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Prof. Suhas Diggavi Handout # 28, Monday, 28 December, 2008

Solutions: Homework Set # 9

Problem 1 (CONDITIONAL DIFFERENTIAL ENTROPY OF GAUSSIAN RANDOM VECTORS)
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Note that for a fixed y, the obtained pdf is a normal one with variance X2(1 — p?) and
mean %ﬁjy. SO

(b)

WX|Y) = / Fh(X]Y = y)d,
= /f(y) In(T,\/1 — p2V2me)d,

= In(Z, /1 — p2V2re).

where h(X|Y =y) = In(X,4/1 — p?v27e) holds because of the note in (a).
You could as well calculate h(X|Y') by h(X|Y) = hé)((yﬂ)/)

(c) e p=0:h(X|Y)=In(Z,v2me) which is in fact h(X) and we know h(X|Y) = h(X)
holds for X and Y being independent (p = 0)
e p =1 h(X|Y) = —oco. when p =1, X =Y and this means X|Y = y is just a
constant and the differential entropy would thus be —oo.

(d) Call the covariance matrix, 3 and assume X and Y random vectors are both of length

N.
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Applying Matrix Inversion Lemma;:
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And again, for a fixed vector y, this is a multivariate Gaussian pdf with non-zero mean
and covariance matrix (Ky; — K12K;21K12).

(e) You can either find h(X|Y) similar to part (b), or use h(Y]Y) = hgl)(%’;)();
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where we have used that det [ é ZB; ] = det Ddet(A — CD™'B).

Problem 2 (PAraLLEL GAussiAN CHANNEL)

(a) The capacity expression for this channel would be
C = maxI(Xl, XQ; Y1Y2)
subject to
E[X{] < P, E[X3]< Py BiPi+ 5Py < B

It is clear that C is achieved if 61 P; + B2P» = 3, otherwise one can increase the power,
and therefore the mutual information. increase Note that

I(X1, Xo; Y1Y2) = h(Y1Y2) — h(Y7, Ya| X1, X2)
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where the inequality is tight if and only if Y7 and Y5 are independent. If we choose inde-
pendent input X; and X5 for the channels, then the outputs would be also independent,
and we can achieve the maximum mutual information. So,
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Note that instead of maximizing the whole expression above, we can only maximize
f(Pl,PQ) = (Nl + Pl)(NQ + Pg) subject to g(Pl,PQ) = (1P + BoPy — 3 = 0, since
the rest does not depend on P; and P». Using the KKT conditions we have,

of _)\ﬁg
oP;, " OP

Vi: P> 0.
The channel start acting like a pair of channels if P > 0 and P35 > 0. Therefore,

Py + Ny = \fa,

or

B1(P1 + Ni) = pa( P + No)

. Solving the system of equations

{ B1Py — o Py = =31 N1 + 2N
B1PL + BoPr = 3

results in
« B —(B1N1 — B2N2)
Pl - 2/81 (1)
. B+ (Bi1N1 — [(2No)
P2 - 2/62 . (2)

Note that P and P5 are positive if and only if 5 > |31 N1 — f2Na|. Therefore, the critical
value for § at which the channel starts acting like a pair channel is §* = |31 N1 — 52Va|.

(b) Having the optimal values for P; and P; from (1) and (2), we have
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Problem 3 (Two Look GAUSSIAN CHANNEL)

The input distribution that achieves capacity is X ~ N (0, P). Evaluating the mutual informa-
tion for this distribution we get:

Cy =max I(X;Y1,Ys)
=h(Y1,Y2) — h(Y1, Y2]X)
=h(Y1,Ys) — h(Z1, Zs| X)
=h(Y1,Ys) — h(Z1, Zs).

From the noise covariance matrix we get

1 1
h(Z1, Z2) = 5 log(2me)*| K z| =  log(2me)’N?(1 — p*).



Since Y7 = X 4+ Z; and Yo = X + Z5, we have
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Hence the capacity is
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(a) For p =1 we get Cy = %log (1 + %) which is the single channel capacity. The reason is
that Y7 = Y5 so the additional output symbol is not giving us any extra information.

(b) For p = 0 the capacity is Cy = %log (1 + %) which corresponds to using twice the power
in a single look.

(¢) For p=—1 we get Cy = oo. If we compute Y] + Y2 we can perfectly recover X.

Note that in all the cases above the capacity is the same as the capacity of the channel X —
(Y1 +Ya).

Problem 4 (INTERMITTENT ADDITIVE NOISE CHANNEL)

(a) With finite probability the channel is a noise-free channel. In this situation we can guess
that the capacity is infinite.

(b) An infinite sequence of bits bob1b2. . . can be represented by a real number z = > b;2~+1)
such that = € [0,1]. Let 2’ = 2v/Px—+/P so that 2’ € [-v/P, v/P] be a real number whose
amplitude squared is less than P and consider a communication strategy that always sends
2’ across the channel. Then, when Z; = 0, the receiver gets exactly z/. However, when
Z; = Z*, the receiver observes a corrupted version of 2/, so in general the receiver cannot
know when the channel is noise-free.

Notice that Pr(Y; =Y;|Z;, Z; ~ N') = 0., i.e. whenever the signal is corrupted by Gaus-
sian noise, the receiver will never observe the same output symbol twice. The decoding
strategy can be the following: observe Y;’s until you receive two identical Y;’s, which hap-
pens with probability 1 in finite number of trials. This communication strategy may not
be the optimal one, but it does achieve infinite number of bits per symbol on average.
Hence, the capacity of this channel is indeed infinity.



