Random matrices and communication systems 1C-30, Summer Semester 2007-2008
Solutions 5

1. 0) The “starter: use integration by parts:

F(a:—{—l):/ tze_tdt:()—/ ct* 7 (—eT) dt = 2 T(x).
0 0

a) Let us compute (NB: the integral is taken over the set of n X n positive semi-definite matrices)

Cn,m

E(det W) = /deW(W) (det W) = Cmm/dW (det W)™ "1 exp(=Tr(W)) = Comet

since Cpm+1 (det W)™~ "+ exp(—Tr(W)) is a probability distribution (on the set of n x n positive
semi-definite matrices). Now,

Cmm H;}:1 F(m - ] + 2) F(TTL + 1) _ m!

Cnmt1 [[jT(m—j+1) T(m—-n+1) (m—n)

b) If m = n, then
E(1/det W) = C,w/dW (det W)™ exp(—Tr(W)),

which diverges, because of the singularity at zero (consider e. g. the case n = 1). We therefore need
to assume at least that m > n. In this case, we have

E(l/det W) = Cn,m/dW (det W)m—n—l eXp(—TI‘(W)) _ CCn,m
n,m—1
_ [Tj— F(m —j) _T(m—-n) (m—n-—1)!
[T} Tm—j+1)  I(m) (m—1)
which is indeed finite.
c¢) Simply notice that
Y(+1) = - (log T +1) = - (loga + log D)) = — +(z)
x = Ir og LT = iz ogx + logl(x = ).

d) Let us compute (with slight abuses of notation, which can be made precise)
E(logdet W) = Cum / dW log(det W) (det W)™ ™™ exp(—Tr(W))

= Cpm % </ dW (det W)™ " exP(—Tl“(W))>
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n m—j n m
1 1
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2. a) First observe that

1 1 2 * * * *

where z ~ N¢(0,1,,). So by Fubini’s theorem,

1

B <det(I—|—HH)> = Ep(E.(exp(—2"HH"2))) = E.(Ex (exp(—2"H H*2))).

Let h; denote the 4t column of H: we have z* HH*z = 2?21 Z*hjhjz = Z?:l hizz*h;. Therefore,
1

i <o’lt(I+HH)>:E Er | [[exp(-hjz="hy) | | =E- (Enlexp(~h 22 h)"),

Jj=1

by independence of the columns of H (h denotes here one of these columns). Using the equality given
in the problem set in the opposite direction, we get the result:

e (dewimm) - (W) - (M) |

b) The technique is the same. One simply needs to observe that

1 1

k
= 12 ok *
det(I + HH*)F —  qnk /(andm...dzk exp _;HZJH 2 HH*z;

k
* *
= Ez1,...,zk exp _ZZjHH Zj ,
Jj=1

where z1, ...,z are i.i.d.~ N¢(0, I,) random vectors. This may be rewritten as

1

det(I + HH*)F =Ez(exp(—Tr(Z*HH*Z))),

where Z is an n x k matrix with i.i.d.~ Ng(0,1) entries. In a similar manner, one also gets

det(I +IZZ*)m = En(exp(=Tr(H" 227 H))),
and
1 . )
Ex (det(I+HH*)k) = EpEz(exp(-Tr(Z*HH"Z)))
~ Bebulepl UL 2ZH) = 22 (det(I +1ZZ*)m>

by Fubini’s theorem and the use of Tr(AB) = Tr(BA).



