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Problem 1. If B is finite then B is countable. So assume that B is infinite (and hence A
is also infinite). Let e : B — A be defined as the map e(z) = x for any = € B. Clearly, e
is injective. Hence, |B| < |A| = |N>gl|, where the last equality follows from our assumption
that A is countable and infinite. Let us now show that also |[N>g| < |B|. This, together with
|B| < |N20| will show that ‘B‘ = |N20‘.

For this it suffices to find an injective map, call it f : N>g — B. Since by assumption A is
countable and infinite there exists a bijection g : N>g — A.

We define the desired map f as follows. First define the injective map h : N>o — N>¢ as

h(i) = min{j > h(i — 1) : g(j) N B # 0},
with h(—1) defined as —1. Note that this map finds the consecutive indices of the elements of A

which are in B. Now f(i) is defined as f(i) = g(h(¢)). Since h is injective and g is a bijection,
it follows that f is injective.

Problem 2.
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By solving the last equation for S, we find
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Note that if we take the limit of the last expression when r — 1, we recover the initial result
E-(k+1)
S = #.



Problem 3. Let T be the equilateral triangle with side 1. Connect the midpoints of each side
of T, so that T is divided into 4 smaller equilateral triangle regions each with side 1/2. These
4 smaller regions will be our “pigeonholes”. Now, if one selects 5 points (our “pigeons”) inside
T, then at least two of them will be contained inside the same smaller equilateral triangle by
pigeonhole principle. Since the maximum distance between two points in one of these smaller
triangles is the length of the side of that smaller triangle, namely 1/2, we have showed that there
exists a pair of points out of the group of five originally selected that will be at distance < 1/2
from one another.

Problem 4.
a) Consider the function f(z): R — (0,400) defined as
fz) =e".
It is easy to check that f is a bijection. Hence, |(0, +00)| = |R].
b) Consider the function f(z) : [a,b] — [c, d] defined as
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It is easy to check that f is a bijection. Hence, |[a, b]| = |[c, d]|.
c¢) Consider the function f(z): (0,1) — (1, +00) defined as

==

It is easy to check that f is a bijection. Hence, |(0,1)| = |(1, +o0)].

Problem 5. We can list the elements of L* as follows. Start with the empty string. Continue by
listing the strings of length 1 in alphabetic order. Then, list the strings of length 2 in alphabetic
order, then the strings of length 3, and so on. More formally, we consider the following mapping
f:L*—>N:

o f()=1

e fla)=1+1,---,f(z) =1+ 26.

o flaa)=1+26+1,---,f(z2) =1+ 26 + 262

o f(aaa) =1+26+26%+1,---, f(222) =1+ 26 + 262 + 263.

In general, the strings of length ¢ will be mapped in alphabetic order into the integers between
Z;;E 267 + 1 and Z;;E 267 + 26°. This mapping is clearly injective and, therefore, |L*| < |N].
The other inequality |L*| > |N] is obvious. As a result, we have that |L*| = |N]|.

Problem 6. Let A be defined as the set of roots of the polynomials of the form ¢y + cix +
-+ + cpx® with ¢ € Z and |ck| < k. Each of these polynomial has at most k distinct real roots
(by the fundamental theorem of algebra) and two polynomials with the same coefficients have
the same roots. The number of distinct ways in which we can choose the coeflicients of such
polynomials is (2k +1)**1. Therefore, |Ay| < k- (2k+1)**1, which implies that A, is countable.

By definition of algebraic number, A = J; oy Ax- Since the countable union of countable
sets is countable, A is a countable set.



