Random matrices and communication systems 1C-30, Summer Semester 2007-2008
Solutions 2

1. We need to show that for any 1,32 > 0 and « € (0,1), we have
a logdet(I + QXY + (1 — a) logdet(I + Q%5 ") > logdet(I + Q(a Xy + (1 — ) Xa)™h).

Let therefore Z1 ~ Ng(0,%1), Za ~ N (0,32) be independent, and let © be independent of both Z;
and Z, such that P(O@ =1) =a =1—-P(0 =0). Let also

[ Zy, ife =1,
Z‘{ Zy, if©=0.
We have:

I(X;X+2) < I(X;X+2,0)=I1(X;0)+I1(X;X +Z|0)
0+al(X;X+2Z|0=1)+(1-a)I[(X;X+Z]|0=0)
al(X5X+Z1)+(1—a)[(X;X + Zy)
= alogdet(I + QX)) + (1 — ) logdet(I + Q%5 ")

On the other hand,
E(ZZ*)=aE(ZZ*"|0=1)+(1-a)E(ZZ*|0=0)=aX; + (1 — a) X,

SO
I(X; X 4+ Z) > logdet(I + Q(aX; + (1 —a) X)),

which concludes the proof.

2. a) By the Cauchy-Schwarz inequality, we obtain:

n

1 1 o 1 1
nTr(A)‘ = ;Z%‘ < ny lag? < n > lagil? = | All2.
Jj=1 Jj=1 Jik=1
For k € {1,...,n}, we denote by %) the column vector whose components are given by 53(.k) =1if

7 =k, 0 otherwise. We then have

1 & 1 &
All)z > AsF)2 > = Ask)2 = = 12 A2,
llANE > max [ A5D)" > n;” 1=~ 3" laal = 11413

]7k:1
b) We see that since ||Ax| < |||A]|| [|z] for all x € C",
H[ABlll2 =" sup  [|[ABz[| <  sup [[|All[2[|Bz| = [[|Alll2[||Bl]2-
z€C:||z||=1 z€C:jz||=1

Next, let us denote by %) the k-th column vector of the matrix B (i.e., )

J
1 n n
|AB|3 = - D ajibw

1 n
== 4|
G k=111=1 k=1
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~ Y AN IE™ 2 = (1Al 1813
k=1

= bj1); we have

2 n
:% > ‘(Ab(k))j

]7k:1
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Finally, by choosing A and B to be the “all ones” matrices, we obtain that

IABl2 = |~ Z n?=n*?>n=nvn=|Al:| Bl
]k 1
¢) We have
1A= sup a"A*Az,

zeCn:|z||=1

and A*A is diagonalizable (because it is Hermitian), so A*A = U*DU for some unitary matrix U and
D = diag(o?,...,02). This implies that

JA|||Z= sup 2*U*DUz= sup 2*Dx sup Za |z;]? = rnax ol
zeCn:||z||=1 zeCn:||z||=1 ze(C” =1 j€{1,....,n}

Similarly,

1 1 1 1
2 * _ * _ _ § : 2

d) The condition allows to conclude only for m = 1 (and obviously, m = 0). In order to be able to
conclude for any m > 0, we need to assume in addtion that there exists C' > 0 such that for all n > 1,

IA™(|<c, B™||<c.

From this, we indeed deduce that
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j=1
< DA (B (A~ B,
j=1

1A |2 [I(BY |2 |A™ = By
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m=11A — ™|, — 0.



