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Problem 1.

(a)

R(H) =

∫
Y

∑
j

∑
i

πjCi;j Pr(Y ∈ Γi|Hj) (1)

=
∑
i

∫
Y ∈Γi

∑
j

πjCi;j Pr(Y ∈ Γi|Hj) (2)

Now suppose, the decoder wants to assocate Y = y to one of the decision regions Γi
so that the risk R(H) is minimized. Therefore, the decoder chooses y to be in Γi, in
which y minimizes

∑
j πjCi;j Pr(y|Hj)

Y ∈ Γi : i = argmin
i

∑
j

πjCi;j · Pr(y|Hj)

(b) For the binary case the problem of finding the minimum is turned into a simple
inequality checking. Therefore, we have

1∑
j=0

πjC0;j Pr(y|Hj)
H1

≷
H0

1∑
j=0

πjC1;j Pr(y|Hj) (3)

π0C0;0 Pr(y|H0) + π1C0;1 Pr(y|H1)
H1

≷
H0

π0C1;0 Pr(y|H0) + π1C1;1 Pr(y|H1) (4)

(π1C0;1 − π1C1;1) Pr(y|H1)
H1

≷
H0

(π0C1;0 − π0C0;0) Pr(y|H0) (5)

Pr(y|H1)

Pr(y|H0)

H1

≷
H0

π0(C1;0 − C0;0)

π1(C0;1 − C1;1)
(6)

The decision making only depends on the ratio Pr(y|H1)/Pr(y|H0) and not the indi-
vidual values of Pr(y|H1) and Pr(y|H0), and likelihood ratio is a sufficient statistics
for optimal decision rule.

Problem 2.

1. We know C0;0 = C1;1 = 0, C1:1 = 1 and C0;1 = 3
4
.



Following part (b) of Problem 1, we have:

Pr(y|H1)

Pr(y|H0)

H1

≷
H0

π0(C1;0 − C0;0)

π1(C0;1 − C1;1)
(7)

e−2|y|

1
2
e−|y|

H1

≷
H0

�
�1
2
(1− 0)

�
�1
2
(3

4
− 0)

=
4

3
(8)

e−|y|
H1

≷
H0

2

3
(9)

−|y|
H1

≷
H0

ln
2

3
(10)

|y|
H0

≷
H1

ln
3

2
(11)

We conclude

Γ0 = { y ∈ R | |y| > ln
3

2
} (12)

Γ1 = { y ∈ R | |y| < ln
3

2
} (13)

2. We use the same method we used in HW1, problem 6.

We define

Γopt,0(π0) = {y ∈ R|(π0C1;0 − π0C0;0) Pr(y|H0) ≥ (π1C0;1 − π1C1;1) Pr(y|H1)}(14)

Γopt,1(π0) = {y ∈ R|(π0C1;0 − π0C0;0) Pr(y|H0) < (π1C0;1 − π1C1;1) Pr(y|H1)}.(15)

and

Γopt,0(π′0) = {y ∈ R|(π′0C1;0 − π′0C0;0) Pr(y|H0) ≥ (π′1C0;1 − π′1C1;1) Pr(y|H1)}(16)

Γopt,1(π′0) = {y ∈ R|(π′0C1;0 − π′0C0;0) Pr(y|H0) < (π′1C0;1 − π′1C1;1) Pr(y|H1)}.(17)

We know that these regions are optimal decision regions for Ropt(π0) and Ropt(π
′
0),

respectively, which means they minimize R for the given prior among all other decision
regions. Now, we define

πc0 = λπ0 + (1− λ)π′0 (18)

πc1 = λπ1 + (1− λ)π′1 (19)

and

Γopt,0(πc) = {y ∈ R|(πc0C1;0 − πc0C0;0) Pr(y|H0) ≥ (πc1C0;1 − πc1C1;1) Pr(y|H1)}
Γopt,1(πc) = {y ∈ R|(πc0C1;0 − πc0C0;0) Pr(y|H0) < (πc1C0;1 − πc1C1;1) Pr(y|H1)}.

and we conclude that

Ropt(π0) =

∫
Y

∑
j

∑
i

πjCi;j Pr(y ∈ Γi|Hj) (20)

=
1∑
i=0

∫
Y ∈Γopt,i(π0)

1∑
j=0

πjCi;j Pr(y ∈ Γopt,i(π0)|Hj) (21)

≤
1∑
i=0

∫
Y ∈Γopt,i(πc)

1∑
j=0

πjCi;j Pr(y ∈ Γopt,i(πc)|Hj) (22)
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and

Ropt(π
′
0) =

∫
Y

∑
j

∑
i

π′jCi;j Pr(y ∈ Γi|Hj) (23)

=
1∑
i=0

∫
Y ∈Γopt,i(π′

0)

1∑
j=0

π′jCi;j Pr(y ∈ Γopt,i(π
′
0)|Hj) (24)

≤
1∑
i=0

∫
Y ∈Γopt,i(πc)

1∑
j=0

π′jCi;j Pr(y ∈ Γopt,i(πc)|Hj) (25)

In (22) and (25), we used the fact that Γopt,0(π0),Γopt,1(π0) and Γopt,0(π′0),Γopt,1(π′0)
minimize R for the given prior among all other decision regions. Multiplying (22) by
λ and (25) by 1− λ and adding them up, we will have

λRopt(π0) + (1− λ)Ropt(π
′
0) ≤

1∑
i=0

∫
Y ∈Γopt,i(πc)

1∑
j=0

λπjCi;j Pr(y ∈ Γopt,i(πc)|Hj) (26)

+
1∑
i=0

∫
Y ∈Γopt,i(πc)

1∑
j=0

(1− λ)π′jCi;j Pr(y ∈ Γopt,i(πc)|Hj)

=
1∑
i=0

∫
Y ∈Γopt,i(πc)

1∑
j=0

πcjCi;j Pr(y ∈ Γopt,i(πc)|Hj) (27)

= Ropt(πc) (28)

Problem 3.
Following part (b) of Problem 1, we have:

1√
2πσ2

exp(−(y − 1)2

2σ2
)π1N

H1

≷
H0

1√
2π

exp(−y
2

2
)π0 (29)

Clearly, if N goes to infinity, for any given value of π1 6= 0, and y and σ2 finite, decoder
chooses H1.

We will have

(y − 1)2

2σ2
− y2

2

H0

≷
H1

ln
π1N

π0σ
(30)

(1− σ2)y2 − 2y + 1
H0

≷
H1

2σ2 ln
π1n

π0σ
(31)

Problem 4.

(a) Because of the additive nature of the channel, the error probability only depends on
PN(−→y −−→xi ). Now, if one shifts all −→xi ’s by a constant vector, by shifting all decision
regions by the same constant vector, one will design an equal error probability system
for the second signal set.
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(b)

A′ = A−m(a) = {aj −m(a), 1 ≤ j ≤M} (32)

E(A′) =
1

M

∑
j

〈(aj −m(a)), (aj −m(a))〉 (33)

=
1

M

∑
j

〈aj, aj〉+
1

M

∑
j

〈m(a),m(a)〉 − 2

M

∑
j

〈aj,m(a)〉 (34)

=
1

M

∑
j

〈aj, aj〉+ 〈m(a),m(a)〉 − 2〈 1

M

∑
j

aj,m(a)〉 (35)

=
1

M

∑
j

〈aj, aj〉 − 〈m(a),m(a)〉 (36)

= E(A)− 〈m(a),m(a)〉 (37)

By part (a), adding a constant vector (−m(A)) does not change the error probability,
but it reduces the average transmitted energy, so it is good.

Problem 5.

(a) V (R) for n-cube is (2M)n, so number of signal points is (2M)n

2n = Mn.

E(R) =

∫
R

||x||2P (x)dx =
n∑
k=1

∫ M

−M
x2
kP (xk)dxk (38)

= n
2M2

3

1

2M
= n

M2

3
(39)

They are exact because a n-cube constellation of size 2M is the n-fold Cartesian
product of an M-PAM constellation of the set of all odd integers in the interval
[-M,M].

(b)

Number of points :
(πr2)

n
2

(n
2
)!2n

Average energy :
nr2

n+ 2

(c) For n = 2 and same number of signal points, we have:

M2 =
πr2

4
(40)

r2

M2
=

4

π
(41)

So

Esphere

Ecube

=
r2

2
2
3
M2

(42)

=
r2

M2
· 3

4
=

3

π
= −0.2dB (43)
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(d)

M16 =
(πr2)8

8!216
(44)

⇒M2 =
πr2

(8!)
1
8 4

(45)

Esphere

Ecube

=
��16r2

18

��16M2

3

(46)

=
r2

6M2
=

(8!)
1
8 · 4

π · 6
≈ −1dB (47)

(e) We have

Mn =
(πr2)

n
2

n
2
!2n

(48)

⇒M2 =
πr2

4((n
2
!))

2
n

(49)

(50)

So

Esphere

Ecube

=
n
n+2

r2

nM
2

3

=
3r2

(n+ 2)M2
(51)

=
3

n+ 2
·

4((n
2
)!)

2
n

π
(52)

=
12

(n+ 2)π
· (( n

2e
)

n
2 )

2
n · (

√
2π
n

2
)

2
n (53)

=
6

πe
· n

n+ 2
(πn)

1
n (54)

lim
n→∞

Esphere

Ecube

=
6

πe
= −1.53dB
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