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Solutions 4

1.a) This is the difficult one. By the class, H has the following joint eigenvalue distribution:

p(λ1, . . . , λn) = Cn exp

−1
2

n∑
j=1

λ2
j

 ∏
j<k

|λk − λj | .

Since H is real symmetric, its singular values are given by σj = |λj |. The resulting joint distribution
of the singular values is therefore given by

p(σ1, . . . , σn) = Cn exp

−1
2

n∑
j=1

σ2
j

 ∑
a1,...,an∈{±1}

∏
j<k

|akσk − ajσj | ,

but developing further this expression is probably difficult. Note that for n = 2, we have

p(σ1, σ2) = C2 exp(−(σ2
1 + σ2

2)/2) max(σ1, σ2)

and for n = 3, we have for the ordered singular values σ1 ≥ σ2 ≥ σ3:

p(σ1, σ2, σ3) = C3 exp(−(σ2
1 + σ2

2 + σ2
3)/2)σ2 (σ2

1 − σ2
3).

Can we go further?

b) This one is relatively easy: by the class, the joint eigenvalue distribution of HHT is given by

p(λ1, . . . , λn) = Cn,m exp

−1
2

n∑
j=1

λj

 n∏
j=1

λ
m−n−1

2
j

∏
j<k

|λk − λj |

and we know that λj = σ2
j , where σj are the singular values of H. The Jacobian of this change of

variables is given by

J = 2n
n∏
j=1

σj ,

so

p(σ1, . . . , σn) = Cn,m 2n exp

−1
2

n∑
j=1

σ2
j

 n∏
j=1

σm−nj

∏
j<k

∣∣σ2
k − σ2

j

∣∣ .
c) This one is straightforward. The singular values of H are the (positive) square roots of the eigen-
values of HHT , which are all equal to 1, since HHT = I, so the joint distribution of the singular
values of H is

p(σ1, . . . , σn) =
n∏
j=1

δ1(σj)

NB: this is obviously not a pdf.

2.a) We have

∏
j<k

(
eiθj − eiθk

)
= det


1 ... 1
eiθ1 ... eiθn

...

ei(n−1)θ1 ... ei(n−1)θn

 = det
({
ei(j−1)θk

})
.
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Using the definition of K, we therefore obtain

p(θ1, ..., θn) = Cn

∣∣∣det
({
ei(j−1)θk

})∣∣∣2 = Cn det
({
ei(j−1)θk

}∗ {
ei(j−1)θk

})
= Cn det ({K(θj , θk)}) .

b) Property (0) is clear, property (i) follows from the fact that K(θ, θ) =
∑n−1

l=0 1 = n and property
(ii) follows from∫ 2π

0
K(θ, ϕ)K(ϕ,ψ) dϕ =

n−1∑
l,m=0

eilθ eimψ
∫ 2π

0
eilϕ eimϕ dϕ = 2π

n−1∑
l=0

eilθ eilψ = 2πK(θ, ψ),

c) By expanding the determinant with respect to the mth column, we obtain∫ 2π

0
Dm(θ1, . . . , θm) dθm

=
m∑
l=1

(−1)l+m
∫ 2π

0
K(θl, θm) det

(
{K(θj , θk}j 6=l,k 6=m

)
dθm

=
∫ 2π

0
K(θm, θm) dθmDm−1(θ1, . . . , θm−1) +

m−1∑
l=1

(−1)l+m
∫ 2π

0
K(θl, θm)

·

(
m−1∑
l′=1

(−1)l
′+m−1K(θm, θl′) det

(
{K(θj , θk}j 6=l,m;k 6=l′,m

))
dθm,

where we have expanded each sub-determinant in the sum with respect to the (m − 1)th row (which
is the mth row of the original matrix).

Using properties (i) and (ii) of part b), we therefore obtain∫ 2π

0
Dm(θ1, . . . , θm) dθm

= 2πnDm−1(θ1, . . . , θm−1) − 2π
m−1∑
l,l′=1

(−1)l+l
′
K(θl, θl′) det

(
{K(θj , θk}j 6=l,m;k 6=l′,m

)

= 2πnDm−1(θ1, . . . , θm−1) − 2π
m−1∑
l=1

Dm−1(θ1, . . . , θm−1)

= 2π (n−m+ 1)Dm−1(θ1, . . . , θm−1),

where we have again used the formula for the determinant (in the other direction).

d) By the formula found for p(θ1, . . . , θn) in part a) and repeated applications of Mehta’s lemma (or
induction), we find that

p(θ, ϕ) = Cn

∫
[0,2π]n−2

Dn(θ, ϕ, θ3, . . . , θn) dθ3 · · · dθn

= Cn 2π
∫

[0,2π]n−3

Dn−1(θ, ϕ, θ3, . . . , θn−1) dθ3 · · · dθn−1

= . . . = Cn,2D2(θ, ϕ) = Cn,2
(
K(θ, θ)K(ϕ,ϕ) − |K(θ, ϕ)|2

)
and

p(θ) = Cn,2

∫ 2π

0
D2(θ, ϕ) dϕ = Cn,2 2π(n− 1)D1(θ) = Cn,1K(θ, θ).
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g) Since K(θ, θ) = n and
∫ 2π
0 p(θ) dθ = 1, we obtain that Cn,1 = 1

2πn , therefore

p(θ) =
1
2π
, θ ∈ [0, 2π],

and Cn,2 = Cn,1/(2π(n− 1)) = 1/(4π2 n(n− 1)), so

p(θ, ϕ) =
1

4π2n(n− 1)
(
n2 − |K(θ, ϕ)|2

)
.

Since

|K(θ, ϕ)| =

∣∣∣∣∣
n−1∑
l=0

eil(θ−ϕ)

∣∣∣∣∣ =
∣∣∣∣∣ein(θ−ϕ) − 1
ei(θ−ϕ) − 1

∣∣∣∣∣ =
∣∣∣∣∣∣
sin
(
n(θ−ϕ)

2

)
sin
(
θ−ϕ

2

)
∣∣∣∣∣∣ ,

we finally obtain that

p(θ, ϕ) =
1

4π2

n

n− 1

1 −
sin
(
n(θ−ϕ)

2

)2

(
n sin

(
θ−ϕ

2

))2

 .

NB: two lines above, we have used∣∣∣eiθ − 1
∣∣∣ = ∣∣∣eiθ/2 (eiθ/2 − e−iθ/2

)∣∣∣ = |2 sin(θ/2)| .
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