+ p2 = 1
2
(1− αβ).

• 1− (βp+ p2) = 1
2
(1 + αβ).

Therefore, we have

β
h′2(p)

h′′2(p)
= −β(ln 2)p(1− p) log

1− p
p

= −β ln 2

4
(1− α2) log

1 + α

1− α
,

and

h′2(βp+ p2)

h′′2(βp+ p2)
= −(ln 2)(βp+p2)(1−βp−p2) log

1− βp− p2
βp+ p2

= − ln 2

4
(1−(αβ)2) log

1 + αβ

1− αβ
.

Using the formula log(1 + x) =
∑
k≥1

(−1)k−1
xk

k
, we get

log
1 + x

1− x
= log(1 + x)− log(1− x) =

(∑
k≥1

(−1)k−1
xk

k

)
−

(∑
k≥1

(−1)k−1
(−x)k

k

)

=
∑
k≥1

(
(−1)k−1 + 1

) xk
k

= 2
∑
k≥1

k is odd

xk

k
.

Therefore,

−(1− x2) log
1 + x

1− x
= −2

∑
k≥1

k is odd

xk

k
+ 2

∑
k≥1

k is odd

xk+2

k
= −2x− 2

∑
k≥3

k is odd

xk

k
+ 2

∑
k≥3

k is odd

xk

k − 2

= −2x+ 2
∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
xk.

Hence,

β
h′2(p)

h′′2(p)
= −β ln 2

4
(1− α2) log

1 + α

1− α
=
β ln 2

4

−2α + 2
∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
αk


= −αβ ln 2

2
+

ln 2

2

∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
βαk,
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and

h′2(βp+ p2)

h′′2(βp+ p2)
= − ln 2

4
(1− (αβ)2) log

1 + αβ

1− αβ
=

ln 2

4

−2αβ + 2
∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
(αβ)k


= −αβ ln 2

2
+

ln 2

2

∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
βkαk.

We conclude that

β
h′2(p)

h′′2(p)
− h′2(βp+ p2)

h′′2(βp+ p2)
=

ln 2

2

∑
k≥3

k is odd

(
1

k − 2
− 1

k

)
(β − βk)αk

(∗)
≥ 0,

where (∗) follows from the fact that β = 1−2p2 ≤ 1 which implies that βk ≤ β. Therefore,
g′(p) ≥ 0 and so g(p) is increasing. We conclude that the function f is convex.

(d) We have

H(X1 ⊕X2|Y ) =
∑
y∈Y

h2(p2 ∗ p1(y))q(y) =
∑
y∈Y

h2
(
p2 ∗ h−12

(
H(X1|Y = y)

))
q(y)

=
∑
y∈Y

f
(
H(X1|Y = y)

)
q(y)

(∗)
≥ f

(∑
y∈Y

H(X1|Y = y)q(y)
)

= f(H(X1|Y )) = h2
(
p2 ∗ h−12

(
H(X1|Y )

))
= h2(p2 ∗ p1) = h2(p1 ∗ p2),

where (∗) follows from the convexity of the function f .

(e) For every y1 ∈ Y1, let 0 ≤ p1(y1) ≤ 1
2

be such that H(X1|Y1 = y1) = h2(p1(y1))
and let q1(y1) = PY1(y1). Similarly, for every y2 ∈ Y2, let 0 ≤ p2(y2) ≤ 1

2
be such that

H(X2|Y2 = y2) = h2(p2(y2)) and let q2(y2) = PY2(y2). For every y1 ∈ Y1, define the
mapping fy1 : [0, 1]→ R as fy1(h) = h2(p1(y) ∗ h−12 (h)). Part (c) implies that fy1 is convex
for every y1 ∈ Y1. We have

H(X1 ⊕X2|Y1, Y2) =
∑
y1∈Y1

∑
y2∈Y2

h2(p1(y1) ∗ p2(y2))PY1,Y2(y1, y2)

=
∑
y1∈Y1

∑
y2∈Y2

h2(p1(y1) ∗ p2(y2))q1(y1)q2(y2)

=
∑
y1∈Y1

q1(y1)
∑
y2∈Y2

h2
(
p1(y1) ∗ h−12

(
H(X2|Y2 = y2)

))
q2(y2)

=
∑
y1∈Y1

q1(y1)
∑
y2∈Y2

fy1
(
H(X2|Y2 = y2)

)
q2(y2)

(∗)
≥
∑
y1∈Y1

q1(y1)fy1

( ∑
y2∈Y2

H(X2|Y2 = y2)q2(y2)
)

=
∑
y1∈Y1

q1(y1)fy1(H(X2|Y2)) =
∑
y1∈Y1

q1(y1)h2
(
p1(y1) ∗ h−12

(
H(X2|Y2)

))
=
∑
y1∈Y1

q1(y1)h2(p1(y1) ∗ p2) =
∑
y1∈Y1

h2
(
p2 ∗ h−12

(
H(X1|Y1 = y1)

))
q1(y1)

=
∑
y1∈Y1

f
(
H(X1|Y1 = y1)

)
q1(y1)

(∗∗)
≥ f

( ∑
y1∈Y1

H(X1|Y1 = y1)q(y1)
)

= f(H(X1|Y1)) = h2
(
p2 ∗ h−12

(
H(X1|Y1)

))
= h2(p2 ∗ p1) = h2(p1 ∗ p2),
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where (∗) follows from the convexity of the functions {fy1 : y1 ∈ Y1} and (∗∗) follows from
the convexity of f .

Problem 3.

(a) Since un ∈ T nδ (pU), we have nPU(a)(1− δ) ≤ na(u
n) ≤ nPU(a)(1 + δ). Therefore, we

have:

na,b(u
n, vn) ≤ na(u

n)PV |U(b|a)(1 + δ) ≤ nPU(a)(1 + δ)PV |U(b|a)(1 + δ)

= nPU,V (a, b)(1 + 2δ + δ2) ≤ nPU,V (a, b)(1 + 3δ),

and

na,b(u
n, vn) ≥ na(u

n)PV |U(b|a)(1− δ) ≥ nPU(a)(1− δ)PV |U(b|a)(1− δ)
= nPU,V (a, b)(1− 2δ + δ2) ≥ nPU,V (a, b)(1− 3δ).

Therefore, (un, vn) ∈ T n3δ(pU,V ).

(b) For every a ∈ U , let vna be the subsequence of vn corresponding to the indices 1 ≤ i ≤ n
where ui = a. Note that the size of the sequence vna is na(u

n) (i.e., vna ∈ Vna(u
n)).

Moreover, for every b ∈ V we have nb(v
n
a ) = na,b(u

n, vn). Therefore, the condition

na(u
n)PV |U(b|a)(1− δ) ≤ na,b(u

n, vn) ≤ na(u
n)PV |U(b|a)(1+ δ) ∀a ∈ U , ∀b ∈ V (3)

is equivalent to the the condition “vna ∈ T
na(un)
δ (pV |U=a) for every a ∈ V”. Now

since |T na(u
n)

δ (pV |U=a)| ≥ (1 − δ)2na(u
n)H(V |U=a)(1−δ) for every a ∈ U , and since the

correspondence vn ↔ (vna )a∈U is a one-to-one correspondence, we conclude that there

are at least
∏

a∈U

[
(1− δ)2na(un)H(V |U=a)(1−δ)

]
sequences vn ∈ Vn satisfying (3).

(c) Part (b) shows that there are at least
∏

a∈U

[
(1 − δ)2na(u

n)H(V |U=a)(1−δ)
]

sequences

vn ∈ Vn satisfying (3). We have∏
a∈U

[
(1− δ)2na(un)H(V |U=a)(1−δ)

]
= (1− δ)|U|

∏
a∈U

2na(u
n)H(V |U=a)(1−δ)

= (1− δ)|U|2
∑
a∈U na(u

n)H(V |U=a)(1−δ)

≥ (1− δ)|U|2
∑
a∈U nPU (a)(1−δ)H(V |U=a)(1−δ)

= (1− δ)|U|2n(1−δ)2
∑
a∈U PU (a)H(V |U=a)

= (1− δ)|U|2n(1−2δ+δ2)H(V |U)

≥ (1− δ)|U|2n(1−2δ)H(V |U).

Hence, there are at least (1− δ)|U|2nH(V |U)(1−2δ) sequences vn ∈ Vn satisfying (3). On
the other hand, Part (a) shows that the condition (3) implies that (un, vn) ∈ T n3δ(pU,V ).
We conclude that there are at least (1−δ)|U|2nH(V |U)(1−2δ) sequences vn ∈ Vn satisfying
(un, vn) ∈ T n3δ(pU,V ).

(d) If (un, vn) ∈ T n3δ(pU,V ) then vn ∈ T n3δ(pV ) which implies that PV n(vn) ≥ 2−nH(V )(1+3δ).
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(e) We have

P[(un, V n) ∈ T n3δ(pU,V )] =
∑

vn∈Vn:
(un,vn)∈T n3δ(pU,V )

PV n(vn)
(∗)
≥

∑
vn∈Vn:

(un,vn)∈T n3δ(pU,V )

2−nH(V )(1+3δ)

=
∣∣{vn ∈ Vn : (un, vn) ∈ T n3δ(pU,V )

}∣∣ · 2−nH(V )(1+3δ)

(∗∗)
≥ (1− δ)|U|2nH(V |U)(1−2δ)2−nH(V )(1+3δ)

= (1− δ)|U|2nH(V |U)−2δH(V |U)−nH(V )−3δH(V )

(∗∗∗)
≥ (1− δ)|U|2−nI(U ;V )−2δ log |V|−3δ log |V|

= (1− δ)|U|2−n[I(U ;V )+5δ log |V|],

where (∗) follows from Part (d), (∗∗) follows from Part (c) and (∗ ∗ ∗) follows from
the fact that I(U ;V ) = H(V )−H(V |U) and H(V |U) ≤ H(V ) ≤ log |V|.
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