Random matrices and communication systems 1C-30, Summer Semester 2007-2008

Solutions 1

1. First of all, since A is an eigenvalue of A, there exists u € C™ such that u # 0 and Au = Au.
In particular, u*Au = A u*u.

al) If A* = A, then

Aufu = u*Au = u* A*u = (Au)*u = (\u)*u = Au*u,
i.e. A € R, since u*u # 0.

a2) If A* = —A, then similarly,

Ay =u"Au = —u*A%u = -\ u'u,

i.e. A €idR, since u * u # 0.

bl) If a;, € R for all j,k € {1,...,n}, then we have

Au=Mdu, so Au= ).
i.e. \is also an eigenvalue of A.
b2) If a;, € iR for all j,k € {1,...,n}, then we have
Au=Mu, so — Au=\u.

i.e. —\ is also an eigenvalue of A.
c) If A is positive semi-definite, then Au*u = u*Au > 0 by assumption, so A > 0, since u*u > 0.

dl) If A*A =1, then
AP ul® = [Mul® = | Aull* = w” A" Au = u™u,  so [\] =1.

d2) Notice that (A%);, =1if j+k =n or j = k = n, and 0 otherwise. Therefore, is is easy to infer
that A* = I, so that whenever X is an eigenvalue of A, we have A* =1, i.e. A € {1,i, -1, —i}.

el) If ajp > 0 for all j,k € {1,...,n} and Au = Au, then let | = argmax;|u;|. We have

n n n
Mgl = [ amur] < anlug] <Y aglul.
k=1 k=1 k=1
Since u # 0, |u;| > 0, so
n n
Al < a <  max G-
]; jefl, .., n}kzl J
e2) It is a direct consequence of el), since > ;_; ajr =1 for all j € {1,...,n}.



f) Let again | = argmax;|u;|. Au = Au implies that

n
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This in turn implies (since |u;| > 0) that
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2. w*Au > 0 for all u € C" implies that
a) aj; > 0 (take u = e;).
b) |a?aj; + aBajr +aBak + B> agr > 0 (take u = acej + Bex).

Since ajj;, arr € R, choosing o = 8 =1 gives aj + axr; € R, i.e., Im(ag;) = —Im(a;;). On the other
hand, choosing a =i and 3 = 1 gives i(a;; — axj) € R, i.e., Re(ag;) = Re(aji). In total, this implies
that ap; = @i, i.e., that A = A*.

c¢) Taking =1 in the preceding inequality and « arbitrary gives
la)? aj; + 2 Re(avaji) + agr > 0.
Choosing a = re~"8(k) gives
r? ajj + 27 |ajL + agr > 0.

Since r is arbitrary, this implies that the discriminant of this second order equation is non-positive,
i.e. that
]ajk]2 — Aj;0kk S 0.



