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Problem 1.

1.
∫

x(t)e−jΩtdt = X(jΩ)

⇒

∫

x(t − τ)e−jΩtdt = e−jΩτ

∫

x(t̃)e−jΩt̃dt̃

= e−jΩτX(jΩ)

2.
∫

x(τ)e−jtτdτ = X(jt)
∫

X(jt)e−jΩtdt =

∫ ∫

x(τ)e−jtτe−jΩtdtdτ

=

∫

x(τ)

∫

e−jt(τ+Ω)dtdτ = 2π

∫

x(τ)δ(τ + Ω)dτ

= 2πx(−Ω)

3.
∫

x(at)e−jΩtdt =
1

a

∫

x(t̃)e−jΩt̃/adt̃

=
1

a
X(j

Ω

a
)

Problem 2.

1.

y(t) =

∫

x1(τ)x2(t − τ)dτ

⇒

∫

y(t)e−jΩtdt =

∫ ∫

x1(τ)x2(t − τ)e−jΩtdτdt

=

∫

x1(τ)

∫

x2(t − τ)e−jΩtdtdτ

=

∫

x1(τ)X2(jΩ)e−jΩτdτ = X2(jΩ)

∫

x1(τ)e−jΩτdτ

= X1(jΩ)X2(jΩ)



2.
∫

|x1(t)|
2dt =

∫

x1(t)x
∗

1(t)dt

=
1

(2π)2

∫ ∫ ∫

X1(jΩ)X∗

1 (jΩ̃)ejΩte−jΩ̃tdΩdΩ̃dt

=
1

(2π)2

∫ ∫

X1(jΩ)X∗

1 (jΩ̃)

∫

ejt(Ω−Ω̃)dtdΩdΩ̃

=
1

(2π)

∫ ∫

X1(jΩ)X∗

1 (jΩ̃)δ(Ω − Ω̃)dΩ̃dΩ

=
1

(2π)

∫

X1(jΩ)X∗

1 (jΩ)dΩ =
1

(2π)

∫

|X1(jΩ)|2dΩ

Problem 3.

1.

x(t) =
1

2π

∫

X(jΩ)ejΩtdΩ

⇒
dx(t)

dt
=

1

2π

∫

X(jΩ)
dejΩt

dt
dΩ

=
1

2π

∫

jΩX(jΩ)ejΩtdΩ

⇒ x′(t)
FT
↔ jΩX(jΩ)

2.

H(ejω) =
jω

Ts

h[n] =

{

1
2π

∫ π

−π
jω
Ts

dω for n = 0
1
2π

∫ π

−π
jω
Ts

ejωndω otherwise

⇒
1

2π

∫ π

−π

jω

Ts
dω =

j

2πTs

ω2

2

∣

∣

∣

π

−π
= 0

and
1

2π

∫ π

−π

jω

Ts
ejωndω =

j

2πTs
(
πejπn

jn
+

πe−jπn

jn
+

ejωn

n2

∣

∣

∣

π

−π
) =

cos(πn)

Tsn
=

(−1)n

Tsn

h[n] =

{

0 for n = 0
(−1)n

Tsn
otherwise

Problem 4.

1. Bandwidth of the system is 2Ω0. Then minimum sampling period becomes π
2Ω0

.

2. Figure 1 shows the DTFT of the signal of the sampled signal xa[n] with a sampling
period π/Ω0
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Figure 1: DTFT of discrete signal xa[n]

Figure 2: The reconstruction of xc(t)

3. First we convert discrete signal to continuous time. Then we filter the signal in order
to get one side lobe, and we shift the corresponding signal(cos modulation). If you
repeat the same procedure for the other side lobe, we get the original signal.

4. When we shift in frequency domain in order to prevent aliasing we need to be sure
that the baseband 2Ω0 is large enough. That is

2(Ω1 − Ω0) ≤ 2Ω0

=Ω1 ≤ 2Ω0

If the baseband(2Ω0) is not large enough or the bandwidth(2(Ω1 − Ω0)) is not small
enough, then the smallest sampling frequency becomes Nyquist frequency.

Ωs =

{

2(Ω1 − Ω0), if Ω1 ≤ 2Ω0

2Ω1, else

Problem 5. Yc(jΩ) has non zero values between [1000π, 2000π]. That is to say, we are
not interested in the values of the input x(t) on the frequencies larger than 2000π and we
can sample with periods higher than the Nyquist rate allowing us to have aliasing up to
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2000π(Shifts by 6000π). Then the sampling frequency is Ωs = 6000π and the sampling
period is 1

3000
.

X(ejω) = 3000
∑

k

X(3000ω − 6000πk)

H(ejω) =

{

3000|ω| or 3000ω, π/3 < |ω| < 2π/3

0, else

If we assume that H(ejω) = 3000|ω|, then

h[n] =
3000

2π

∫ π

−π

H(ejω)ejωndω

=
3000

2π

(

−

∫

−π/3

−2π/3

ωejωndω +

∫ 2π/3

π/3

ωejωndω

)

=
3000

2π

(

−

∫ π/3

2π/3

ωe−jωndω +

∫ 2π/3

π/3

ωejωndω

)

=
3000

2π

(

∫ 2π/3

π/3

ω(e−jωn + ejωn)dω

)

=
3000

π

(

∫ 2π/3

π/3

ω cos(ωn)dω

)

=
3000

π

(

ω sin(ωn)

n

∣

∣

∣

2π/3

π/3
−

1

n

∫ 2π/3

π/3

sin(ωn)dω

)

=
3000

π

(

ω sin(ωn)

n

∣

∣

∣

2π/3

π/3
+

cos(ωn)

n2

∣

∣

∣

2π/3

π/3

)

The magnitude of frequency responses X(jΩ), X(ejω) and H(ejω) are shown in Figure 3
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Figure 3: FT of sampled signal x(nTs) (up), DTFT of the discrete signal x[n] (middle),
DTFT of h[n] (bottom)
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