
Random matrices and communication systems IC-30, Summer Semester 2007-2008

Solutions 1

1. First of all, since λ is an eigenvalue of A, there exists u ∈ Cn such that u 6= 0 and Au = λu.
In particular, u∗Au = λ u∗u.

a1) If A∗ = A, then
λ u∗u = u∗Au = u∗A∗u = (Au)∗u = (λu)∗u = λ u∗u,

i.e. λ ∈ R, since u∗u 6= 0.

a2) If A∗ = −A, then similarly,

λ u∗u = u∗Au = −u∗A∗u = −λ u∗u,

i.e. λ ∈ iR, since u ∗ u 6= 0.

b1) If ajk ∈ R for all j, k ∈ {1, . . . , n}, then we have

Au = λu, so Au = λ u.

i.e. λ is also an eigenvalue of A.

b2) If ajk ∈ iR for all j, k ∈ {1, . . . , n}, then we have

Au = λu, so −Au = λ u.

i.e. −λ is also an eigenvalue of A.

c) If A is positive semi-definite, then λ u∗u = u∗Au ≥ 0 by assumption, so λ ≥ 0, since u∗u > 0.

d1) If A∗A = I, then

|λ|2 ‖u‖2 = ‖λu‖2 = ‖Au‖2 = u∗A∗Au = u∗u, so |λ| = 1.

d2) Notice that (A2)jk = 1 if j + k = n or j = k = n, and 0 otherwise. Therefore, is is easy to infer
that A4 = I, so that whenever λ is an eigenvalue of A, we have λ4 = 1, i.e. λ ∈ {1, i,−1,−i}.

e1) If ajk ≥ 0 for all j, k ∈ {1, . . . , n} and Au = λu, then let l = argmaxj |uj |. We have

|λul| =

∣∣∣∣∣
n∑

k=1

alk uk

∣∣∣∣∣ ≤
n∑

k=1

alk|uk| ≤
n∑

k=1

alk|ul|.

Since u 6= 0, |ul| > 0, so

|λ| ≤
n∑

k=1

alk ≤ max
j∈{1,...,n}

n∑
k=1

ajk.

e2) It is a direct consequence of e1), since
∑n

k=1 ajk = 1 for all j ∈ {1, . . . , n}.
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f) Let again l = argmaxj |uj |. Au = λu implies that

(λ− all) ul =
n∑

k=1,k 6=l

alk uk,

so

|λ− all| |ul| ≤
n∑

k=1,k 6=l

|alk| |uk| ≤
n∑

k=1,k 6=l

|alk| |ul|.

This in turn implies (since |ul| > 0) that

|λ− all| ≤
n∑

k=1,k 6=l

|alk|,

so

λ ∈
n⋃

j=1

B

ajj ,

n∑
k=1,k 6=j

|ajk|

 .

2. u∗Au ≥ 0 for all u ∈ Cn implies that

a) ajj ≥ 0 (take u = ej).

b) |α|2 ajj + α β ajk + α β akj + |β|2 akk ≥ 0 (take u = α ej + β ek).

Since ajj , akk ∈ R, choosing α = β = 1 gives ajk + akj ∈ R, i.e., Im(akj) = −Im(ajk). On the other
hand, choosing α = i and β = 1 gives i(ajk − akj) ∈ R, i.e., Re(akj) = Re(ajk). In total, this implies
that akj = ajk, i.e., that A = A∗.

c) Taking β = 1 in the preceding inequality and α arbitrary gives

|α|2 ajj + 2 Re(α ajk) + akk ≥ 0.

Choosing α = re−iarg(ajk) gives
r2 ajj + 2 r |ajk|+ akk ≥ 0.

Since r is arbitrary, this implies that the discriminant of this second order equation is non-positive,
i.e. that

|ajk|2 − ajjakk ≤ 0.
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