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DISTRIBUTION OF EIGENVALUES FOR SOME SETS OF RANDOM MATRICES

V. A. MARCENKO AND L. A. PASTUR UDC: 519.21

In this paper we study the distribution of eigenvalues for two sets of random Hermitian matrices
and one set of random unitary matrices. The statement of the problem as well as its method of investi-
gation go back originally to the wotk of Dyson [1] and L. M. Lif$ic [2], [3] on the energy spectra of
disordered systems, although in their probability character our sets are more similar to sets studied by
Wigner [4].

Since the approabh“es to the sets we consider are the same, we present in detail only the most

typical case. The corresponding results for the other two cases are presented without proof in the last
section of the paper.

&1. Statement of the problem and survey of results

We shall consider as acting in N-dimensional unitary space Hy, a selfadjoint operator By (n) of
the form

By () = Ay + 3} Tq® (-, 4). (-

i=1

Hete Ay is a nonrandom selfadjoint operator; n is a nonrandom pumber; the r; are independent
identically distributed real random variables and the ¢ are mutually independent random vectors in
Hy, independent also of the r;.
The operators g)(-, ¢¢)) = L; act on vectors.x € Hy according to the formula L; &) =
g9 (%, ¢®), where (x, ¢¢)) is the scalar product in Hy.
Thus the operators By (n) we consider are sums d a nonrandom operator and a number of inde-
pendent random one-dimensional operators. Each set of numbers 7y, 5 7, and vectors q(l), ey, q(n),
which for brevity we denote by T,, @, gives a realization of the random operator By (n).
We shall be interested in the function v(X; By (n)) giving the ratio of the pumber of eigenvalues
of By (n) lying to the left of X to the dimension of the space. From now on we call this the normal-
..ized spectral function of the operator. It is clear that for any realization T,, Q, the function
v(X By (n)) is a nondecreasing left continuous and piecewise constant function of A, and
o<viy By)<1.
For fixed ) the function () By (n)) is a random quantity determined in a.complicated manner by

the random numbers 7;, +**, 7, and random vectors g, e, g ), The search for the probability
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distribution of this random quantity is one of the fundamental problems in the spectral analysis of
random operators. Of particular interest is the case of very large N and n, since it often appears that
for N — oo the random quantity »(); By (n)) converges in probability to a nonrandom number.

We assume the following conditions are satisfied for N — oo,

1. The limit limy-on/N = ¢, which for brevity we call the .concentration, exists.

II. The sequence of normalized spectral functions. v (); Ay) of the operators. Ay converges to

some function vo()) at all points of continuity:
Jim v (A; Ay) = v, (h). (1.2)

Assuming that these conditions are satisfied, it is necessary, first of all, to make clear how the
stochastic properties of operators By (r) of the form in (1.1) ensure the convergence in probability of
the sequences 1 (); By (n)) to nonrandom numbers, i.e. to explain when a nondecreasing function

v} ¢) exists such that at all of its points of continuity

e

A}Lrg P{[v(h; By(n)—v (A; ©)| >e} =0, (1.3)

irrespective of ¢> 0.

The main problem for such a set of random operators consists, finally, in discovering the limit
function v() ¢).

The case of physical interest is when all the r; are equal to the nonrandom variable r and the
vectors q(i) are selected from a given orthonormal system (M), + .., ¢ M) with equal probabilities.
In [2] and [3] I. M. LifSic worked out a method for the approximate calculation of v (); ¢) for small
values of ¢ in this case.

We point out one specific peculiarity of this case. Since the random vectors ¢(*) are chosen from
a given orthonormal basis, the problem is not invariant under unitary transformations of the operator
Ay, and therefore the answer depends not only on the normalized spectral functions v (\; 4y) of this
operator, but also on all its eigenvectors. This remains the case as N — o,

In this paper we consider another type of problem which as N — « becomes invariant with respect
to unitary transformations of Ay. For the formulation of the conditions to be placed on the random
vectors, it is convenient to select in the space Hy any orthonormal basis e, +++, ey and express
the vectors in this coordinate system, writing ¢ = (g, **+, qy), where ¢; = (g, €;). In the remainder

of this paper we assume the following conditions are satisfied.

IIl. The stochastic vectors ¢ = (g, +++, gy) which enter into (1.1) have absolute moments to
fourth order, inclusively, and the even moments Mg,q;, Mq;9;9,9, can be put in the form 1)

Ma,q; = N7y + a; (N), : (1.4)
MYi9i9i9m = N7 B11 81m = 8um 83) - Put(N) @jm (V) =+ bijim (N), ‘ (1-5)"

where Ba/j is the Kronecker symbol and the quantities.

1) We denote the expectation of-;he stochastic variable x by Mx.
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1 L
S=[N 3} eI+ ) = S0P «W1=N] 5 (a0 ] 6
) 0] if.m
tend to infinity as N — .

IV. The stochastic variables r; which enter into (1.1) are independent and have the same proba-
bility distribution o (x).

It is not difficult to prove that condition III on the stochastic vectors ¢ is unitarily invariant,
i.e. if they are satisfied for some one choice of orthonormal basis in Hy (N=1, 2,-+-) then they are

satisfied for any choice of basis.

The most typical example of stochastic vectors satisfying IIl is the set consisting of all unit
vectors of Hy with each assigned the same probability (i.e. uniformly distributed on the unit sphere).
In this .case

- . - - 4 .
Mqiqf =N 16:’]'7 Mq[qquqm = N—"”"“(N T {6;']‘ 6lm =+ (5,',71 6];},

which clearly ensures that III is satisfied.
We present two oghet examples of sets of random vectors for which III is satisfied,

a) The set of real unit vectors whose probability density p(gq, +++,qy) is a symmetric and even

function of all its arguments. For such vectors
quCIj hand N—l 6[]' andMqtqquCIm =0y (6ij 6lm -+ 65[ ‘Sjm'l"éim 5]'1) -+ (a2—~3a1) aii 6lm 6111

where a, = Mg3q3= M‘h'z‘]i (i #£Fk), a;=Mgt= Mqlfl (i=1, -, N). By making use of the relation
1=Na, + N(N - 1)a,, following from the normalization of all vectors of the set, it is not difficult to
show that for III to be satisfied it is sufficient to have a; = Mg2g3=N2+o0 (N™52) as M — oo
For example, for real vectors uniformly distributed on the unit sphere a1 = [M(N + 1)]_1. Hence real
stochastic vectors uniformly distributed on the unit sphere satisfy IIL
b) The set of random vectors having, in some basis, the form ¢ = N~% (£, -+, Ey), where the
&, are identically distributed independent random quantities, with mean value zero, unit dispersion
and finite fourth moment p,. In this case a;;(N) =0, ¢;;(N)=N715;; and among the numbers
bijim (N) oaly by (N) = N~2(u, - 3) differs from zero. Consequently ¢; N =0, eWN)=N"1,
es(N)= N™% |, — 3|, from which it follows that the stochastic vectors of this set also satisfy I
As we pointed out, the main problem is to prove that the function v (); ¢) defined by (1.3) exists
and to go about finding it. It is more convenient, however, to find instead of v(x c) its Stieltjes

transform

m(z ¢) = S i‘—;(—f;“’— (1.7)

a knowledge of which gives the desired function at all poinyts of continuity by means of the well-known

inversion formula \
. 2

V(A O)— V(A 0) = nl-lglro T—:— S Imm (& +in; ) dE. (1.8)

M
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For simplicity we shall denote the function m(z; 0), whose existence is ensured by condition II,
by m,(z), so

()= { 2, (1.9)

where v ()) is defined by (1.2).
Our basic result is contained in the following theorem.
Theorem 1. -Let 1-IV be fulfilled. Then the following assertions are valid.

1) The sequence of normalized spectral functions v(X; By (n)) of the operators By (n) for N — o
converges in probability to a nondecreasing function v(X c¢) at all points.of continuity. Moreover,
v(=o0; ¢) = pyl=od), vitoo; €)= v (+0), where the function vy (N) is defined in (1.2). Hence at all
points of continuity the function v() c) is given in terms of its Stieltjes transform m(z; ¢) by the
formula

‘ A
M o)=wv (— i — ¢
059t (1, S 0]

2) The Stieltjes transform m(z; ¢) of the function v(); ¢) is equal to the solution at t =1 of the
equation

t
— —T® 9 1.10
(2, 1) = my (2) — SHT@W, S5 B, (1.10)

where m (z) is defined in (1.9) and r(£) (the generalized inverse of the probability distribution func-
tion o(x) of the stochastic variable 7) is defined by the formula®

T(E) = i?f {t; o(v) > ). (1.11)

3) The solution to (1.10) exists and is unique. Equation (1.10) is equivalent to the first order
partial differential equation

du(z, t)+ c T (f) Ou(z, 1)

ot oy 0 0 4@0=m), (1.12)

whose solution by the method of characteristics leads to the following implicit expression for u(z, t):

t
e (2— TEd )
wle )= mo 2 C§‘+r<§)u<z, 7) (1:13)

To avoid misunderstanding we point out that the solution of equations .(1.10) and (1.12) is to be

analytic in z and continuous in ¢ in the region Imz > 0 and ¢ € [0, 1].

Note further that from the definition of r(f) it follows that -

1) It is not difficult to verify that 7(£) is a left continuous and nondecreasing function. Where 7(£) and
olx) are strictly increasing, they are inverse to each other. Where o(x) is constant 7(£) has )umps, and where
o(x) has jumps 7(£)is piecewise constant.
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1 )
cO& ¢ tdo)
§1+v(§>u(z, 1)“‘_S°°1+w(z,4)’ (116

whence by (1.13), since m(z; ¢) = u(z; 1), we conclude that the Stieltjes transform m (z; ¢) of v (X ¢)

satisfies the equation

m(2; c)=mo(z——c S ﬁ%), (1.14)

~—CQ

where o(7) is.the probability distribution for the stochastic variable - 7.

We examine three examples.

1) The sum of random independent and equally probable projections. Let By@)=r%l_ P,
where each P; is a projection operator on the random vector q(i ), independent and uniformly dis-
tributed on the unit. sphere, and 7 is a nonrandom pumber. It was shown above that IIl is satisfied in
this case. Since Ay = 0 and r is nonrandom, I'and IV are also fulfilled and m (2) =~ 7L, do() =
5(£- ) d&. Therefore, if n/N — ¢ as N — o, I-IV are also satisfied and m (z; ¢) satisfies .(1.14),

which in this case is

m(z; ¢) =— (z —-—0—17————)_1 .

- 1-4xmz; )

By solving this quadratic equation for m(z; ¢), we find that

_U—otlt-cl , —zklt-clet Ve
2 221 '

m(z; ¢) =

where for Imz > 0 that branch of the square root must be taken for which Imm (z; ¢) > 0 (since m{z; ¢)

is the . Stieltjes transform of a nondecreasing function).

Hence, using the inversion formula (1.8), we find that v ¢) = v (; ¢) + vy (% ¢), where

i 0s9 _[1—080) for 0<e<1,

di
0 for ¢ >1,
dvy (As ©) _ (mz'——(z}“ﬂ;“ = for (h—cr —1)? < 4ot?,
dh
- l 0 for (A—ct— T)* > 4t

From these formulas for ¢ > 1 it follows, in particular, that the normalized spectral functions of the

stochastic operators.

KN(n)=—1:(1+7v'l)I+ 1,-2" P;b ( £=c>1)
1=1

lim
N-)OO;N
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as. N — « converge in probability to the function v(); ¢) whose derivative is

'/ 2 .32 ~1
av (A ©) dov? — b (1 -+ At ) for A% <4cr?,
T = 2qet? 1C

0 for A%2>4ct.
As .c — o the right-hand side of this formula becomes the semicircle law obtained by Wigner for .
a Gaussian set of random matrices [4]. Of course, this is what is expected since Ky (n) is the sum of

independent identically distributed random matrices:
n
nt+ N
KM@=T%{~Q%FV+P+
=

and, by the central limit theorem, the probability distribution for the random matrices Ky (n) should be
nearly Gaussian, if n>> N.

This is one of the similarities of our set with Wigner's set explicitly mentioned above.

2) The sum of random independent and equally probable projections with random bounded coef-
ficients. Let By ()= 2?:1 7; P;, where the P; are projections just as before, and the coefficients r;
are independent identically distributed random quantities with probability density [7(1 — r2)%]7L

Conditions I-IV are clearly satisfied if limyswn/N =c¢ exists, if Ay = 0, and if

o 1 L N
m(z) = —2~* and Tdo@r) _ 1 ¢t(—ny) 2 4 [ -~]
0() an S g - S-———-———~1+Tu d’lf-—-:' l_(l_uS) 2‘ .
—00 —1

Therefore -in this case (1. 14) has the form

o == C‘P"U—wm@fﬂyl

m(z; ¢)
Hence after some elementary manipulation we obtain

2mt 4 2 (1 —c)zm® + [(1 — o — 2 m? —2z(1 —cm—1+ 2 =0,

where for simplicity we have set m(z; ¢) = m, In particular, for ¢ = 1 we obtain a biquadratic equa-
tion, which we solve (taking into account that m(z; 1) — . for Imz — o and Imm (z; 1) > 0 for
Imz > ) by finding m (z; 1) and then (by (1.8)) v 1):

) 11/ 21
a1 _ - V i for A< 2,

d) ‘
0 for |A|> 2.

3) The sum of random independent and equally probable projections with random unbounded coef-
ficients. Let By (n) be the same type of operators as in the preceding example, except that the
probability density of the random quantities r; we take as. 7~ la/(a? + 72).

In this case

[>e] oo

S T do (1) =_1_S T & gy —ia
14T = 1470 a*+ 12 A— gy’

—00 —00 .

and equation (1.14) bas the form
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iac |t
m=—fe+ 2 (n=m o)
By solving this quadratic equation for m (z; ¢) we obtain; by (1.8), the following expres sion for
vy ek
V(&5 €)= vy (b ) + V2 (As ),

where

dvi (4 0) 2[(1~c)6(x) for 0<<e< 1,
dn 0 for ¢ >1,

dvy (M; ©) V %-<V( * 7"?.),(7"2 + 7\;) + A2 — 7\,1?\,2) — A

dx 2a),
}\41'2 =a (1 -+ "/-E-)z.

From these formulas we see that in this case the spectrum occupies the entire axis, as was to be ex-

pected from the unboundedness of

We note in conclusion that it is, as.a rule, impossible to find m (z; ¢), and even more so to find
»(% ¢), in explicit form, since (1.14) is, generally speaking, not explicitly solvable for m(z; ¢). In
this sense the above examples are exceptional. Nevertheless, it is frequently possible to obtain a
qualitative picture of the spectrum: the number and arrangement of its connected components, and also
the behavior of v(); ¢) near the boundary of the spectrum. ZWe have in mind the following: on the
intervals complementaty to the spectrum on the real axis the function m({x + i0; c¢) exists and is con-
tinuous, real and montonically increasing. Hence, the inverse function exists on these intervals—also
real and monotonically incteasing. Furthermore, its range of values is clearly just the complement of

the spectrum. ‘By denoting this inverse function by x (m; ¢) and using (1.14) we obtain

(o]

#(m; 0 = xo(m; o)+ ¢ § T2, (1.15)

—0

where % (m) is the function inverse to mo(x). Thus .we have the following rule for determining the
spectrum: it is necessary to locate the intervals where the function on the right-hand side of (1.15)
is monotonically increasing and then to determine the set of its values on these intervals. The
specttﬁm is the complement of this set. k

Therefore if a is the endpoint of one of the intervals on which the right-hand side of (1.15) is

~monotonically increasing, then

T do (v)

e (1.16)

}.“azxo(a)ﬂ'“cogo

—00

is the ?éndpointv”of one of the connected components of the spectrum. Suppose that in the q,eighborhood
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of a the right-hand side of (1.15) is analytic, and consequeatly has local extremum at this point

(a maximum if a is the right endpoint, a minimum if a is the left endpoint of such an interval). Since
at a local extremum the first nonvanishing derivative must be of even order, the Taylor expansion of
the right-hand side of (1.15) bas the form

. Ao 2k
x(myc)“}‘fa'{"‘“@—k}‘!'(m*‘a) -+ ..

.

and hence near the point A, we have

13

m@ o)—a=]/ z;""“(zk)! [1 4o (1)),
ok

where that branch of the root is.taken which has positive imaginary part for Imz > 0 and is real in a

neighborhood of A, not containing any points of the spectrum. Thus by the inversion formula (1.8) it
follows that in a neighborhood of A, the function v(); ¢) has a derivative, and as A — ),

2k L
— sinn =
D09 _y /T o) o) —2, (1.17)
dh, dzk ) T

Therefore the rule for finding the singularities of the function p(); ¢) may be formulated as follows.
The boundaries of some of the connected components of the spectrum may be found by formula

(1.16), where the local extrema of the right-hand side of (1.15) are taken to be the points.a; near

these boundary points the function v (X ¢) has algebraic singularities, the principal parts of which

are found by using (1.17).

S,

—N T el

c<] >

Figure 1

We shall illustrate this rule in the case of example (1) above. Here
1 ct
x(m;c¢)=—= .
(m; ¢) m + i+ m , (1-18)
The graph of this function is shown in Figure 1, where the dashes denote where the right-hand

side of (1. 18) is decreasing (this part must be discarded).
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It is clear from the graph that the spectrum consists of the interval [A_, A,] and the point 0 for
¢ <1, and the interval [)\_, )\+] alone for ¢ > 1. The extrema of the right band side of (1.18) are
m, =~ 1/7(1 + \£), from which, according to (1. 16), we find the boundaries of the spectrum
A =r(1-+£)* and A= (1 + \/5)2

The second derivative of the right-hand side of formula (1.18) at the extrema m, are

2 — 2
d(.ﬁ)= i—‘-/'-%.fz(l + Vc)2= + _."__}\,2:’

Ve

where by (1.17) it follows that near the points A,

4
C A—hy |
v (A o) = Ve l/ —_
A, T

in complete agreement with the exact results found above.

§2. Auxiliary considerations
Consider the linear operator A mapping the space Hy into itself. Denote the matrix of A relative
to some otthonormal basis in this space by [ 4;xl|-

Lemma 1. If the stochastic vector ¢ =1{(gy, g5+ qy) obeys condition 111, then

where ||A| is the norm of A, the quantity ¢(N) does not depend on A and tends to zero as N — oo
Proof. Letting 5= (dg, q) = 3N .=14:;9;q: for simplicty, by (1.14) we shall have
Mn= ZAHMG’/'E;' = N3V Aydy + 3 A ai(N)
' i i &

or 1

|Mn— N"'SpA|= IZAiiafi(N)l < (E IA,’,‘P'ZIG[/(N)IZ);,

i

whence; using the obvious inequality.

2[Au|2<NmaxZ|A1,[2<N||A||2, (2-1)
i L5
we obtain by (1.6) that
1
an—N‘lSpA|<uAn(NZlaz-,-(N)lﬂ)“ =[| Al e, (V). (2:2)
1)

- Similarly, from (1.5) we get
M'Y]’rT-: ]V‘_2 l SpA 12 + N""ZEAU Z‘-]- -+ Z A[/le.[m Pji (N) (P,m(N)—]—-Z A,’,‘Z[m b]ﬂm (N)

We estimate the second and fourth terms on the right-hand side by means .of the inequality (2.1):
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N7 STA; Ay < NTH|ALR,
1

IZAzIAlm ulm(Nl (ZIAII [2|A1m12> (Zlbzizm(N)lz )2—

SIAPN (3 18y (N P) = | Al e (W)

We estimate the third term:

Nl)—‘

AR

| 3 Ao 5| < (3| S0 00T (2 prE=wiy

bbllﬂ

(ZHAHZZIW(N)F) (Z’IAII22|(Pim(N)I2> STAR Y len(N) P

= [| AP ey (V).
Thus )
| My — N2 |SpAP I A PN + &, (N) 4 5 (N)}. (2-3)

In addition we have
1

M[n—NTSpA|< {Mln-—N_1 Sp APy
=MMR-Mﬂ&MF—2mNﬂ$?wM—Jr%wmi
Hence using inequalities (2.2) and (2.3) and noting that |[N"1SpA| <[4}, we obtain
M|n—NT"Sp A AN + &y (N) - &5 (V) + 281(N)};_-

Therefore, setting ¢(N) = IN"1+ ¢, (N) + € (V) + 2¢, (N}, we have M|(4g, ) - N"1SpA| < [|4]| - W),
where ¢(N) does not depend on A and, by condition III, tends to zero as n — . Q.E.D.

Lemma 2. Let the Hermitian operators A and A, acting in the space Hy, be related by
A—A= T(*, 99,

where 7 is a real number and q is a stochastic vector which obeys condition II. Then for the dif-

ference of the traces of the résolvents,'l\zlz and R, of these operators we have
%R—@&=”%m0+wﬂ&&memm

where 8(z, q, N) is a random quantity satisfying the inequality

M3z ¢, M) < — T e,
y2(1+ TN 1Sp R)
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where ¢(N) does not depend on A, z, r, and vanishes as N — oo.

Proof. Since the determinant of the matrix of any operator is equal to the product of its eigen-
values, the identity

Bo=(A—z) = {A—2)+ A=A ={ +R(A— AR,

shows that

N N
H (xk — 2)—1 = ]:[ (kk-—- Z)—l {det [.[ —+ R. (Z — A)]}—d,

where A; and )\, are eigenvalues of Z and 4.

Taking the logarithmic derivative with respect to z of both sides of this equation, we find the

well-known formula for the difference of the resolvent traces:
@E—@&=—%mwu+&@—ML
In particular, if 4 - A = 7(- , g)g it is easily seen that
det[I 4+ R(A—A)] =1 + 1 (R4, 9),
and consequenly in this case SpR, ~SpR, =~ (/92)nl1 + r(R, g, 9, or

L T(Ri%ll)
14T (R,q,q)

We now evaluate the right-hand side of the formula. For this purpose, denote by E()) the decom-

SpR,—SpR, = (2.4)

position of the identity for the operator .4 and introduce the nondecreasing function a(n) = (EN)g, ¢).
Then

(3 S
. do. () 2 . da (A)
(R:q,90= 727, (Rig. = { S,
whence it follows that for z = x + iy

|1 4+7(R.q, )| >t Im(R.q, q)| = | 7Y| S (?\,—flj’)(?-)*—yz’

, ¢ g
| (REg, q)l<l‘l§m(x—x)2+ya,’
so that
R, | 1yl | @

To complete the proof of the lemma we rewrite (2.4) as follows:
| | TN SpRE

Sp R, — Sp Ry = — ————"—
P Kz p 2 | 1+TN—‘1$pRz‘

+ 6 (Z, Cl, N)’ (2'6)
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where
N1 Sp R? T(R2 g, 9)

1 +eNSpR, L+TRg 9

82, g9, N)=

and we evaluate the expectation value |5(z, g, N)|. We have

T(R9, 9 T{(R,9.9)— N SpR}

0(z, q, N)= .
2 g, N) 14t (R, 9, q) 14N SR,
— ___._.__‘fl___{(Riq, q)— N""SpR3},
14 TN"'SpR,

whence, applying (2.5), we obtain

lé(z,q,zv)[<l i .0, 0)— N—Sp P.
N P IRz, ) — N SpR, |

+1yl-1(R2q, ) —N"*SpR,|}.

Since the stochastic.vector ¢ obeys condition III, from this inequality and Lemma 1 we have

Mla(z,q,N>'l<| i URA 191 IR W).

y(1+tN"ISpR)

Since A is Hermitian, it follows that |R,|| <|y|”! and |R2| < |y|™!. Therefore

T

M|d(z q, N)| K2
$#A+TNTISR)

l e(N), 2.7)

which was to be proved.

Consider now the quantities r;. By hypothesis, these are independent quantities with one and the
same distribution function o(x). Let T, be some realization of n of these random quantities. We
number the quantities in T, in order of their size 7; <7, <+++ <r, and construct an experimental
distribution function o(x, T,) corresponding to this realization by setting

0 for x<Ty,
for T, <X < Ty

fol‘ Tn <X.

o(x, Ty =

L
n
0

By Glivenko’s theorem [5], as n — o the function o(x, T,) almost certainly converges to
o(x) uniformly on the entire axis.

We shall have use for the analogue of this theorem for functions inverse to o{x, T,) and o(x).
Here by the inverse functions .we mean functions 7(&, T,) and (&) defined on the interval (0, 1) by

TE, Ty = ijr:f {x:0(x, Ts) > &}, (2.8)
T(®) = inf {x: 0(x) > &}. ' (2-8"

Note that as a consequence of the definition of o(x, T,) we have
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T Ta) =T for %<g<"—“—;—£ @=01, ..., n—1). (2.9)

Lemma 3. If the probability distribution o(x) for the random quantity r has a first absolute
moment, then for n — oo the sequence of functions 7(§, T,) almost certainly converges in the metric
of L0, 1] to the function (&), i.e. the sequence

o = 176 T —(E) &

almost certainly converges to zero.
Proof. Note first that by assumption [* |%|do(x) < o, and from the definition of r(&) it follows .
that fé lr(Odé= 2 xldolx) < oo. Therefore the function r(£) is summable on the interval [0, 1].
By Glivenko’s theorem the sequence f3, =sup_. . ., lole, Ty) - ol)] almost certainly converges
to zero. It follows from the definition of B, that if o(x, T,)> £ then o) > £~ B, and if olx) >
£+ B, then olx, T,) > & Therefore

{xo()>E+BICT{xow T)>E Cixo(@>E—pa},

whence for &€ (B,, 1 — B,), by definition of (£, T,) and r(§), we obtain r(£+ B,) > (& T >
(&= By). Since r(£) is nondecreasing these inequalities imply that |7(& T,)—r(&)] < r{é+ Ba) -
(£~ Br) if B, < E< 1~ B, Hence

1—Bg, 1—B,
{ t@To—r@®lde < { (FE+B)—TE—BaydE
Bn. Bn

28,

- { c@&— (@
18,

0

and hence flﬁ'—i'Bﬂ |7(&, Tp) - 7(H|dE for n ~> o almost certainly tends to zero, by Glivenko’s
theorem and the summability of (). In addition,

Bn Bn Bn
(17@ T —T@1de< {17 (& T d8 + ([T @®)]dE.

.. - et ~ -
Let A be any positive number and define the random quantities r; in terms of 7; as follows:

{ { . , lI<A;

li —

IT ,’ Jf IEL|>.‘1- (2'10)
[hE’n ftoﬂ] (2-9) we obtaiﬂ

Ba PR Bn
(lr@TaleE< =5 w+ (Ads
K o n =1 0
and consequently
Bn n B

Jle@—1@ TldE< -3 % + (4 + @15

0 ;=1 0
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From the strong law of large numbers we find that as . n — o we almost certainly have
n1 Ezzlrr\} - f|x >4 |x|do(x), whence, by the preceding inequality, Glivenko’s theorem and the

summability of 7(£), we conclude that, as n — «, almost certainly

Bn
(@ T —r@lae<s + { lxldoeo
0 IxiI>A

for any A > 0. But this means that ffgﬂ |7(& T,) = 7(£)|d£ almost certainly tends to zero for n — co.
Similarly, we find that fl_ﬁ |r(& T,) - r(&)|d € almost certainly tends to zero as n — oo. Q.E.D.
n

Remark. This lemma is required below only for the case where the random quantity 7 is bounded.

§ 3. Deduction of the basic equation
We shall prove Theorem 1 by first assuming the random quantities r; are bounded, i.e. there is a

number T > 0 so that any realization of the r; satisfies
| 1.’;] <T. (3-0)

This restriction will be lifted by going to a limit. But in the next two sections (3.0) is assumed to
bold.
Suppose that T, Q, isa realization of r and ¢ entering in (1.1). In this realization we number

the pairs 7;, ¢¢*) in order of increasing r;:

TGS - STy OO L g

and construct a chain of operators By(i) (i=1, 2,--+,n) by setting

By (0)=Av+ 2 T g (- g%, (3.1)

=1

so that By (0)= Ay, and the By (n) ate the operators (1.1) that interest us. Denote the resolvents of
the operators By (i) by R, (i). For each realization T,, @, we form the function u(z, & N, T, @)
defined for all nonreal z andreal £€ lo, 11 by

1@ & N, Tay Q)= N""SpR, (1) - nN ™ Sp{R (i + 1) — Ry(i) } (g_ﬂ

for ge[-’f;-, ﬂ] (=0,1, ..., n—1). | (3.2)

n

 Note that u(z, 0; N, T,, Q,) and u(z, 1; N, T,, Q,) are the Stieltjes transforms of the normalized
spectral functions .of the operators Ay and BN (n):

4(e 0N, Toy Q)= N SpR(0) = { fl%:’i;vl (3-3)
W 1N, Toy @) = N SpRo(r) = { 020, (3.3"

For the remaining values of £€ [0, 1] the function u(z, & N, T,, Q,) is the Stieltjes transform of




DISTRIBUTION OF EIGENVALUES 47 1

the nondecreasing function

v(M & By (n) = [1—nE+ilv (b By () + [nE—ilv(}; By(i+ 1)),
i i-+1
EE[";: n :]s

where (A, By (i) denotes the normalized spectral function of the operator By(i). By the definition

(3.2) of ulz, &N, Ty, Q,) it is clear that it is continuous in the entire range of definition, holo-
morphic in z and piecewise linear in &

We shall prove the set of functions u(z, & N, T, 0,) and the set of their derivatives
! (z, & N, T, Q,) are compact with respect to uniform convergence in £€[0, 1] and z € F, where
F is any bounded set lying a positive distance from the real axis. From the inequalities. (Imz = y)

1

—1 1 -’—li
VPSP RIS NS Re

which hold for the resolvent of ahy selfadjoint operator,, and from (3.2), we have

1u<z,§;N,Tn,Qn>|<—l—y‘-_l—, lup(z & N, Ty Qo] <

Since the operators By (i + 1) and By (i) differ by the one-dimensional operator 7 +1(' ,q(Hl))q(H”,
formula (2.4) can be applied to their resolvents. R,(i + 1) and R, (). Therefore

1

g; .

(3-5)

Ty (RE() g1, glFH)

Sp{R:(i + 1) —R.(i)} = — ’
i+1) 0} L0y (R, () 40, )

so by (2.5) we find that

Sp (R (i + 1)—Rz(i)}1<v—liy]—, (3.6)
and consequently

n
Nyl

L8 E N Tn Q)| < 6-7)

Since the function (&/88u(z, & N, T,, 0,)=w/NiSpR, (G+1)~SpR, G, i/n <EL G+ 1/n, is
holomorphic in z, using the Cauchy estimate for the derivative of a holomorphic function at the center
of acircle in terms of its maximum modulus-.on the circumference, we find by (3.6) that

9 U B N, To, Q)| <22 | o
% g N (3-8)

The inequalities (3.5) (3-7) and (3.8) clearly demonstraté the compactness of the sets
{u(z, &N, T, Q,)} and {u!(z, & N, T,, Q;)} which we require. Note that so far we have not made
use of the boundedness of the Tie v , . '

We shall now consider the function u(z, & N, Ths Q,) for z lying in the halfplane |lm 2| > 37,
where T is.a number bounding the modulus of the 7; (see (3-0))-
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Let 7(£) be the generalized inverse of the probability distribution o(x) for the random quaatities .
7 defined in (2.8), and let G be any bounded set lying in the halfplane Imz >3T.

Lemma 4. If I-IV and (3.0) are satisfied, then as N — o the expectation value of
L TELEEN T, Q)

o= E@gﬂ 4@ & N T Q) —my (@) + ¢ Si+1: ®ui &N, T,, Q) %

0

tends to zero: limy,oMpy = 0.
Proof. From (3.2) and (3.6) we find that for &€ [i/n, (i + 1)/n]

4@, & N, Toy Q) — N Sp R < - (3.9)

Using this inequality and the Cauchy estimate for the derivative of a holomorphic function, we like-

wise obtain

|4z (2, & N, T, Qo) — N Sp RE(D) | < ﬁ (3.10)

The operators By (i + 1) and By (i) differ by the one-dimensional operator 7,4, (-, g¢*D)gC* 1)
and consequently Lemma 2 is applicable to their resolvents R, (i + 1) and R, (i). Using this lemma
we may transform (3.2) into the form

—1 Qn P2 ({\ R
u(z, g; N, Tn, Qn) — N—-l Sp Rz (i)_}_vn_ 'CZ+1-N SP Rz (l) (E— L)

147, N2 SR, () n
+ N716,(2) 8 (z, g+, N), (3-11)
where 0<6;(¢)=n(£-i/n)< 1 and
M|8:(z, g4, N)| <2 St e (N),
P+ T N7 SR, ()]

and ¢(N)— 0 as N— . For Inz > 3T the estimate (3.4) and the inequality |r;+,| < T imply that

1 +ft+1SpRz(i)|>§, (3.12)

and, in particular,

M| 8;(z, g9, N)| < 3T (V). (3.13)

By formula (2.9), ;4 = 7(§, T,,) for €€ [i/n, (0 + 1)/n], where (&, T,) is the function defined
in (2.8). Thus for £€ [i/n, (i + 1)/n] we have
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T (&, Tn) N2 Sp R2 (i)
dt.

T N SpRE () T
( )"N g 14TE T)N SR, ()

n
Noago NS R

n
i
n
Replacing 7(&, T,) on the right side of this equation by (&), N"1spR, Q) by ulz, EN, Ty, @y
and N-1SpR2() by u; (z, &N, T,, Q,), and estimating the error with the aid of (3.9), (3.10) and

(3.12), we find that
T@u,(z BN, T,, Q) i

I+t @) u@ &GN, Ty, Q)

n Ti g N7 Sp RS () (1 n
(=) =¥

Ngfg,  NTISpR, ()

Sl mvw.

g {ITE T~ @1k +

BIN [ I

which holds for all ¢ € [i/n, (i +1)/r] and all z in the halfplane Imz > 3T. Since ulz, i/m N, T, Q)=

N-1Sp R, (i), it follows from the last inequality and (3.11) that
TE @ EN, T, Q) g
Hv@®u@E &N, T, Q) |

( LN, Ty %) +%

Sl

u(t N Ty Qu)—u (2

+ 282, 9440, N)

n

S (1@ T — @) et + o=

§|l-¢/=,*

for all t € [i/n, (i + 1)/n] and all z in the halfplane Imz > 37. By combining the inequalities we

have obtained, we find for the function

. N’ nv
@ £ Ny T, Qn) = (2, £ Ny Ty Qu) — g (&) + € S :i)(; fj(fg L Q) & (314
n! xn

the estimate
l®(@ & N, Ta, <2 S |7 (&, Trn)— (8) | dE~+ [ my (2)—u(z, 0; N, T, Qn) ]
+i+i]c——’l ' 2 18:(z, gD, V)],
NTT|TTN 2 12

Hence from (3.13) it follows that
gma, To) =7 (€)| & -+ | mo ()—u(z, 0; N, T, Qu)l

;ICP(Z, t? N? Tn: Qn)l NTz
3 T
e (V).

A
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This inequality, equation (3.3), conditions I, Il and Lemma 3 imply that
lim |z, t; N, T, Q)| =0 (3.15)
N0

for each 2z, ¢t (Imz > 37T, ¢ € [0, 1]).

Now note that from (3.5), (3.7) and (3.8) it follows that u(z, t; N, T, Q,), u; (z, &; N, T,, Q,),
and consequently also ¢(z, ¢; N, T, Q,), are uniformly bounded and equicontinuous. Hence, on the
set {0<t<1; 2z €GY for the function ¢(z, & N, T,, Q,) we can find a generalized e-net

bgs 295 003 b gs Zm s SO that

Oy =Sup |9tz N, T Q)| e+ max |t 23 N, T, Q) |,

tE[O 1‘<l<m e

and consequently

M(PN 8+2 MICP(Zi: tnN Tm Qn)l

i=1

From this inequality, for any ¢ >0 we find by (3.15) that limpy-o Moy < ¢, so, since > 0 is

arbitrary, lim s My = 0, which is what was .to be proved

It clearly follows from the above lemma that there must exist a realization T,, Q, for which

[i V= 3.16
Jim fg[upjlcp(z tN, Th, Q)| = 0. (3-16)

We proved above that the sets of functions u(z, t; N, T, Q,) and u, (z,¢; N, T,, Q,) are com-
pact. Therefore from the sequence u(z, T; N, T,, 0,) we can select a subsequence which converges
to some function u(z, ¢) uniformly in ¢ € [0, 1] and z € F, for any closed and bounded set F lying
in the upper halfplane. It follows from (3.16) that for z € G and t € [0, 1] the function u(z, )
satisfies the equation

t .
T(E) uy(z, )
u(Z, z)—mo(Z)-—-COS mdg (3-17)

Since the function u(z, £) is holomorphic in the upper halfplane and has positive imaginary part, both
sides of this equation are holomorphic in the upper halfplane and consequently coincide everywhere
there. Thus (3.17) has at least one solution continuous in ¢ and z (¢t € [g 1], Imz > 0) and holo-
morphic in z (Imz > 0) for fixed t.

Let K ({7, Zgy R) denote the set of functions f(z, t), continuous in z, ¢t lying in some. cylinder

0<t<1, |z~z4| <R, holomorphic in z (|z — zy| < R) for any ¢ € [0, 1] and obeying the inequality

T ()
sup | ——2
t6[01] 14+t@fz 1) |

|z—2z, /<R

<L oo B , (3-18)
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We note, for example, that all functions f(z, t) with strictly positive imaginaty part belong to the set
K(r, z4, R).

By a slight variation of Haar’s method {61, we shall show that equation (3.17) can possess only
one solution in the set K(r, zy, R). To this end we assume that 7(&) is monotonic, but not necessarily
bounded.

Lemma 5. Equation (3.17) cannot have two distinct solutions in the set K(r,zy, R).

Proof. Let u;(z, ¢) and u,(z, t) be any two solutions to (3.17) which belong to K(r, z, R). Let
&, be that upper bound of the set of £€ [0, 1] which has the property that the difference of the solu-
tions 1 (z, t) —u,(z, 1) =v (s t) is identically zero for |z —2z,|< R and all ¢t € [0, £]. We must show
that £= 1. Assume that the opposite is true. ‘Then the function v (z, t) vanishes in the cylinder
0<t <&y, |z—2o] <R, but forany b >0 in the cylinder £, <t < &+h, |2 - zy| <R there is a
point where v (z, t) # 0. Moreover, from (3.17) we have that

¢
2= AEHoE B+ BEHLEHE for H<ISL [2—2|<R
Eo

where the function

_ ot () 1y, (2 B) B = o (f)
[1+ T u @ DI +T @ (D] T Mt @ n D

Az E)

holomorphic in z, is uniformly bounded in the cylinder 0 < £< 1, |z — zo| < R/2, as follows from
(3.18), which both u(z, & and u,(z, £) are assumed to satisfy. Let L denote the upper bound of
the modulus of 4(z, &, B(z, & and consider the function v (z, t) in the cone

1

B, [r— | <G+ H—D) 5 (3-19)

where H = min %4 R/(1+ L), 1 - fo} It connot vanish identically in this cone, for then, due to

analyticity in z, it would vanish in the cylinder &, <t <&+ M, |z — z¢| <R, which contradicts the

definition of &, '
Therefore in this cone the function e 2Lt 4 (z, t) has a positive maximum value at some point

z1, t;. For sufficiently small s >0 and any complex a, |a| <L +1, the points z; - as and

t, — s lie in the cone (3.19), and consequently the modulus of the function e 2L 1) y(z~as, t;-5)

does not exceed the modulus of e~2Llt1y (zl, tl). Since v(z, t) is continuous throughout the initial

cylinder, it follows from Cauchy",s integral formula for the derivative that v, (z, t) is certainly con-

tinuous .in the cone (3.19). Thus for 5 — 0
u(g—as, b —8) = 0(z, h—s)—as[ vz, 1) + o (): - (3.20)

In addition, we have ;
: 1

V(2 by) — U’ F ti—8) = S [A (2, &)V (31”5’), + B _(zv £) v;,(zl’ g1 dE,

ty—s
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whence for s —»+ (0 we get
(2, 8)—v(2y b —s) =5 [Av (2;» t) + Bu, (2 )+ o ()], (3.21)

where A =limo,4,A4(zq, t{-s), B=lims 4 B(z;, T - s). The existence of these limits is
guaranteed by the monotonicity of 7(£) and the continuity of ; (z, t), uf, (z,t) G=1, 2). We have
from (3.20) and (3.21) that, for s — 0,

0 —as b —s)

= ¢ —sA) v (2, 1) + s (@ + B)vs (2, £y) + s0 (1)}

— My {1 2Ls[1—.i———a+‘8 v, (21 ty) }
(e 1+ oL 2L v(z, ty) o Yol

and, if we let o=~ B - ¢*®0, where ¢o = arg (v, (21, t{)/v(zy, t1)), then

ety (z) — as, t, —s)

= {] 2Ls[1-—_’i Li’éﬁiﬂ —aLl#y
{+ 2L+2L — +o(l)|re U (2, ).

Since |A| <L, for small enough s > 0 the real part of the expression in curly brackets becomes larger
that 1 + 2Lt/ 3 and therefore so does its modulus, and hence

| e—2Liti—s) p (21 -~ OS, t]_ — S) | > ’e*ZLtl v (21, tl) | (3.22)

for small enough s > 0. On the other hand, since |B| <L, |a| <L +1 and consequently z; — as, we
see that ¢£; — s lies in the cone (3.19) for small s > 0, which is inconsistent with (3.22), on whose

—2Lt

right-hand side stands the maximum modulus of e v(z, t) in this cone. This contradiction shows

that the assumption &, <1 is incorrect. Q.E.D.

§4. Proof of Theorem 1
In the last section we proved the existence of a sequence N' and a realization T,, Q,, such
that limy ‘soulz, t; N, Ty, Qp)=ulz, t), whete u(z, t) is the solution of equation (3.17). Consider
the corresponding sequence of normalized spectral functions v (X, t; By ‘(n')). By Helly’s theorems.

we can pick out a subsequence which converges to a function v '()) at all points of continuity, and by
(3.3') we have

co

av'(n)

{50 ot @t
—c0

From this formula, for y — + = we have v'(+ ) ~ v (- ) = ilimyy 4 0 yu (iy‘, 1), and we see immedi-

ately from (3.17), (3.5) and the definition of my(z) in (1. 9) that — ilimy,oyu (y, 1) =

=il 4qym g (iy) = vq (+e0) = v (= o). Therefore

V' (+ 00) — V' (— 00) = vy (+ 06) — Vo (— o). (4.1)
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The inversion formula (1.8) allows us to find, corresponding to u(z, 1), the function v'(}) exactly
to within a constant term which we do not know. In connection with this we introduce the function
v ¢) =1 ') + vy ), which, first of all, has the same Stieltjes transform u(z, 1) as v'(\), and,
secondly, by (4.1) has the same limits at +o as vg (\):

S M—_—_u(z, 1), (4.2)
A—2z
V(o 005 Q) = %o+ 00), ¥ (— 00} &) = Vo (—o0) (43)
Thus by the inversion formula (1.8), at all points of continuity we have
A
¥ (K; €) = vo(— o0) + lim { lim + SImu(x + iy, l)dx}. (4-4)
p—>—00 \y—>+0T0 b

To prove the first two assertions in Theorem 1 we must prove that as N —=  the sequence
v(x By (n)) converges in probability to v(\; ¢) at all points .of continuity. It is not difficult to see

that for this it is sufficient to prove that for any ¢ >0

Tim P {]% (i By () —  (hos Bu (1) — v (b ©) +3(0s; )| <2} = 1, 45)
lim P vy (— 02) — o < v (ki By () <% (+ 00) + ) =, (46)

where \; and ), are any two points of continuity of the function »{}; ¢), and X is any real number.
First we prove (4.5) and then (4.6).

Suppose, for simplicity that A e)=v( ) —v(hg )y A ()\;‘ By()) = v(X; | By(@)) -
1/()\0; By (n)), where A, is some point of continuity of v (X ¢). Assume that (4.5) is false. Then

there is a point A; where v(\; ¢) is continuous, and where for some ¢> 0

}@P{IA(’% Bu(n)— A )| >e} =58>0

and consequently a sequence N = N, exists for which

P{IAG Bu(m)— B (i 01> >3 @7

On the other hand, by Lemma 4, if r is given, a number N () can be found such that for N > N()
P ; . — :
{tej@cg]. 4, & N, Ty Qo) — mo(2) +

. § T U (2 & N, Ty Q)
1t ® @& N, T, Q)

0

d§l<—:—}>1———i—. (4.8)

Hence a subsequence N, can be selected from the sequence N, such that (4.7)and (4.8) are both
satisfied for N = N, . Since one always has PN B> P{W+ Pi{B- 1, for N= N, the probability

of fulfilling the inequalities
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| A (hys Bar (n) — A (A )] > 5, 49
4

sup |u(z, t; N, T, Qu) —my(2) + ¢ S
o

T(E)uy (2, & N, Ty, Q)
1+t (E) u (z1 E; N? Tn’ Qn)

dt <;1- (4-10)

0

at the same time is not less than §/2+ 1 - 8/4~ 1= 8/4 > 0. Hence for all N =N realizations
T, Q. must exist for which (4.9) and (4.10) are both satisfied.

From the compactness of the sets {u(z, & N, T,, 0,)} and {u; (z, & N, T,, Q,)} and from
Helly’s theorems it follows that a subsequence N, can be selected from N, such that
limy ", mulz, & N/, T, Qn)=u,(z, t) uniformly for ¢t € [0, 1], z € G and at all points of continuity
limy s vi; BN;’(T& "M = P(\; ¢). Moreover, by .(4.9)

v (s ) — ¥ (b €)= v (M ©) -+ v (hoj ©)[ >, (4-11)

by (4.10) the function u, (2, t) satisfies (3.17), and by (3.3") [Z, O - LY (A 2) = uy (2, 1)

Since (3.17) cannot have two different solutions (Lemma 5), u; (z,t)=ulz, t), so for t =1 we-

have
T &0 'y
S W(; o) =ufz, )= S d————w}”;c),
A—z A—z

which contradicts (4.11). Consequently the assumption we made is incorrect and (4.5) is .valid.

We turn to the proof of equation (4.6). The random parts of the operators. By (r) clearly obey the

inequalities D

n n n
. 2 I’Cil(', 'q(f)) g << 2 7 (-, q(i)) q(z) <‘Z lTi l(-, gy gt.. (4.12)
i=1

[a==1 {=1

Let E(}) be the decomposition of unity corresponding to the nonnegative operator |

D= 2';=1 I (5 g@Ng®), let I be an arbitrary positive number and let D, = flo ME (),

Dy= [{AdE () sothat D=D, +D,. It is clear that ||D;|| <! and the number of nonzero eigenvalues
(i-e. the dimension of the range) of the operator D, is. N —Sp E (I). Taking this into account in (4.12),

we may write for By (n) the inequality
AN—ZI———D2<BN(n)<AN+lI+D2. (4-13)

The normalized spectral function of the operators Ay + 1] is v(A+§; Ay), where v(\; Ay) is the
normalized spectral function for the operator Ay. Since the addition of D, may change the number of
eigenvalues lying in some interval by not more than the dimension of the range V’of' D,, the normalized

1) We write 4 < B for Hermitian matrices if all the eigenvalues of B —~ 4 are nonnegauve
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spectral function of the operator on the left (right) side of (4.13) is no larger than v{A+15; Ap)+
(N - SpE (VN (oo less than v(\—1; 4y) - (N -Sp E(1))/N). Thus for the normalized spectral func-
tion v(\; By (n)) of the operator By (n) we have the estimate

vOA— LA —[1—NT7SpEDISv(A By(m)<v(h+ 13 Ay)
+[1—N"SpE(). (4.14)
Furthermore,

oc

spD =3 |4l 4=

=1 0

%dSpE(?»))lS dSpE (M) = L[N —SpE ()],
{

so that

n

X 1wl (g, 9,

=1

I—N'ISpE(l)g-%.

==

whence, since r is bounded (condition (3.0)), we find that

— T 1< an i
1 —N'SPED) <= (¢, q).
PED < ngl(q qt)
It follows from III that the random quantity. (g, ¢'V)) has expectation value no larger than
[1+ ¢ (MT! and dispersion no greater than [2 + e; (N} + 5 (N)T. Since the random quantities.
(q®, ¢ are independent,_vlve find from the Ceby¥ev inequality that Pin™! 2?=1(q(i), ) >2 <3/n
and consequently P{{1~-N "SpE(D]<e T/1} > 1 - 3/n. Hence we conclude from (4.14) that

lim P V(b A — T v (3 By () <9 (415 An) e

and since by assumption vy Ay) — vy ()») for N — oo and v, (- 00) < vy (W) < vy (+00), we get

tim P {vy(— o) — L < (s By () < vo(+9) + 7| = 1,

N—co
whencé, sincé 1> 0 is arbitrary, we get the necessary formula (4.6) -

Thus the first two assertions.of Theorem ] are proved. The existenée and uniqueness of the
solution of (3.17) was established earlier. 'The‘equi(valence of this equation to the partial differential
equation (1.12) is evident. As for (1.13), it is simplest to verify it directly. ! - ‘

Thus Theorem 1 is proved completely for the case where the r; ate bounded.

The extension 4of this theorem to the case of arbitrary random quantities will be given in the
following paragraph. ’ ‘

In connection with this theorem we note that : »
‘1) The 'n’ux_hbe‘rsiv(—oa;fc-) and p(+o0; ¢) are equal to theirela;'tive‘ namber of eigén?alueé of the

6pérét6rs, By (n) going off to —oo and + yo,' respectively. As was shown earlier, they are also equal
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to the relative number of eigenvalues of the operators Ay going off to —oco and +oco.

2) Instead of I, it is enough to require the convergence of v(\; Ay) to vy ()) in probability,
assuming that Ay is a random operator not depending on 7;, ¢¢).

3) It can be shown that the solution of (1.13) can also be found by the method of successive

approximations wherein each approximation has positive imaginary part for Imz > 0.

§5. Generalization

Now let the 7 be arbitrary independent stochastic variables obeying the same probability dis-

tribution ¢(x). At the same time we consider stochastic variables rT, defined as follows:

—~T, if <-—T,
T — .
= T, if —T<t<T,
T, if T,
where T is an arbitrary positive number. The probability distribution o T (%) for the TiT and its

inverse TT(f) = inf, {x: ol (%) > £ are expressed in terms of o(x) and r(£) = inf ix: o(x) > & as.

follows:

) 0 for << —T, , —T for 0<ELo(—T),
ITW =100 for —T<x<T, TE={ v for o(—Ty<EL o), 6
1 for T<4x, T foro(M<<ELL

Let T,, Q, be a realization of the random quantities r; (and consequently also.of r].T) and
vectors. g ). Just as in $3, we form chains of operators. By(i) and Bﬁ(i). It is clear that the Bﬁ(i)
are obtained from By(i) by replacing 7; by rJT in formula (3.1). Therefore By(i) - B;‘C(i) =
3 - r:)q(a)(- , ¢(*), whence it is clear that the dimension of the range of By(i) - Bg(i) does .
not exceed the number of those 7; whose absolute magnitude is larger than T, i.e. the numbers
niol- T, T,)+ 1~ o(T, T,)}, where o(x, T,) is the experimental distribution function constructed'
with reference to the realization T, of the r;. Therefore the normalized spectral functions. v(A; By (i)
and v(A; B(G)) of By() and BI(i) satisfy the inequality

|% (4 By (0) — v (s BE )< 0 (=T, T) + 1 — o (T, T,)). 5:2)

In addition, let u(z, & N, T,, Q,) and uT(z, & N, T,, Q,) be the functions constructed according to
formula (3.2) for the chains of operator By (i) and B;(i) respectively. It follows by definition, and
from (5.2), that, uniformly in z and &,

Tu (2 & N, To Q)—" (2,5 N, Tr, Qu) | < 3-:; : 5 (O(—T, T+ 1—o(T, T} (5-3)

Since the random quantitiés r! are bounded the results of the preceding section are all applicable to
the function uT(z, & N, T,, 0,), so that, in particular, for N — o it converges in probability to a
function u7(z, ¢) obeying the equation
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o (@)= my@—c

0

T @28
B A L AN

(5-4)

By Glivenko’s theorem, as N — oo the right-hand side of (5.3) almost certainly tends to
(C/ny){a(—- T) + 1 - o(T). Therefore if T1 > T we get

(e, — 7 )] < (0 (= TV =0 (=T + o) — o),
whence it is clear that as T — oo the function u7 (z, t) tends to some function u(z, t) uniformly for

t € [0, 1] and z lying in the region Imz > 8, where & is any positive number.

As in the proof of (2.5) it is shown that

@) ul (2 8)
147 @)’ 28

4
[yl

<

(y = Im2).

This inequality allows us to go to the limit under the integral sign in (5.4)as T — oo Since u”(z, 1) — ulz, £)
aod ul'(z, t) — u, (3, t) as T — oo, by (5.1), taking the limit in (5.4), we find that the function
u(z, t) satisfies the equation

{ ’
Uz ) = my () — ¢ S 05D g (5.5)
[1]

1+t@uEd)

Furthermore, we have
Iu(z’ t, N,Tm Qn)'— u(z, t)\< l u(Z: ta N; Tn, Qh)“—uT(&t; NrTnv Qn)‘
4 |uT (2, 1; N, Ty Q) — 0T &, )|+ |07 (&) —u(z D)),

whence in view of (5.3) we conclude that as N —> oo the function ulz, t; N, T,, Q,) converges in
probability to u(z, t). It follows immediate ly from (5.4) that —lim,,oyIm uT(z, t) =

~lim ., oy Imm, (z, £) = v (+ =) = vy (- ), so that, using (5.2), we conclude that ~lim,,oyImu(z, &) =
vg () = vy (=) > 0, and consequently Imu(z, t)# 0 for all ¢ € [0, 1] and z lying strictly within the
upper halfplane. This implies that u(z, t) satisfies (3.18).

We have therefore shown that as N — oo the sequence of functions ulz, &; N, T, Q,) converges
in probability to u(z, t), which is the unique solution to equation (5.5) which satisfies (3.18). Thus.
all the results of §3 are generalized to the case where 1 is unbounded. Hence, just as in $4, we
conclude that the increment v(Aj; By®)) = v(Agy By®)) as N — oo tends in probability to '

Ay
; 1. .
lim —\1I n;
nﬂo " § mu g+ in; 1) d§,

and from (5.2) and the results of §4 it follows that for any ¢>0

fim P (v, (— 00)— & <v (s Bu () < Vo(+ c0) 4} = L.

Therefore Theotem 1 is.also proved for unbounded 7.

In conclusion we formulate some results, similar to Theorem 1, for two additional sets .of random
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matrices.

Let ¢® (i=1,2,--+,n) be independent, identically distributed random unit vectors and let
7(t) (0<t < 1) be continuous real functions for which sup,e[o,;]7(t) > — 1. Consider Hermitian

) P-)
(r+e()p (147 (T P ey B

where P, = (-, q®) g% is the projection onto q(k) and A4y is.some random Hermitian operator.

mattices. By (n) of the form

By (m) = (I + (1) Py) (1+ r( =

Theorem 2. If conditions 1-1I from §1 are satisfied then the normalized spectral functions for
the operators By(n) as. N — oo tend in probability to some limit function v(X\; c¢) at all of its
points .of continuity. The Stieltjes transformation of the function v(\; ¢) is equal to the solution of
the equatio‘n

ou (2, 1)

%
- +C§;ln[l —a(f)zu(z, 1)) =0,

k]

: fee]
U (2, 0) = m, () = S D@ gy = TORETA
A—z [t +T()pr
—00
evaluated at t = 1, where vo(A) is the limit of the normalized spectral function of Ay, whose
existence is ensured by condition 1L The solution to this equation exists, is unique (in the class of

functions having positive imaginary part for Imz > 0) and is implicitly given by the formula

| -
u(zt) = 2wm, (o), 25“‘”:”"1’{”8 14322)):3(21) ]

The values of v(X; ¢) at + o equal those of vy (\): v(x oo ¢) = vyt ).

Consider next the set of unitary matrices

Un(r) = VNf_[ [(1 —vp,;) + P, §xp{ it (;’:—)}] ,

k=1 -

where P, -is the same projection as above, 7() is.a function continuous in the segment [0, 27], Vy

is a nonrandom unitary operator and the factors in the product are arranged in order of increasing 4.
The normalized spectral function of a unitary operator. is the function - v\ (o< < 2m) equal to ..

the number of eigenvalues of this operator lying on the arc 0 < ¢ < )\ of the unit circle divided by the

dimension of the space Rather than the Snelt,es transform it is more nacutal here to consider the

function

ne)={ L= dv(%), S se
0 ' ’

z SRR e GRERREE WT S0 ST
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relative to which v()\) is found by the inversion formula

A
V()= v () = lim z"«? S Re n(re—) df.
Ay
Theorem 3. If as N — oo the normalized spectral function of Vi tends to a function vy(A) a¢
all of its points of continuity and conditions I and 111 of §1 are satisfied, then the sequence of normal-
ized spectral functions .of the operators Uy(n) converges in probability as N — oo to a function
v(\; ¢) at all of its points of continuity. The function n(z; c) corresponding to v(X; ¢) by (5.6) is

the solution to the equation

27
au(z’t) + 22— m[l tiu(z, g T (f)} , u(z,0)=n0(z)=S iz a!vo(k)
el

evaluated at t = 1. This equation has a unigue solution (in the class of functions with positive real
part for |z| < 1), given implicitly by the formula
t
- ig (E)
u(,ty=n,zexp)—2c¢ dE

1+iu(z,t)tg———@
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