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Abstract

In this paperwe study the spectrumof certain large randomHermitian Jacobi matrices.These

matricesare known to describecertain communicationsetups.In particular we are interestedin an

uplink cellular channelwhich modelsmobile usersexperiencinga soft-handoff situation under joint

multicell decoding.Consideringrather generalfading statisticswe provide a closedform expression

for the per-cell sum-rateof this channelin high-SNR,whenan intra-cell TDMA protocol is employed.

Sincethe matricesof interestare tridiagonal, their eigenvectorscan be consideredas sequenceswith

secondorderlinear recurrence.Therefore,theproblemis reducedto thestudyof theexponentialgrowth

of productsof two by two matrices.For the casewhere � usersaresimultaneouslyactive in eachcell,

we obtain a seriesof lower and upperboundon the high-SNRpower offset of the per-cell sum-rate,

which areconsiderablytighter thanpreviously known bounds.

I . INTRODUCTION

The growing demandfor ubiquitousaccessto high-datarate services,hasproduceda huge

amountof researchanalyzingthe performanceof wirelesscommunicationssystems.Cellular
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systemsareof major interestas the mostcommonmethodfor providing continuousservicesto

mobile users,in both indoor andoutdoorenvironments.Techniquesfor providing betterservice

andcoveragein cellularmobilecommunicationsarecurrentlybeinginvestigatedby industryand

academia.In particular, the use of joint multi-cell processing(MCP), which allows the base-

stations(BSs) to jointly processtheir signals,equivalently creatinga distributed antennaarray,

hasbeenidentified as a key tool for enhancingsystemperformance(see[1][2] and references

thereinfor surveys of recentresultson multi-cell processing).

Most of the works on the uplink channelof cellular systemsdeal with a single-cell setup.

Referencesthat considermulti-cell scenariostend to adoptcomplex multi-cell systemmodels

which renderanalyticaltreatmentextremelyhard(if not, impossible).Indeed,mostof theresults

reportedin theseworks are derived via intensive numericalcalculationswhich provide little

insight into the behavior of the systemperformanceas a function of various key parameters

(e.g. [3]-[8]).

Motivatedby the fact that mobilesusersin a cellular system“see” only a small numberof

BSs,andby thedesireto provide analyticalresults,anattractive analyticallytractablemodelfor

a multi-cell systemwassuggestedby Wyner in [9] (seealso[4] for an earlierrelevant work). In

this model,thesystem’s cellsareorderedin eitheran infinite lineararray, or in the familiar two-

dimensionalhexagonalpattern(also infinite). It is assumedthat only adjacent-cellinterference

is presentandcharacterizedby a singleparameter, a scalingfactor ���
	������� . Consideringnon-

fadingchannelsanda “wideband” (WB) transmissionscheme,whereall bandwidthis available

for coding(asopposedto randomspreading),the throughputobtainedwith optimumandlinear

MMSE joint processingof the received signalsfrom all cell-sitesarederived. Sinceit wasfirst

presentedin [9], “Wyner-like” modelshave provided a framework for many works analyzing

varioustransmissionschemesin both the uplink anddownlink channels(see[2] andreferences

therein).

In this work we considera simple “Wyner-like” cellular setuppresentedin [10] (seealso

[11]). Accordingto this setup,thecellsarearrangedon a circle (or a line), andthemobileusers

“see” only the two BSs which are locatedon their cell’s boundaries.All the BSs are assumed

to be connectedthrough an ideal backhaulnetwork to a central multi-cell processor(MCP),

that can jointly processthe uplink received signalsof all cell-sites,as well as pre-processthe

signalsto be transmittedby all cell-sitesin the downlink channel.The usersarehencein what
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is referredto asa “soft-handoff” situation,which is very commonin practicalreal-life cellular

systems,and is thereforeof real practicalas well as theoreticalinterest(seefor example[12]

for a recentsurvey on handoff schemes).With simplicity and analytical tractability in mind,

and in a similar mannerto previous work, the modelprovidesperhapsthe simplestframework

for a soft-handoff settingin a cellular system,that still representsreal-life phenomenasuchas

intercell interferenceand fading.

Unfortunately, the analysisof “Wyner-like” modelsin generalandthe “soft-handoff” setupin

particularpresentssomeanalyticaldifficulties (seeSectionII-B) when fading is present.These

difficultiesrenderconventionalanalysismethodssuchaslargerandommatrix theoryimpractical.

Indeedtheper-cell sum-rateratessupportedby MCP in theuplink channelof the “soft-handoff”

setupsareknown only for limited scenariossuchasnon-fadingchannels,phase-fadingchannels,

fadingchannelsbut with largenumberof usersper-cell, andRayleighfadingchannelswith single

useractive per-cell [10][11][13]. The latter result is due to a remarkableearly work by Narula

[14] dealing with the capacityof a two-tap time variant ISI channel.Calculatingthe per-cell

sum-ratecapacitysupportedby the uplink channelof the “soft-handoff” setupin the presence

of general fading channels(not necessarilyRayleigh fading channels),when finite numberof

usersareactive simultaneouslyin eachcell remainsan openproblem(see[11][15] for bounds

on this rate).As will be shown in the sequel,this problemis closely relatedto calculatingthe

spectrumof certainlarge randomHermitianJacobimatrices.The high-SNRcharacterizationof

the sum-ratecapacity, previously unknown, is the main focusof this work.

In particularwe calculatethe high-SNRslopeandpower offset of the ratewith a singleuser

active per-cell (intra-cell TDMA) undera rathergenericfading distribution. We also prove the

following resultsfor any given numberof active usersper-cell. We prove the existenceof a

limiting sum-ratecapacitywhenthenumberof cellsgoesto infinity andcalculatethehigh-SNR

slope in Theorem2. Moreover, we give boundson the high-SNRpower offset in Proposition

3. In particular, we give a sequenceof explicit upper- and lower-bounds;the gap betweenthe

lower and the upperboundsis decreasingwith the bounds’orderandcomplexity.

The restof the paperis organizedasfollows. In SectionII we presentthe problemstatement

and main results.SectionIII includesa comprehensive review of previous works. Several ap-

plicationsof the main result are discussedin SectionIV. Concludingremarksare includedin

SectionV. Variousderivationsandproofsaredeferredto the Appendices.
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I I . PROBLEM STATEMENT AND MAIN RESULTS

A. SystemModel

In this paperwe considera linear versionof the cellular “soft-handoff” setupintroducedin

[10][11], accordingto which ����� cells with � singleantennausersper cell arearrangedon

a line, wherethe � single antennaBSs are locatedon the boundariesof the cells (seeFig. 1

for the specialcaseof ����� ). Startingwith the WB transmissionschemewhereall bandwidth

is devotedfor codingandall � usersare transmittingsimultaneouslyeachwith averagepower
� , and assumingsynchronizedcommunication,a vector basebandrepresentationof the signals

received at the system’s BSs is given for an arbitrary time index by

� ���! #"$�&%(' (1)

The �*)+�#,-�.����/ channeltransfermatrix �10 is a two block diagonalmatrix definedby

�102�
3547684 9 :;:;: 9
9 . . . . . . .. .

...
...

. . . . . . .. . 9
9 :;:<:=9 3 0 6 0

 (2)

where 3?> and 6@> are �A)�� row vectorsdenotingthe channelcomplex fading coefficients,

experiencedby the � usersof the B th and ,CBD�E��/ th cells, respectively, whenreceived by the

B th BS antenna.% representsthe �F)G� zeromeancircularly symmetricGaussiannoisevector

%1H�IKJ�, 9 ML80N/ .
We assumethroughoutthat the fadingprocessesarei.i.d. amongdifferentusersandBSs,with

O >QP R H1SUT and V >5P R H1SXW , and can be viewed for eachuseras ergodic processeswith respect

to the time index. We denoteby Y the probability associatedwith thoserandomsequencesand

by Z the associatedexpectation.We will be working throughoutwith a subsetof the following

assumptions.

(H1) ZQ[]\8,_^�`�acb d?b�/Cecf�g 1 and ZQ[]h@,_^i`jakb d?b�/Cecflg .

(H2) SUT and SXW areabsolutelycontinuouswith respectto Lebesguemeasureon m .

(H3) There exists a real n such that if d is distributed accordingto S T (resp. S W ) then the

densityof b d?b e is strictly positive on the interval 	 npo<g�/ .
1A naturalbaselogarithm is usedthroughoutthis work unlessexplicitly denotedotherwise.
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(H3’) There exist BATqfrnsT+�utwv$xzy�g!{ (resp. B|W}frnsW}�1twv$xzy�g!{ ) such that if d is

distributed accordingto SXT (resp. SUW ) then the densityof b d~b e and the Lebesgue-measure

on 	 B|Tjo�nsT�� (resp. 	 B|W�oMn�W�� ) aremutually absolutelycontinuous.

(H4) Thereexists a ball in m such that the Lebesguemeasureoutsidethat ball is absolutely

continuouswith respectto SXT and SUW .
We further assumethat the channelstate information (CSI) is available to the MCP only,

while the transmittersknow only the channelstatistics,andcannotcooperatetheir transmissions

in any way. Therefore,independentzeromeancircularly symmetricGaussiancodebooksconform

with the capacityachieving statistics,where " denotesthe ,-�.����/-��)+� transmitvector "�H
IKJ�, 9  � LK0c�c/ , and � is theaveragetransmitpower of eachuser2 (� is thusequalto thetransmit

SNR of the users).

With the above assumptions,the system(1) is a multiple accesschannel(MAC). We are

interestedin the per-cell sum-ratecapacity

� 0N,-�c/�� �
� Z
,_^�`�aw�����U��0N/ 	 �?���]���-������������^����C���Q (3)

where ���r� � is the per-cell transmittedaveragepower,

��0��lL80�� � �10G�1�0  (4)

andtheexpectationis takenover thechanneltransfermatrix entries.(Hereandin thesequel,for

a scalar�N�+m , � � denotesthe complex conjugate,while for a matrix � , � � denotesthe matrix

with � � ,C��M��/ ���¡,C�����/ � .) The non-zeroentriesof the Hermitian Jacobi matrix �#0 areequalto

	 ��0¢� >5P >5£�4 � � f 6@>Q£�4 o 3?>¥¤ 
	 ��0¢� >QP > ���Q� � b 3?> b e ��b 6@> b e 

	 ��0¢� >5P > v 4 � � f 3~> v 4 o 6@>¥¤ 
(5)

whereout-of-rangeindicesshouldbe ignored,and for any two arbitrary ¦ lengthvectors 3  6
we define f 3 o 6|¤ � §¨ © 4 O �¨ V ¨ , and b 3 b e5�}f 3 o 3�¤ .

2Note that sincethe channeltransfermatrix ªA« is a column-regular gain matrix (seedefinition in [16]) when ¬l�® , the

capacityachieving statisticsremainsthe samein this case,even if we allow the usersto cooperateas long asthey areunaware

of the CSI.
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Sincewe shall focuson the asymptotesof infinite numberof cells �°¯±g , boundaryeffects

can be neglectedand symmetry implies that the rate (3) equalsthe maximum equal rate (or

symmetriccapacity)supportedby the channel[17].

The above descriptionrelatesto the WB protocol where all userstransmit simultaneously.

According to the intra-cell TDMA protocol only one user is simultaneouslyactive per-cell,

transmitting �²��� of the time using the total cell transmit power � . In this caseit is easily

verified that with no loss of generality, we can considera single userper cell in termsof the

per-cell sum-rate,setting �³�l� in (1) and(2).

B. AnalysisDifficulty

Many recentstudieshave analyzedthe ratesof various channelsusing resultsfrom (large)

randommatrix theory (see [18] for a recent review). In thosecases,the numberof random

variablesinvolved is of the order of the numberof elementsin the matrix � 0 (or � 0 ), and

self-averagingis strongenoughto ensureconvergenceof the empiricalmeasureof eigenvalues,

and to derive equationsfor the limit (or its Stieltjestransform).In particular, this is the caseif

the normalizedcontinuouspower profile of � 0 , which is definedas

´ 0N,Cµ�M¶·/���Z¢,-b¸	 �10¢�º¹ P » b e /¼o �
�
½ µ¾f ������  �

,¿�.����/-�
½ ¶Qf �c���

,-�.����/-�  (6)

converges uniformly to a bounded,piecewise continuousfunction as �À¯Ág , seee.g. [18,

Theorem2.50] and[19] for fluctuationresults.In thecaseunderconsiderationhere,it is easyto

verify that for � fixed,
´ 0N,Cµ²�¶·/ doesnot convergeuniformly, andothertechniquesarerequired.

C. ExtremeSNRRegimeCharacterization

As mentionedearlier, theper-cell sum-ratecapacityof the “soft-handoff” setupis known only

for certainlimited casesto beelaboratedin thenext section,andin generalanalyticalresultsare

hardto derive. As an alternative to deriving exact analyticalresultswe focushereon extracting

parameterswhich characterizethe channelrate under extreme SNR scenarios.The readeris

referredto [20] - [22] for an elaborationon the extremeSNR characterization.

a) The Low-SNRRegime: This regime is usually the operating regime for wide-band

systems[21].
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The averageper-cell spectralefficiency in bits/sec/Hz,expressedas a function of the sys-

tem averagetransmit SNR, Â W·��Ã5Ä , is evaluatedby solving the implicit equationobtainedby

substituting

�l�¥Å80 Â W
Ã5Ä

Â W
Ã5Ä (7)

in (3), where ÅÆ0N,-Â W��;Ã5Ä]/�� � 0N,-�c/-�U^�`�aÈÇ standsfor the uplink spectralefficiency measuredin

[bits/sec/Hz].The low-SNR regime is characterizedthroughthe minimum transmit Â W���ÃQÄ that

enablesreliablecommunications, Â W
Ã5Ä²É8Ê Ë �

^�`�acÇÌ� 0N,¿��/  (8)

and the low-SNR spectralefficiency slope

Í Ä5� Ç
Ì� 0N,¿��/ e

Î�Ï� 0 ,¿��/  (9)

yielding the following low-SNR affine approximation

ÅÆ0 Â W
Ã5Ä Ð

Í Ä
�²b dB

Â W
Ã5Ä dB

Î Â W
Ã5Ä�É8Ê Ë dB

	 Ñ�Ò��]�-�j�C���@�jÓ Ô;�M' (10)

In the above definitions �²b dB �Õ���U^�`�a 4 Ä Ç , and
Ì� 0N,¿��/ and Ï� 0N,¿�j/ are the first and second

derivatives (whenever exist) with respectto � of the per-cell sum-ratecapacity, respectively,

evaluatedat �l��� . Focusingon Gaussianchannelswith receiver CSI only, it canbeshown [21]

that thereis no needto calculatethe two derivativesof the ratein �l��� , andthat the low-SNR

parametersaresimply given by

Â W
Ã5Ä²É8Ê Ë �

�u��^�`�aÈÇ
�¿Ö Z5�1�0 �10 o Í Ä � Ç

�
�¿Ö Z5�1�0 �10 e

�¿Ö Z �1�0 �10 e ' (11)

b) The High-SNRRegime: This is usually the operatingregime for high-datarate (high

spectralefficiency) systems(that is the caseactually in all 2.5/3 G standards).

The high-SNRregime is characterizedthrough the high-SNRslope(also referredto as the

“multiplexing gain”, or “pre-log”)

×ÙØ ��^�Ò�ÚÛ�Ü Ø
� 0N,-�c/
^�`�ak� ��^�ÒMÚÛ�Ü Ø � Ì� 0N,-�c/È (12)

and the high-SNRpower offset

Ý5Ø �°^�Ò�ÚÛ�Ü Ø �
^�`�aÈÇ ^�`�ak� Î

� 0N,-�c/×ÙØ  (13)
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yielding the following affine capacityapproximation

� 0N,-�k/ Ð
×�Ø ^�`�acÇ
�²b dB

,-�kb dB
Î �²b dB

ÝÞØ /q' (14)

Note that the high-SNRapproximationreferencechannelhereis that of a single isolatedcell,

with no fading,and total averagetransmitpower � .

Thehigh-SNRcharacterizationof theper-cell sum-ratesupportedby the“soft-handoff” uplink

channelis known only in certain limited scenarios(seeSectionIII) and is the main focus of

this work.

D. Main Results

Recall the definition of
� 0ß,-�k/ , c.f. (3). Startingwith intra-cell TDMA schemewhereonly

oneuseris active per-cell transmittingwith power � we have the following.

Theorem 1 [intr a-cell TDMA scheme �à��� , high-SNRcharacterization] Assume(H1) and

(H2) .

a) For every � ¤ � , � 0N,-�k/ convergesas � goesto infinity. We call the limit
� ,-�c/ .

b) We get the following boundson
� ,-�c/ ,

Ú¾��áÆ,iZ5[â\²^�`�aK,¿�Q���
b d?b e]/-ãZ5[âh;^�`�aK,¿�Q���
b ä8b eâ/¿/ ½ � ,¿�k/ ½ Z5[â\ P []h<^�`�aK,¿�Q���c,-b d?b eå��b ä8b e]/¿/-'
c) Further assume[(H3) or (H3’)]. As � goesto infinity,

� ,-�k/ �E^�`�ak����Ç Ú¾��á¢,iZ5[]\æ^�`�akb d~b;ãZ5[âh;^�`�acb d~b¸/Æ�+ç�,¿��/-'
In particular,

×ÙØ �l� and
Ý5Ø � Î Ç�Úè��ák,iZ5[â\²^�`�a e b d?b<�ZQ[]h<^�`ja e b d~b¸/ .

Note that point c) shows that the lower bound of point b) is tight in the high-SNR regime.

Proof: The proof of pointsa) andc) follows from Theorem5 of AppendixA, wherewe prove

that the variable I�0N,-�c/������;�2^�`�aw�����U��0 convergesalmostsurely. Note however that

� ½ �
� ^�`jaw���;�X�#0 ½ �

�
0
> © 4 ^�`�a �Q�

� ,¿b O > b eå��b V > b e]/  (15)

and the secondinequality is due to Hadamard’s inequality for semi-positive definite (SPD)

hermitian matrices.With (H1), it follows that I�0N,-�k/ is uniformly integrable,and hencethe

almostsureconvergenceimplies convergencein expectation.Recallingthat
� 0N,-�k/ �$Z!I�0N,-�c/

completesthe proof of point a) andc).
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Let us show point b) usingthe tools of [23]. We first show the lower bound.We consider% ,

" and � as in (1).

I�0N,-�c/�� �
�
é ,�"Qo � b¸, O ¹�/ 4Mê ¹ ê 0|·,CV�¹ë/ 4Mê ¹ ê 0N/

� �
�
0
» © 4
é ,Cd » o � b�,CdX¹ë/ 4Mê ¹�ì » ·, O ¹ë/ 4Mê ¹ ê 0|·,CV�¹ë/ 4Mê ¹ ê 0N/

í �
�
0
» © 4
é ,Cd » o�ä »�£�4 b�,CdX¹�/ 4Mê ¹�ì » �, O ¹ë/ 4Mê ¹ ê 0|�,CV·¹ë/ 4�ê ¹ ê 0N/

� �
�
0
» © 4
é ,Cd » o�V »�£�4 d » �+î »�£�4 b V »�£�4 /-

which is the per-cell sum-ratecapacityof a single user fading channel.Therefore,the lower

bound is [24] Z5[ h ^�`�aK,¿�¢�u�
b ä8b e / . As argued in the proof of Theorem5 in Appendix A, we

canexchangethe role of SXT and SUW , therebygettingthe claimedlower bound.Finally, the upper

boundof b) follows immediatelyfrom Hadamard’s inequality for SPDhermitianmatrices.

In the proof of Theorem5 (intra-cell TDMA scheme),we use ideas from the theory of

product of randommatrices.Note that I�0N,-�c/}���²��� 0> © 4 ^�`�aK,¿�ï�1�kð > / where y²ð > { 0> © 4
are the eigenvaluesof �10G�1�0 , and the analysisof capacityhingesupon the studyof spectral

propertiesof �10G�1�0 . The main idea is to link the spectralpropertiesof the latter matrix

with the exponentialgrowth of the elementsof its eigenvectors.Since �10G�1�0 is a Hermitian

Jacobi matrix, hencetridiagonal,its eigenvectorscan be consideredas sequenceswith second

orderlinearrecurrence.Therefore,theproblemboils down to thestudyof theexponentialgrowth

of productsof two by two matrices.This is closelyrelatedto theevaluationof the top Lyapunov

exponentof theproduct;Theexplicit link betweenI�0N,-�c/ andthe top Lyapunov exponentis the

Thoulessformula (see[25] or [26]), a versionof which we prove in AppendixD. We emphasize

however that we do not usethe Thoulessformula or Lyapunov exponentsexplicitly in the proof

of Theorem5.

Like in theresultof Narula[14] describedbelow in SectionIII, our approachusestheanalysis

of a certain Markov Chain. Unlike [14], we are not able to explicitly evaluate the invariant

measureof this chain. Instead,we usethe theory of Harris chainsto both prove convergence

andcontinuity resultsfor the chain.The appropriatedefinitionsare introducedin the courseof

proving Theorem5.
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We remark that Theorem1 continuesto hold in a real setup,that is if insteadof (H2), we

assume

(H2’) SUT and SUW are supportedon t and are absolutelycontinuouswith respectto Lebesgue

measureon t .

Sincethe argumentis identical,we do not discussthis casefurther. It is alsonotedthat unlike

the non-fading case,where intra-cell TDMA schemeis optimal (see[9]), it is proved to be

suboptimalfor � ¤ � in the presenceof fading[27], yet TDMA it is oneof the mostcommon

accessprotocolsin cellular systems.

Turning to the WB scheme(which is the capacityachieving scheme[27]), where all the

bandwidth is usedfor coding, and all � usersare transmittingsimultaneouslywith average

power � (and total cell averagepower ����� � ), we have the following lessexplicit high-SNR

characterization.

Theorem 2 [WB scheme� ¤ � , high-SNRcharacterization]Assume(H1), (H2) and (H4), and

� ¤ � .
a) For every � ¤ � , � 0N,-�k/ convergesas � goesto infinity. We call the limit

� ,-�c/ .
b) We get the following boundson

� ,-�c/ ,
Ú¾��áÆ,iZN^�`�aK,¿� �$�
b 3 b e~���#/-ãZN^�`ja8,¿� �
�
b 6 b e~���#/¿/ ½ � ,-�k/ ½ ZN^i`jaK,¿���
�k,-b 3 b e?�
b 6 b e]/-���#/-
where the expectationis taken in the following way: the randomvariables 3 and 6 are

independent,and 3 (resp. 6 ) is a complex � -vector whosecoefficientsare independent

and distributedaccording to SXT (resp. SXW ).
c) As � goesto infinity,

� ,-�c/��z^�`�ak����ZN^�`ja ñ ��b 6 b e� �+ç�,¿��/ò (16)

where the expectation is taken in the following way: the random variables ñ and 6
are independent,and 6 is a complex � -vector whosecoefficients are independentand

distributedaccording to SXW . The law of ñ is BNÄ , which is the uniqueinvariant probability

of the Markov chain definedby

ñ-ó v 4 �ub 3 ó b e ñ¿ó ��b 6 ó £�4 b e �_Ò�� e , 3 ó  6 ó £�4 /
ñ-ó ��b 6 ó £�4 b e

 (17)
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where for any two arbitrary equal lengthvectors 3  6 
�CÒ�� e , 3  6 /���� Î bif

3 o 6A¤ b e
b 3 b e b 6 b e ' (18)

In particular,
×ÙØ �l� and

Ý5Ø � Î ZN^i`ja e
ô v~õ ö�õ ÷� .

As with the case�³�l� , point a) andc) of Theorem2 follow from the almostsureconvergence

statedin Theorem21 of AppendixC, using (H1) and(15). As with Theorem5, we do not use

the Thoulessformula or Lyapunov exponentsexplicitly in the proof of Theorem21. The proof

of point b) is the sameas the proof of Theorem1.b). It is worth mentioningthat in contrastto

Theorem1, the non-asymptoticlower boundb) is not tight in generalfor large SNR. This is

sinceit is an increasingfunction of � andconvergesto a rateof a single-userGaussianscalar

channel,which is smallerthan the asymptoticrateof (23).

Note that althoughthe rolesof the sequencesy 3 ó { and y 6 ó { in (17) arenot symmetric,the

expression(16) is symmetricin SXT and SXW , as is the casefor �³�l� .
We concludethis sectionby noting that while Theorem2 (WB scheme� ¤ � ) doesnot give

explicit expressionsfor thehigh-SNRpower offsetasTheorem1, its proof leadsimmediatelyto

easily computablebounds.In the following, the notationis as in Theorem2, and we let ñ¿ó , O /
denotethe Markov chain (17), with initial condition ñ Äâ, O / � O .
Proposition 3 Assume(H1), (H2) and (H4), and � ¤ � . Then,

ZN^�`�a ñ¿ó ,¿��/Æ��b 6 b e�
½ ^�Ò�ÚÛ�Ü Ø 	 � ,-�c/ Î ^�`�ac�å� ½ ZN^�`�a ñ¿ó ,-g�/Æ��b 6 b e� 

where theexpectationis taken in the following way. ñ¿ó ,¿��/ (resp. ñ¿ó ,-g�/ ) and 6 are independent.
6 is a complex � -vector whosecoefficients are independentand distributed according to SUW .
ñ¿ó ,¿��/ (resp. ñ¿ó ,-g�/ ) is the î -th stepof the Markov chain definedby (17) with initial condition

ñ Äâ,¿�j/��l� (resp. ñ Äâ,-g�/���g ).

Indeed,sincetheexpression(17) for ñ¿ó v 4 is monotoneincreasingin ñ¿ó , the law of ñ in Theorem

2 is stochasticallydominatedbelow by the law of ñ-ó with intial condition � , andstochastically

dominatedabove by the law of ñ¿ó with initial condition g . That samemonotonicityalsoshows

that the sequencesof laws of ñ¿ó ,¿��/ (resp., ñ-ó ,-g�/ ) are monotoneincreasing(resp.,decreasing)

with respectto stochasticorder.

October11, 2007 DRAFT



12

As a direct consequenceof Proposition3 with î$�u� and(13), we get the following bounds

on the high-SNRpower offset

Î ZN^�`�a e
b 3 b e ��b 6 b e

�
½ ÝÞØ ½ Î ZN^�`�a e

b 3 b e �_Ò�� e , 3  6 /Æ��b 6@ø b e
�  (19)

wherethe expectationis taken in the following way: 3 , 6 and 6@ø are independent,and 3 (resp.
6 , 6 ø ) is a complex � -vectorwhosecoefficientsareindependentanddistributedaccordingto SXT
(resp.SXW ). Notethat for � goingto infinity, if we assumeSXTk�ESUW andzeromean,then �CÒ�� e , 3  6 /
convergesto 1, thereforethe ratio betweenthe upper- andlower-boundof (19), convergesto 1,

which alsoagreeswith the asymptoticresultof (37).

Numerical Results: In Figures2 and 3 we presentthe high-SNR power offset boundsof

Proposition3 in the specialcaseof Rayleighfading (real and imaginarypartsare independent

Gaussianrandomvariableswith zero meanand variance �²�jù Ç ), for �s�1Ç and �s����� users

per-cell respectively. Thecurvesareproducedby MonteCarlosimulationwith ����ú samples.The

figures include also the lower boundof [11], see(38), and the asymptoticresults(and lower

bound)for large numberof usersper-cell
ÝÞØ � Î � (achieved by taking � to infinity in (38)).

Examiningthe figuresit is observed that the new boundsare getting tighter with their order î
andthat the new lower boundis tighter than(38) alreadyfor î&��Ç . Moreover, fixing the order

î , the new boundsare getting tighter with the numberof usersper-cell � . This observation

is also evident from Fig. 4, where the boundsare plotted for a fixed order îu�ûÇ versusthe

numberof usersper-cell � . Finally, sincethe upperboundof Fig. 2 is negative, we conclude

that the presenceof Rayleigh fading is beneficialover non-fading channelsin the high-SNR

region alreadyfor �³�lÇ . (See[11] for a similar conclusionin the low-SNR region.)

I I I . BACKGROUND, PREVIOUS RESULTS AND BOUNDS

In this sectionwe briefly summarizepreviouswork on the“soft-handoff” uplink cellularmodel

introducedin [10][11]. For conciseness,we restrict the discussionto the casewhere SUT¾��SUW .
Most of the resultsin the sequelcanbe extendedto include the generalcasewhere SUTßü��SXW .

Starting with non-fading channels(i.e., when SXT and SXW are singletonsat 1), the per-cell

sum-ratecapacityof the uplink channelis given for �°¯pg by [11]

ý Ë-þ �z^�`�a �Q��Ç²��� ù �Q�qÿK�
Ç ' (20)
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This rate is achieved by any symmetricintra-cell protocol with averagetransmit power of �
(e.g. intra-cell TDMA, andWB protocols).It is notedthat the sameresultholdsalso for phase

fadingprocesses[13].

The extremeSNR characterizationof (20) is summarizedfor the non-fadingsetupby

Í ÄÈ� ÿ � 
Â�W
Ã5Ä�É8Ê Ë �

^�`�acÇ
Ç  Í�Ø ���� Ý5Ø ����' (21)

Returningto theflat fadingsetup,thechannelcoefficientsaretakenasi.i.d. randomvariables,

denotingby

B 4 ��Z¢, O >5P R / �$Zk,CV >5P R / o7B e ��Zk,-b O >5P R b e / �$Zk,-b V >QP R b e /
B � ��Z¢,-b O >5P R b � /��
Z¢,-b V >5P R b � /¼o � � B �B ee

��qB
�� (22)

the mean,secondpower moment,fourth power momentandthe kurtosisof an individual fading

coefficient.

The per-cell sum-ratecapacityof the WB schemewith fixed � and increasingnumberof

usersandcells ��;� ¯pg , is given by [11]3

ý��
	 £ þ �E^�`�a �Q��Ç��ÞB e � �Q�qÿK�åB e �qÿK� e ,CB ee Î b B 4 b
� /

Ç ' (23)

The rate is maximizedfor a zeromeanfadingdistribution and is given by

ý��
	 £ þ �z^�`�aK,¿�Q��Ç·B e �c/È' (24)

Comparing(20) and (24) (with B e � � ), it follows that the presenceof fading is beneficialin

casethe numberof usersis large. We note that (23) is also shown in [11] to upperboundthe

respective rate for any finite numberof users � .

Returningto the intra-cell TDMA ( �s�1� ), for which standardrandommatrix theory is not

suitable (seeSec. II-B), the powerful momentbounding techniqueemployed in [27] for the

Wyner model,canbe utilized to obtain lower andupperboundson the per-cell sum-rate.

An alternative approachwhich replacesthe role of the singular values with the diagonal

elementsof the Cholesky decompositionof the the matrix ��0 , was presentedby Narula [14]

for a two diagonalnonzerochannelmatrix �10 whoseentriesare i.i.d. zero-meancomplex

3Here,the numberof users� is taken to infinity and then the numberof cells ¬ is taken to infinity.
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Gaussian(Rayleighfading).Originally, Narula had studiedthe capacityof a time varying two

tapsinter-symbol-interference(ISI) channel,wherethe channelcoefficientsare i.i.d. zero-mean

complex Gaussian.With the above assumptionsregardingthe ISI channelcoefficients it is easy

to verify that the capacityof this model is equalto the per-cell sum-ratecapacityof an uplink

intra-cell TDMA schemeemployed in the “soft-handoff ” model.

Following [14], we usethe Cholesky decompositionappliedto the covariancematrix of the

uplink intra-cell TDMA schemeoutputvector ��0û��c0���0��}0 , where c0 (resp. �ß0 ) is a

lower triangular(resp.uppertriangular)matrix with 1 on the diagonal.The diagonalentriesof

��0 aregiven (with �³��� ) by

� > ���Q���
b O > b e ���
b V > b e � Î � b O >Q£�4 b e� >5£�4 5Bs��Ç�;';'�';;�  (25)

wherethe initial conditionof (25) is
� 4 ��� �
�
b O 4 b e �
�
b V 4 b e . Thus,the diagonalentries y � > {

form a discrete-timecontinuousspaceMarkov chain; Narula’s main observation was that this

chainpossessesa uniqueergodic stationarydistribution, given by

��� ,Cd�/�� ^�`�aK,Cd?/ ñ
£���

Ei
4 �Û � o¼d í �N (26)

whereEi ,Cd�/ò�
Ø�����! #" £#$&%$ � ¶ is the exponentialintegral function. Further, as is proved in [14],

the stronglaw of large numbers(SLLN) holds for the sequencey�^�`�a � > { as �7¯�g . Hence,

theaverageper-cell sum-ratecapacityof the intra-cellTDMA scheme( �³�l� ) canbeexpressed

as ý�')( É+* £ þ �7^�Ò�Ú0 Ü Ø Z �
� ^�`�aw�����U��0

�7^�Ò�Ú0 Ü Ø Z �
� ^�`�aw�����?,,c0���0��}0N/

�7^�Ò�Ú0 Ü Ø Z �
�

0
> © Ä ^�`�a

� > �$Z5[#-U,_^�`�a � /+
(27)

wherethe last expectationis taken with respectto
��� ,Cd�/ , asdefinedin (26). In particular,

ý�'.( É/* £ þ �
Ø
4 ,_^�`ja8,_d?/¿/ e ñ

£���
Ei

4Û �
� d�' (28)

Narula’s approachis basedon an explicit calculationof the invariantdistribution
���

, andis thus

tied to Rayleigh fading. Modifications of key parameters(such as the entries’ PDF, and the

numberof nonzerodiagonals)lead to analytically intractableexpressions.
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Another result derived by following the footstepsof [14] is an upperboundon the per-cell

sum-rateof theWB schemewith finite � andinfinite numberof cells �°¯pg , in thepresence

of a generalfadingdistribution, given by

ý �
	10 £ þ ½ ^�`�a �Q��Ç��ÞB e � �Q�qÿK�åB e �qÿK� e � Î
4� B ee Î b B 4 b

�
Ç ' (29)

and in the specialcaseof zero meanunit power (B 4 � �²¢B e � � ) fading distribution (e.g.

Rayleighfading) the boundreducesto

ý��
	20 £ þ ½ ^i`ja �Q��Ç²��� ,¿�Q��Ç��k/ e Î ,_ÿK� e �j�#/Ç ' (30)

This resultwhich is proved in [14] for � �u� (intra-cell TDMA protocol)andexpandedto an

arbitrary � in [15], is derived by noting that the averageof the determinantof the received

vectorcovariancematrix ��0 canbe recursively expressedby

Z¢,_�����U� > / ���uZk,_�����X� >5£�4 / Î43 Z¢,º�����U� >5£ e / o Bs����;';'�';;�  (31)

with initial conditions

Zk,_�����X� 4 /��E� o Z¢,_�����U� e / ��� e Î43  (32)

where

� �l�Q��Ç²�åB e o 3 � � e� B ee ��,-� Î ��/�b B 4 b
� ' (33)

SeeAppendixE for moredetails.The solution to (31) is given by

Z¢,_�����U� > / �65+µ > Î4798 >  (34)

where

µè� �Ç �l� ù � e Î ÿ 3 o 8 � �Ç � Î ù � e Î ÿ 3  (35)

are real and positive, and 5 , 7 are determinedby the initial conditions(32). Finally, (29) is

derived by the following setof inequalities

ý��
	10 £ þ �7^�Ò�Ú0 Ü Ø �
� Z
,_^�`�aw�����U��0N/

½ ^�Ò�Ú0 Ü Ø �
� ^�`�a~Z
,_�����X�#0N/!�E^�`�awµq (36)

wherethe inequalityis dueto Jensen’s inequality, andthe lastequalityfollows from the fact that

µ ¤ 8 , and �°¯pg . In the caseof �³��� , the upperboundof (30) coincideswith the per-cell

sum-ratecapacityof the non-fadingsetup(20). Thus,the presenceof Rayleighfadingdecreases
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the ratesof the intra-cell TDMA protocolsupportedby the “soft-handoff” model.Nevertheless,

it is shown in [11] that alreadyfor �Õ� Ç the presenceof fading may be beneficialat least

for low SNR values.The tightnessof the boundis demonstratedby noting the for � ¯°g it

coincideswith the asymptoticexpressionof (23).

The extremeSNR characterizationof the WB rate for � ¯ g in the presenceof a general

fadingdistribution is summarizedby [11]

Í ÄÈ� e:
÷�; v=< >@?A<

B
÷ > ÷÷ v

4 o C hDFE É8Ê Ë �HG IKJ ee > ÷Í�Ø ½ �ßo Î ^�`�a e B e � � Î 4� B ee Î b B 4 b
� ½ Ý5Ø '

(37)

The boundsof the high-SNRparametersare tight for �ML.� . For the specialcaseof Rayleigh

fading the extremeSNR characterizationaregiven by [11]

Í ÄÈ� e4 v ?; o C hD E É8Ê Ë �NG IAJ eeÍ�Ø �l�ßo Î ^�`�a e �Q� � Î 4� ½ ÝÞØ ½ OG IAJ e 
(38)

where P Ð �²'RQTSTSjÇ is the Euler-Mascheroniconstant.It is notedthat the right inequality of the

high-SNRpower offset is tight for �p�D� , while the left inequality is tight for �UL¼� . The

beneficialeffectsof Rayleighfadingandincreasingnumberof usersareevidentwhencompared

to the non-fadingextreme-SNRparametersof the respective non-fadingsetup(21).

To concludethis sectionwe emphasizethat calculatingexact expressionsfor the high-SNR

parametersof the WB protocol rate with finite numberof usersper-cell and general fading

distribution remainsan openproblem.

IV. APPLICATIONS

In this sectionwe presentseveral applicationsof the main resultspresentedin this work (see

SectionII-D).

c) Intra-Cell TDMA and RayleighFading: Assumingthat only oneuseris active per-cell

�³�l� andsymmetricRayleighfadingchannels(i.e. S õ T õ ÷ and S õ W õ ÷ areexponentialdistributions

with parameter1), the high-SNRpower offset is given accordingto Theorem1, by

Ý5Ø � Î Úè��á Zk,_^�`�a e b O b e /-ãZk,_^i`ja e b V²b e / �
Î �
^�`jacÇ

Ø
Ä ñ

£ � ^�`�aåd � dq� P
^�`�acÇ (39)
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wherethe last equality is dueto [28, pp. 567, formula 4.331.1].Obviously this resultcoincides

with the high-SNRpower-offset derived by applying the definition of
Ý5Ø

(see(13)) directly to

the exact expressionderived in [14] (seeexpression(28)).

Note that the sameresult holds if an attenuationfactor is addedto one of the fading paths,

e.g. VV > ���?V > where V > H�IKJl,¿�²��j/ and �!�z	��²·��� ; this follows directly from Theorem1, but

not from [14], which requiressymmetricfadingpaths(i.e. ���l� ).
d) Intra-Cell TDMA and General Fading Statistic: Consider the following single user

single-inputsingle-output(SISO)flat fadingchannelfor an arbitrary time index

ä|� O dß�+î� (40)

where d is the input signal d+H�IKJ�,¿��;�c/ , and î is the additive circularly symmetricGaussian

noise î H.IKJ�,¿�²·��/ . In addition, O is the fading coefficient O H.SUT satisfying conditions

(H1).. . (H3) andknown only to the receiver (receiver CSI). Assumingthat the fadingprocessis

alsoergodic in the time domain,the ergodic capacityof the channelis given by [24]

� �
ZQ[]\æ^�`�aK,¿�Q���
b O b eâ/È (41)

where the expectationis taken over the fading distribution SXT . Accordingly, under the mild

conditions(H1).. . (H3), the high-SNRregime of this channelis characterizedby

×ÙØ �l�Ào Ý5Ø � Î Z5[â\²^i`ja e b O b e ' (42)

Using Theorem1, we cannow establishthe following analogybetweenthe multi-cell setupand

the SISOchannelat hand.

Corollary 4 Thehigh-SNRcharacterizationof the intra-cell TDMA per-cell sum-ratesupported

by the“soft-handoff” setupwith fadingdistributions SXT�MSXW such that Z5[ \ ^�`�a e b O b e ¤ Z5[ h ^�`�a e b V²b e ,
coincideswith thoseof a scalar single-userfading channelwith fading distribution SXT .
This observation allows us to use the vast body of work done for the celebratedscalarflat

fading channel[24]. In particular, the high-SNR characterizationof flat fading channelswith

the following fadingstatisticshave beenconsideredin previousworks: (a) Rayleighdistribution,

(b) Rice distribution, (c) log-normaldistribution, and (d) Nakagami distribution (see[24] and

referencestherein).
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e) Intra-Cell TDMA andOpportunisticScheduling: Throughoutthis work wehaveassumed

that the instantaneouschannelstateinformation is known to the MCP receiver only. Here we

further assumethat somesort of ideal feedbackchannelis availablebetweenthe MCP receiver

and the � mobile usersincluded in eachcell. This feedbackchannelis usedto schedulethe

“best” local userin eachcell for transmissionduring the currenttime slot4. In other words, in

eachcell the userwith the strongestchannelfadetowardsthe BS locatedon the right boundary

of eachcell is scheduledfor transmission5 with power � . Hence,the index of the selecteduser

in the B th cell reads

V� > � ��Ö¿aUÚè��áR © 4�P e P W W W � b
O >5P R b e Bs�l�²�Ç�;';'�';;� ' (43)

The resulting � )z,-�Õ����/ channeltransfermatrix X�10 of this schedulingschemeis a two

diagonalmatrix with independententries.The probability densityfunction of the main diagonal

i.i.d. entries’amplitudesis given by

� S � P õ T õ ÷ �u�¾S �
£�4
õ T õ ÷

� S õ T õ ÷  (44)

following the maximumorderstatistics[30]. On the otherhand,the i.i.d. entriesof the second

non-zerodiagonalaredistributedaccordingto the original fadingstatisticsSUW .
Assumingthat S � P õ T õ ÷ and SUW satisfyconditions(H1).. . (H3), we canapplyTheorem1 in order

to derive the high-SNRcharacteristicsof the per-cell sum-rateachievable by this opportunistic

scheduling ×�Ø ��� o Ý5Ø � Î Úè��á Z5[ ;ZY < \ < ÷ ,_^�`�a e äK/-ãZ5[ h ,_^�`�a e b V²b e / ' (45)

For Rayleighfadingchannelsandin thecasewherethenumberof usersper-cell is large �ML.� ,
we canusethewell known factthatthesquareof themaximumof the � amplitudesbehaveslike

^�`�ak� with high-probability(see[31]). Hence,the ratehigh-SNRpower offset of this schemeis

Ý5Ø
Ð Î ^�`�a e ^�`�ac�� (46)

revealing a multi-user diversity gain of ^�`�aw^�`�ac� . It is noted that allowing additional power

control to this schemewill yield betterperformances.However, we areunableto applyTheorem

1 for this situation.Finally, choosingtheBS locatedon theright boundaryof thecell is arbitrary;

taken the BS locatedon the left boundaryof the cell yields the sameresults.

4See[29] for a similar schedulingdeployed in the Wyner cellular uplink channel.

5Sincethe right mostcell indexed (M+1), hasno BS on its right boundaryit randomlyschedulesa userfor transmission.
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V. CONCLUDING REMARKS

In this paperwe study the high-SNR characterizationof the per-cell sum-ratecapacityof

the “soft-handoff” uplink cellular channelwith multi-cell processing.Taking advantageof the

special topology inducedby the setup,the problem reducesto the study of the spectrumof

certainlarge randomHermitian Jacobimatrices.For the intra-cell TDMA protocol whereonly

one user is active simultaneouslyper-cell we provide an exact closedform expressionfor the

per-cell sum-ratehigh-SNRpower offset for rathergeneralfading distribution. Examining the

result, it is concludedthat in the high-SNR regime, the rate of the cellular setupat hand is

equivalent to the oneof a singleuserSISOchannelwith similar fadingstatistics.

Turning to the capacityachieving WB protocol,whereall � usersareactive simultaneously

in eachcell, we derive a seriesof lower andupperboundsto the rate.Theseboundsareshown

(via Monte-Carlosimulations)to be tighter thanpreviously known bounds.

Note that in Theorem2 pointsa) andc) andin Proposition3, we take the fadingcoefficients

relative to the usersof one cell to be independent.Those resultscontinue to be true if we

assumecorrelationbetweenthe fading coefficients relative to the usersof the samecell (but

independencebetweencells). The proof is identical to the proof given in the paper.

Someof theanalysisreportedherecanbeextendedto includethecasewhere��0 is ,¿Ç�[ Î ��/ -
diagonalfor some [ ¤ Ç (e.g. [�� � for the channelmatrix of the Wyner model), using an

adaptationof the“Thoulessformulafor thestrip” derivedoriginally in [32]. Usingthis approach,

boundssimilar to thoseof Prop.3 may be provided on the rate.Details will appearelsewhere

[33].
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APPENDIX

A. Proof of Theorem1

In order to streamlinethe proof we somewhat modify notation. We considertwo random

sequencesof complex numbers, O ó / and ,CV ó / . The , O ó / (resp. ,_V ó / ) are i.i.d of law SUT (resp.

S W ) and the , O ó / are independentof the ,_V ó / . We set \ ��,¿, O ó /-�,CV ó /¿/ . We denoteby Y the

probability associatedwith thoserandomsequencesandby Z the associatedexpectation.For a

given integer î , we considera channeltransfermatrix �10 of size �*)+,-�.���j/ .

�10(�
O 4 V 4 � :<:;: �
� .. . .. . .. .

...
...

.. . .. . .. . �
� :;:;: � O 0 V�0

'

We considerthe following variable

I�0N,-�k/ � �
� �¿Ö ^�`�a é ���5�10G� �0 '

Note that,

�10G�1�0 �

b O 4 b e ��b V 4 b e O �e V 4 � :<:;: �
O e V � 4 b O e b eÞ��b V e b e O �] V e . ..

...

� .. . .. . . .. �
...

.. . .. . . .. O �0 V�0 £�4
� :;:;: � O 0ïV �0 £�4 b O 0|b eå��b V·0|b e

'

With this notation,asexplainedin SectionII-D, Theorem1 follows from the following.

Theorem 5 [ �³��� ] Assume(H1) and (H2) .

a) For every � ¤ � , I�0N,-�c/ converges Y -a.s as � goesto infinity. We call the limit I ,-�c/ .
b) Further assume[(H3) or (H3’)]. As � goesto infinity,

I ,-�c/��E^�`jak����Ç Úè��ák,iZQ[ \ ^�`jakb d?b;oãZQ[ h ^i`jakb d?b�/Æ�+ç�,¿��/-'
Proof of Theorem5 Without lossof generality, in the proof we canassume

(H5) ZQ[]\æ^�`�acb d~b ½ ZQ[]h;^�`�akb d~b .
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Indeed,we may exchangethe role of entriesO ¹ and V�¹ for � ½ � ½ � by a right-left reflection,

namelythe transformation̂O » �EV�0 £â» v 4 , ^V » � O 0 £â» v 4 , � ½ � ½ � .

For part a), only (H1) and (H2) are needed.Sincepart a) is a consequenceof generalfacts

concerningproductsof randommatricesand doesnot usemuch of the specialstructurein the

problem,we bring it in AppendixD.

Part b) usesthe theoryof Markov chainsandis specificto theparticularmatrix �10 . We note

that as a by productof this approach,we obtain a secondproof of part a), however underthe

additionalassumption[(H3) or (H3’)]. We provide a proof of Theorem5 underthe assumptions

(H1), (H2) and [(H3) or (H3’)] in AppendicesA andB.

Thestructureof theproof is asfollows. We first introduceanauxiliary sequencewhich allows

us to reformulatetheproblemin termsof a specialMarkov chain.Thestudyof the latter, which

forms the bulk of the proof of Theorem5, is carriedout in SectionB.

1) Auxiliary sequence:We begin with a technicallemma.

Lemma 6 Assume(H2). Y -a.s, �10G�1�0 doesnot havemultiple eigenvalues.

Proof: We let _ denotethe discriminantof �10G�1�0 , it is a polynomial in

y²b O ¹�b eQ�¥b V·¹�b e~ O ¹ v 4 V��¹  O �¹ v 4 V·¹�{ which vanisheswhen thereis a multiple eigenvalue.Therefore,it

is a polynomial in ` O ¹ , a O ¹ , `~V�¹ and a~V·¹ It is not identically 0 becausefor V�¹~�1� and O ¹~��� ,
the eigenvaluesof �10G�1�0 are distinct. The result follows directly from the following lemma

which is an easyconsequenceof Fubini’s theorem.

Lemma 7 Let b be a function from m ó to m . We assumethat b is not identically 0 and that

bk,C� 4 ;'�';';�� ó / is a polynomialin the `~�â¹ andthe a~�]¹ . Thenthesetof therootsof b hasLebesgue

measure 0.

In the sequel,we denoteby ð 4 í '�';' í ð²0 the orderedeigenvaluesof �10G�1�0 . For a given

ð , we considerthe following sequence(indexed by î ) of complex numbers(the dependencein

ð will only be mentionedwhen it is relevant): d�ÄÈ��� , d 4 ��� , and for î í � ,
O ó V·�ó £�4 d ó

£�4 ��,-b O ó b e ��b V ó b e /Cd ó � O �ó v 4 V ó d ó v
4 ��ð�d ó 

that is

d ó v 4 �
ð Î b O ó b e Î b V ó b eO �ó v 4 V ó

d ó Î
O ó V��ó £�4O �ó v 4 V ó

d ó £�4 ' (47)
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Note that dX0 v 4 ,-ðX/}��� if and only if ð is an eigenvalue of �10G�1�0 . Moreover, d ó v 4 is a

polynomial in ð of degree î with highestcoefficient �²� ó¹ © 4 , O �¹ v 4 V�¹ë/ . Onecanthuswrite using

Lemma6

d ó v 4 ,-ð�/��
ó
¹ © 4 ,
O �¹ v 4 V�¹ë/

£�4 ó
¹ © 4 ,-ð

Î ð²¹ë/ Y Î a.s
Hence,for ð}� Î �²��� ,

I�0N,-�c/��z^�`�aK,-�k/Æ� �
� ^�`�akb dU0 v 4 ,-ðX/-bj� �

�
0
¹ © 4 ^�`�akb

O ¹ v 4 V�¹�b Y Î a.s' (48)

By the Law of Large Numbers(LLN),

^�Ò�Ú0 Ü Ø �
�
0
¹ © 4 ^�`�akb

O ¹ v 4 V�¹�b��$Z5[â\²^�`�akb d?b���Z5[âh;^�`�acb d~b Y Î a.s'
Becauseof (48), to prove Theorem5, we only needto show the following lemma.

Lemma 8 Assume(H1), (H2) and [(H3) or (H3’)]

a) For every ð�f1� , 4ó ^�`�akb d ó v
4 ,-ðX/-b converges Y -a.s as î goesto infinity. The limit is P?,-ðX/ ,

the Lyapunov exponentdefinedby (62).

b) Assumefurther (H5). Then P?,-ðX/ converges to ZQ[ h ^i`jakb d?b Î Z5[â\²^�`�akb d~b as ð goesto 0.

2) Reductionto a Markov chain: To prove Lemma8, we take c ó �ld ó ��d ó £�4 , for î í Ç . Note

that by (47) and(H2), Y -a.s, d ó ü��� , hencec ó is well definedandnon-zero.By (47), we get

c ó v 4 � ð
Î b O ó b e Î b V ó b eO �ó v 4 V ó

Î O ó V·�ó £�4c ó O �ó v 4 V ó
'

Let
�
ó �dc ó O �ó V ó £�4 . Then,

�
ó v 4 �uð Î b O ó b e Î b V ó b e Î

b O ó b e b V ó £�4 b e�
ó

��ð Î b V ó b e Î b O ó b e �Q� b V ó £�4 b e�
ó

'

Let ñ¿ó � �5� õ WKeKf ? õ ÷� e . Then
�
ó v 4 ��ð Î b V ó b e Î b O ó b e ñ-ó , and

ñ¿ó �
Î ðï��b O ó £�4 b e ñ¿ó £�4Î ðï��b V ó £�4 b e ��b O ó £�4 b e ñ¿ó £�4

 (49)

with the initial conditions,

c e � ð
Î b O 4 b e Î b V 4 b eO �e V 4

o
�
e �uð Î b V 4 b e Î b O 4 b e '
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�
e �&t and

�
e f Î b V 4 b e , hence,�ïf ñ e f�� . From (49) we concludethat for all î , ñ¿ó �+t and

�¢f ñ¿ó f�� . Now, for all î ,

c ó �
�
óO �ó V ó £�4

� V��ó £�4O ó
� �
ñ¿ó Î �

'
Then,

�
î ^�`�akb d ó v 4 b��

�
î
ó v 4
¹ © e
^�`�akb c�¹�b

� �î
ó v 4
¹ © e

^�`�a V�¹ £�4O ¹ Î ^�`�aK,¿� Î ñ ¹ë/
(50)

4
ó ó v 4¹ © e ^�`�a

WKg f ?Thg convergesto Z5[âh;^�`�akb d~b Î Z5[]\æ^�`�akb d~b by the LLN. We now studyin detailsthe

Markov chain ñ-ó .

B. Studyof the Markov chain ñ¿ó and proof of Lemma8

For simplicity, we write iA� Î ð and we re-index the chain so that it startsfrom ñ Ä . As in

(49),

ñ-ó �
ik��b O ó £�4 b e ñ ó £�4ik��b V ó £�4 b e ��b O ó £�4 b e ñ¿ó £�4

' (51)

We denoteby Y ô E the law of thesequencestartingfrom ñ Ä andby Z ô E theassociatedexpectation.

Proposition 9 Assume(H2) and [(H3) or (H3’)]. TheMarkov chain ñ¿ó hasa uniquestationary

probability, say, j+k and for 8 �ml 4 ,�jnk;/ , for every starting point ñ Äc�$	������� , Y ô E -a.s,

�
î
ó
¹ © Ä

8 , ñ ¹ë/ Î�ÎXÎ ¯ó Ü
Ø 8 � jnk<'

Proof: We startwith two lemmasthat will be proved later on.

Lemma 10 For �5AoÞKi��1twv , we definethe function 7
p P q (we suppress i from the notation)

such that for ñ �
	��²·��� 7rp P q , ñ / � ik�+� ñik�so#�+� ñ '
For any given ñ �1	i������ , we definethe sequence,�t ó , ñ /¿/ by t]ÄA� ñ and for î í � , t ó , ñ /G�7
p P q ,�t ó £�4 , ñ /�/ . Then, 7
p P q hasexactly onefixedpoint in 	��²���� , say u p P q , and t ó , ñ / converges to

u p P q . Moreover, the convergenceis uniform in the starting point in the following sense:

,��wv ¤ ��/¿,1xâîKÄk�syÈ/¿,z� ñ �
	��²·����/¿,���î í îKÄ]/¿,-b t ó , ñ / Î u p P q bXf{v�/-'
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Finally if � 4 fz� e and o 4w¤ o e , then u p ? P q ? f|u p ÷ P q ÷ .
Lemma 11 Assume(H2) and [(H3) or (H3’)].

a) For ñ Äc�
	��²���� , there exist two sequences,zt 4ó , ñ Äâ/�/ and ,�t eó , ñ Ä]/¿/ in 	��²���� such that the law

of ñ¿ó under Y ô E and the Lebesgue-measure on 	�,�t 4ó , ñ Ä]/¿/-�,�t eó , ñ Äâ/¿/_� are mutuallyabsolutely

continuous.

b) ,�t 4ó , ñ Ä]/¿/ and ,zt eó , ñ Ä]/¿/ converge to, say } 4 and } e respectively, } 4 and } e are independent

of ñ Ä and } 4 f|} e . Finally, the convergenceis uniform in the starting point in the sense

of Lemma10.

c) If ñ Ä+� 	.}
4 ~} e � , then for all î , the law of ñ¿ó under Y ô E is absolutelycontinuouswith

respectto the Lebesgue-measure on 	.} 4 ~} e � .
We recall somedefinitions from the theory of Harris Markov chains,which will be used

extensively in the proof. We refer the readerto [34] for the relevant background.

Definition 12 Denoteby ,Cµ ó / a Markov chain on
é

an interval of t . Set � a probability measure

on
é
, it is an irreducibility measureif for all measurable set � such that �C,C�¡/ ¤ � and for all

µ;Äc� é
,1xâî /QY@� E ,Cµ ó �|�¡/ ¤ �²'

� is a maximal irreducibility measureif it satisfiesthe following conditions:

� � is an irreducibility measure.� For any other irreducibility measure � ø , � ø is absolutelycontinuouswith respectto � .� If �C,C�¡/ ��� then �Cy·µ;Ä���,1xâî /QY@� E ,Cµ ó �|�¡/ ¤ ��{¢�l� .� For any irreducibility measure � ø , � is equivalentto

� � ø , � µ;Äâ/
Ø

¹ © Ä
�
Ç ¹ Y�� E ,Cµ<¹?� : /¿'

Definition 13 Denoteby ,Cµ ó / a Markov chain on
é

an interval of t . A set � is called Harris

recurrentif for all µ;Äc�|� , Y@� E -a.s, the chain µ ó visits � an infinite numberof times.Thechain

,Cµ ó / is called Harris recurrentif givena maximalirreducibility measure � , every measurable set

� such that �_,C�¡/ ¤ � is Harris recurrent.

Definition 14 Denoteby ,_µ ó / a Markov chain on
é

an interval of t . Denoteby � a maximal

irreducibilitymeasure. For every measurable set � such that �C,C�¡/ ¤ � we denoteby �~� the time
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whenthe chain ,Cµ ó / enters � . A measurable set 3 is called regular if for every measurable set

� such that �_,C�¡/ ¤ � ,
�C���� E!�1� Z�� E ,��~�?/wf�g�'

Definition 15 Denoteby ,Cµ ó / a Markov chain on
é

an interval of t . Denoteby � and 3 two

measurablesets.We saythat 3 is uniformly accessiblefrom � if there existsan v ¤ � such that

Ò����� E � � Y@� E ,¿,1xjî /�µ ó � 3 / í v�'
We continuewith the proof of Proposition9. Denoteby � the Lebesgue-measureon 	.} 4 ~} e � .

By [34, Theorem17.0.1],it is enoughto prove that theMarkov chain ñ¿ó is � -irreducible,positive

Harris with invariantprobability j+k . Denote�åv the setof Lebesgue-measurablesubsetsof 	�������
with positive � -measure.Here is a technicallemmathat will be proved later on.

Lemma 16 Assume(H2) and [(H3) or (H3’)]. For all 3 ���åv , there exists î8Äï�¥îKÄâ, 3 / such

that for all î í îKÄ ,
[ ó � Ò����ô E ��� Ä P 4.� Y ô E , ñ¿ó � 3 / ¤ �²'

We continuewith the proof of Proposition9.

Step1: TheMarkov chain ñ¿ó is � -irreducible, Harris and admitsan invariant measure unique

up to a constantmultiple. By Lemma16, for ñ Äï�E	i������ and 3 ���Þv , the chain hasa positive

probabilityto reach3 in î8Ä stepsstartingfrom ñ Ä . Therefore,theMarkov chain ñ-ó is � -irreducible

andby Lemma11 c), � is a maximalirreducibility measurefor thechain ñ-ó . For a given 3 ���åv ,

by Lemma16, thechain ñ ó hasa probabilityat least[ ó E to reach 3 in î Ä steps,hencethechain

will eventually reach 3 andhencecomeback to 3 an infinite numberof times,therefore 3 is

Harris-recurrentandthe Markov chain ñ¿ó is Harris.By [34, Theorem10.0.1],the Markov chain

ñ ó admitsan invariantmeasureuniqueup to a constantmultiple.

Step2: TheMarkov chain ñ¿ó is aperiodic.By [34, Theorem5.4.4], thereexists an integer
�
,

the periodof the chain,suchthat thereexist disjoint measurablesets _òÄj�';';'��_ � £�4 suchthat

� For �å����';';' � Î � , if ñ ¹?��_È¹ , then Y ô g�, ñ ¹ v 4 ��_È¹ v 4 /���� (mod
�
).� � ,-x �¹ © 4 _È¹ë/,� ��� .

By Lemma11, for î 4 í îKÄ large enoughand î í î 4 , the Lebesgue-measureon �q�(	�,¿ÇT} 4 �
} e /-�j�²·,!} 4 �}ÇT} e /-�j��� is absolutelycontinuouswith respectto thelaw of ñ-ó under Y ô E . Therefore,
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for any î í î 4 , if ñ¿ó ��_È¹ , then �s�6_È¹ , andthen,if
� ¤ � , ñ¿ó v 4 ��_È¹ v 4 andthusalso �s�6_È¹ v 4 ,

a contradiction.Hence,
� ��� .

Step3: The set 	��²·��� is regular for the Markov chain ñ-ó . Take 3 ���Þv . By Lemma16, the

time it will take for the chain ñ¿ó to enter 3 is a.s boundedabove by îKÄ times a geometric

randomvariableof parameter[ ó E , henceit expectationis boundedabove by îKÄj��[ ó E , hence	�������
is regular.

Now we apply [34, Theorem13.0.1] and get that the Markov chain ñ-ó is positive Harris,

hencehasa uniqueinvariantprobability that we denotej+k .
Proof: [Proof of Lemma16]

The Lebesgue-measureon 	.} 4 ~} e � is regular hencethereexists an v ¤ � suchthat 3{� 	.} 4 �
v�h} e Î v<� haspositive Lebesgue-measure.By Lemma11 a) and b), we can take îKÄ suchthat

for any given î í îKÄ and any given starting point ñ Ä , Y ô E , ñ¿ó � 3 / ¤ � . Fix î í îKÄ . Set� , ñ Äâ/ ��Y ô E , ñ¿ó � 3 / . By (H2),
�

is a continuousfunction on 	������� . By compactness,

Òi���ô E ��� Ä P 4)� Y ô E , ñ-ó � 3 / ¤ ��'

Proof: [Proof of Lemma11] Let us startassuming(H3’).

a) We first assumethat nsT�MnsWG�!twv . We usethe notationof Lemma10. For ñ Äß�l	�������
and î , we define t 4ó , ñ Ä]/�� 7 ó> \ P � h , ñ Ä]/ and t eó , ñ Ä]/�� 7 ó� \ P > h , ñ Ä]/ , where 7 ó is the î -th iteration

of the function 7 . Note that for ñ �
½
ñ e �
	��²���� , �5�¢fE� e �+twv and ow�ïf{o e �&twv ,

� ��	 ñ 4  ñ e ��)q	 � 4 M� e ��)+	 o 4 Ko e � Î ¯.	 7
p ? P q ÷ , ñ 4 /- 7rp ÷ P q ? , ñ e /_�
,Cd?M�QKoå/��Î ¯ 7
p P q , ñ /

is well definedandontoandtheinverseimageof aninterval which is not a singletonhaspositive

Lebesgue-measure.Therefore,by induction, the Lebesgue-measureon 	 t 4ó Kt eó � is absolutely

continuouswith respectto the law of ñ¿ó under Y ô E . Moreover, by (H2) and(51), the Lebesgue-

measureon 	 t 4ó Kt eó � and the law of ñ-ó under Y ô E aremutually absolutelycontinuous.

b) It is a direct consequenceof Lemma10 and we get } 4 ��u > \ P � h and } e ��u � \ P > h . By

Lemma10 and(H3’), u > \ P � h f|u � \ P > h , hence } 4 f�} e .
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c) 7 > \ P � h is increasingand u > \ P � h a fixed point henceif u > \ P � h ½ ñ Ä , then for all î ,

u > \ P � h ½ t 4ó , ñ Ä]/ . In the sameway, for all î , u � \ P > h í t eó , ñ Ä]/ .
If n�Tc��g (resp.n�Wå��g ), we take for all î í � , t eó �l� (resp.t 4ó ��� ) and } e �l� (resp.

} 4 ��� ) and the proof is the same.

Let us now assume(H3). The proof is the samewith for all î í � and all ñ Ä�� 	������� ,t 4ó , ñ Ä]/w�u� , for all î í � andall ñ Äk�z	��²·��� (except for îz�u� and ñ Äk�u� ), t eó , ñ Äâ/w�u� . We get

} 4 ��� and } e �l� .
Proof: [Proof of Lemma10] For ñ �
	��²·��� ,

7 øp P q , ñ / � ��o
,�ik�soq�+� ñ / e '7 øp P q is decreasingand 7 øp P q ,¿�j/wf�� . If 7 øp P q ,¿��/�fl� , then 7
p P q is contractinghenceadmitsa fixed

point and its iteration on any startingpoint convergesto the fixed point. Suppose7 øp P q ,¿�j/ í � .
Denoteby ñ the only point of 	��²·��� such that 7 øp P q , ñ /¡�³� . Set V7
p P q , ñ /¡� 7 , ñ / p P q Î ñ . Then

V7
p P q ,¿�j/ ¤ � , V7
p P q ,¿��/ ½ � , and V7rp P q is increasingon 	��² ñ � and decreasingon 	 ñ ���� . Hence,

V7
p P q , ñ / ¤ � and V7
p P q is 0 on exactly onepoint which is a fixed point for 7
p P q . We denotethat

fixed point u p P q . If ñ �$	)u p P q ���� , since 7
p P q is increasing,for all î , t ó , ñ /��$	)u p P q ���� and 7rp P q is

contractingon 	)u p P q ���� hencet ó , ñ / convergesto u p P q . If ñ �
	��²�u p P q � , for all î , t ó , ñ /w�
	��²�u p P q � ,
and V7rp P q is non-negative on that interval, hencet ó , ñ / is non-decreasing.Therefore,it converges

and since 7
p P q is continuous,the only possiblelimit is u p P q . To prove the uniformity in the

startingpoint, we usethe fact that 7
p P q is increasing,hencefor all ñ �
	��²���� and î ,

t ó ,¿��/ ½ t ó , ñ / ½ t ó ,¿��/-'
That gives the uniformity. Finally, assume� 4 f�� e and o 4ò¤ o e . 7
p P q , ñ / is non-decreasingin

� , decreasingin o andnon-decreasingin ñ henceby induction, 7 óp ? P q ? ,¿�j/
½ 7 óp ÷ P q ÷ ,¿�j/ , where 7 ó

is the î -th iterationof the function 7 . Hence, u p ? P q ? ½ u p ÷ P q ÷ . If u p ? P q ? �6u p ÷ P q ÷ , then

u p ? P q ? � 7
p ? P q ? ,1u p ? P q ? /�f 7rp ÷ P q ÷ ,1u p ? P q ? /�� 7
p ÷ P q ÷ ,1u p ÷ P q ÷ /���u p ÷ P q ÷ 
which givesa contradiction.

We continuewith the proof of Lemma8. Recall that � ½ ñ¿ó
½ � , hencejnk is stochastically

dominatedby an atomat � . jnk is the invariantmeasure,sincethe function 7rp P q , : / is increasing
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in ñ , jnk is stochasticallydominatedby the law of the chainstartedat � after onestep:

jnk � Ý ik��b O Äâb e
ik��b V�Äâb eÞ��b O Äâb e � Ý b O Äâb e

b V�Äjb eÞ��b O Äâb e '
Thus,denotingby S�Ä the law of õ T E õ ÷õ W E õ ÷ v~õ T E õ ÷ , andusing(H1),

Î ^�`�aK,¿� Î d�/ � j+k;,Cd?/ ½ Î ^�`ja8,¿� Î d?/ � SXÄ],Cd�/wf�g�'
That is

Î ^�`�aK,¿� Î : /��ml 4 ,�jnk;/-' (52)

With Proposition9, we get

�
î
ó v 4
R © e
Î ^�`�aK,¿� Î ñ R / Î·Î�Î ¯ó Ü

Ø
4
Ä Î ^�`�aK,¿� Î d�/

� jnk;,_d?/ Y ô ÷ Î a.s' (53)

With (50), it givesa proof of Lemma8 a).

Let us prove Lemma8 b). Take ¡ ¤ � and v ¤ � small.4
Ä Î ^�`�aK,¿� Î d�/

� j+k;,Cd?/
�

¢
Ä Î ^�`�aK,¿� Î d�/

� j+k;,Cd?/Æ�
4�£�£
¢ Î ^�`�aK,¿� Î d�/ � j+k;,Cd?/Æ�

4
4M£#£ Î ^�`�aK,¿� Î d?/ � jnk;,Cd�/

½ Î vÙ^�`�aK,¿� Î v�/ Î ^�`�a�¡¤j+k;,¿	 v�·����/Æ�
4
4M£#£ Î ^�`ja8,¿� Î d�/ � jnk;,Cd�/-'

(54)

By (52), the last term convergesto 0 as ¡ goesto 0. By (50), (53) and(54), to prove Lemma8

b), we only have to prove that for any given v ¤ � ,
j+k;,¿	 v�����M/ ÎjÎ ¯k Ü Ä �²'

For that, by Proposition9, we needto show that the proportionof the time that the chain ñ¿ó
spendsabove v converges to 0 as i goesto 0. We take �$f¥v�f¥v]Ä+f � , where v]Ä will be

chosenlater. We considerthe Markov chain � ó ��^�`�a ñ¿ó and the randomfunction ¦ ó suchthat

� ó ��¦ ó ,C� ó £�4 / . It is enoughto show that the proportionof the time that � ó spendsabove ^�`�a�v
goesto � as i goesto � . Let us couple � ó with anotherMarkov chain § ó , suchthat § ó í � ó
a.s.and that the proportionof the time that § ó spendsabove ^�`�a�v goesto � as i goesto � .

For that, we needgood informationon the jumpsof � ó .
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Lemma 17 Assume(H1) and (H5). Set

� ó ,C� ó £�4 /���� ó Î � ó £�4
�z^�`�a i

ñ
¨ eKf ? ��b

O ó £�4 b e Î ^�`ja ik��b V ó £�4 b e ��b O ó £�4 b e ñ ¨ eKf ? '
,��wi ¤ ��/�,1x#v ø ¤ ��/�,z�Xd í ^�`�a�v ø /

a) Z5� ó ,Cd?/
½ � ,

b) ©ò��ÖX� ó ,Cd�/ ½6ª �!Z ^�`�aK,-b O ó £�4 b e ��b V ó £�4 b e / e � ^�`�aK,-b O ó £�4 b e / e � � .

C is a constantindependentof everything. v ø is a functionof i but we will not write it to keep

the notationclear. Moreover,

^�Ò�Úk Ü Ä v ø �l�²'
The proof will be doneat the endof the section.

We continuewith the proof of Lemma8 b). We take i ¤ � suchthat �èf4v ø f4v|f4v]ÄGf�� .
We define § ó in a way that it staysbetween̂�`ja�v ø and � . Set §5ÄA�r�<Ä , for i small enough,

§ Ä ¤ ^�`�a�v ø . For d&�
	 ^�`�a�v ø o;��� , denote

«
ó ,Cd�/��¬¦ ó ,Cd?/ Î Z5� ó ,Cd�/ í ¦ ó ,Cd�/-'

That is

«
ó ,Cd?/ ��dß�q^�`�a

kô � ��b O ó £�4 b eik��b V ó £�4 b eå��b O ó £�4 b e ñ �
Î

Z|^�`ja
kô � ��b O ó £�4 b eik��b V ó £�4 b e ��b O ó £�4 b e ñ �

'
(55)

Note that

Z¢, « ó ,C� ó £�4 / Î � ó £�4 b � ó £�4 / ����' (56)

� If
«
ó ,�§ ó £�4 / ¤ � , set § ó ��� .� If
«
ó ,�§ ó £�4 /�fz^�`�a�v ø , set § ó �E^�`�a�v ø .� Otherwise,set § ó � « ó ,z§ ó £�4 / .

In the first two case,we saythat the chainis truncated. Note that for all î , § ó í � ó . Indeed,

either § ó �r� í � ó or § ó í «
ó ,�§ ó £�4 / í ¦ ó ,�§ ó £�4 / í ¦ ó ,C� ó £�4 /ò�l� ó , by induction and using

the fact that ¦ ó is a.s non-decreasing.Therefore,the proportionof the time that the chain § ó
spendsabove ^�`�a�v is larger that the proportionof the time that chain � ó spendsabove ^i`ja�v .
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Proposition 18 Assume(H2).

a) TheMarkov chain § ó hasa uniquestationaryprobability, say, �k and for 8 �$¦ 4 ,1�k;/ , for

every starting point §5Äc�
	 ^�`�a�v ø ·��� , Y@® E -a.s,

�
î
ó
¹ © Ä

8 ,�§Q¹ë/ Î·Î�Î ¯ó Ü
Ø 8 � �k<'

b) We denotē the return time to � , starting from � . Then �k;,¿��/ �����¿Z5Ä1¯ .

Proof: See[34] andDefinitions12-15for the theoryof Harris Markov chainsthat we will

use extensively in the proof. Define the following probability measureon 	 ^�`�a�v ø ���� . For 3 a

Borel set,

�_, 3 /��
Ø

ó © Ä
�
Ç ó v 4 YXÄâ,�§ ó � 3 /-'

Let us prove that theMarkov chain § ó is � -irreducible,positive Harris with invariantprobability

 k . By [34, Theorem17.0.1],thatwill prove a). We usethe following lemmathatwill beproved

later on.

Lemma 19 Assume(H2).

a) There exist c ¤ � and t ¤ � such that for all d+�
	 ^�`�a�v ø o���� ,
YG, « ó ,Cd?/ í dß�sc�/ ¤ tX'

b) Set Ãû� £ G IAJ ¢±°� . 0 is a recurrent point for the chain § ó and the time betweentwo visits

at 0 is a.s boundedabove by Ã timesa geometricrandomvariable of parametert D .

We continuewith theproof of Lemma18. Thesetswhich have positive � -measureareexactly

the setsthat have a positive probability to be visited startingfrom 0. Moreover 0 is a recurrent

point. Therefore,theMarkov chain § ó is � -irreducibleand � is a maximalirreducibility measure.

Moreover, take 3 with positive � -measure,3 is uniformly accessiblefrom y��²{ . Therefore,we

can apply [34, Theorem9.1.3 (i)] and since 0 is Harris-recurrent,3 is also Harris-recurrent,

therefore,the chain § ó is Harris-recurrent.By Lemma19 b), the time betweentwo visits at 0

hasfinite expectation(boundedabove by Ã¡��t ó ). Therefore,by [34, Theorem10.2.2],the chain

§ ó is positive-Harrisandadmitsa uniqueinvariantprobability measure.That finishesthe proof

of point a). The point b) is a consequenceof

�k�6�k;,¿	 ^�`�a�v ø ·����/���hk�,¿��/iZ5Ä]	 ¯5�M
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which comesfrom [34, Theorem10.0.1], which we apply to ���py��²{ , which has positive

� -measure.

Proof: [Proof of Lemma19] a) We considerherei í � . We denoteby ²]�w����,�³E/ thesupport

of the law of a randomvariable ³ . We take i;Ä small enough.We considerfor d+�
	 ^�`ja�v ø o;��� the

function

7 ,Cd?/ ��Úè��áÆy·äKo�äA�´²]�w����, « ó ,Cd�/ Î d�/-{²
which by (H2) and(55) is a continuousfunction of d . Moreover, since Z¢, « ó ,_d?/ Î d?/ ��� , 7 is

strictly positive. By compactness,thereexists c ¤ � suchthat for d+�
	 ^�`�a�v ø o���� ,
7 ,Cd�/ ¤ Çhc²

Y?, « ó ,Cd�/ í dß�sc�/ ¤ �²'
By (H2) and(55), Y?, « ó ,Cd�/ í dG�µc�/ is continuousandonceagain, by compactness,thereexists

t ¤ � suchthat for d+�
	 ^�`�a�v ø o���� ,

Y?, « ó ,Cd�/ í dN�sc�/ ¤ tX'
b) If thereareat least Ã stepsin a row suchthat

«
ó ,�§ ó £�4 / í d¢�¶c , thenthe chainreaches� .

By the point a), that happenswith probability at least t D ¤ � , hence � is a recurrentpoint for

the chain § ó andthe time betweentwo visits at 0 is a.sboundedabove by Ã timesa geometric

randomvariableof parametert D .

We continuewith theproof of Lemma8 b). By Proposition18 a), to prove that theproportion

of the time that § ó spendsabove ^�`�a�v goesto � as i goesto � , we only needto prove that

�k;,¿	 ^�`�a�v�����M/ ÎjÎ ¯k Ü Ä �²'
Let us first prove that Z·¯ ÎâÎ ¯k Ü Ä g , which by Proposition18 b) will prove that

�k;,¿��/ ÎjÎ ¯k Ü Ä �²'
We usethe following lemma.

Lemma 20 Assume(H2).

a) There exist ¸ ¤ � and � ¤ � dependenton v and independentof i such that for all

d+�$	�ÇU^�`�a�v@o;��� ,
YG, « ó ,Cd?/ í dß�s¸?/ ¤ �5'
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b) There exist ¹ ¤ � and o ¤ � dependenton v and independentof i such that

Y¡,_^�`�a�vèf « 4 ,¿��/�f Î ¹K/ ¤ oÞ'
The lemmawill be proved later on.

We continuewith the proof of Lemma8 b). We denoteº the event ^�`�a�vèf « 4 ,¿��/�f Î ¹ . On

º , we definethe stoppingtime

V¯u���Q�qÒ����]y�î í �jo « ó v 4 ,�§ ó / ¤ � or
«
ó v 4 ,�§ ó /�fz^�`�a�v ø {²'

We now condition on the event º and on d�Ä!� « 4 ,¿��/ , denoteby VY and VZ the associated

probability andexpectation. V¯ ½ ¯ is the first time the chainis truncated.Moreover, for î$f V¯ ,

§ ó � « ó ,�§ ó £�4 / , so with (56), by classicalmartingale arguments,

VZ «¼»½ ,�§ »½ £�4 / ��d�Äj'
We denoteby º¡Ä the event that § ó reacheŝi`ja�v ø before � , we set [2� VY?,�º¡Ä]/ , ³èÄ��

VZ «¼»½ ,�§ »½ £�4 /-b º¾�Ä and ³ 4 � VZ «¼»½ ,�§ »½ £�4 /-b ºGÄ .

d�ÄÈ�d[T³ 4 ��,¿� Î [X/�³èÄâ'
[ß� ³èÄ Î dXÄ³èÄ Î ³ 4 '

³èÄ í � and ³ 4 ½ ^�`�a�v ø ½ ^�`�a�vèfEd�Äcf Î ¹ hence,

[ í Î dXÄÎ ³ 4 í ¹Î ³ 4 ' (57)

Using ³ 4 ½ ^�`�a�v ø , (57) and § eó Î ª î , which is a super-martingale by Lemma17 b),

VZ¢,�¯¢/ í VZ¢, V¯¢/ í VZ «¼»½ ,�§ »½ £�4 / e Î d eÄª
í [T³ e4 ��,¿� Î [X/�³ eÄ Î d eÄª
í [T³ e4 Î d eÄª
í ¹K, Î ³ 4 / Î d eÄª
í ¹K, Î ^�`�a�v ø / Î d eÄª '
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We integrateover d�Ä anduse Y?,�ºA/ ¤ o and Zk, « 4 ,¿��/ e b º|/wf�,_^�`�a�v�/ e .
Z¢,�¯ïb ºA/ í ¹K, Î ^�`�a�v ø / Î Z¢, « 4 ,¿��/ e b ºA/ª '
Z¢,�¯ï/ í o ¹K, Î ^�`ja�v ø / Î ,_^�`�a�v�/ eª '

We have proved that Z¼¯ ÎâÎ ¯k Ü Ä g , which proves that �k;,¿�j/ ÎâÎ ¯k Ü Ä � .
Using Lemma20 andthe invarianceof �k , let us prove by induction that for J ½ £ G IKJ ¢¿ ,

�kÆ,¿	 Î J¬¸?o�����/ ½ � £#À hk;,¿�j/-'
�k;,¿	 Î ,CJ Î �j/�¸?o�����/ í hk�, � §5Ä]/MY@® E ,�§ 4 �
	 Î ,CJ Î ��/�¸�o;����/

í � £#À ¿ÂÁ Ä � �k;, � §5Äâ/MY�® E ,�§ 4 �
	 Î ,CJ Î ��/�¸?o�����/
í � £#À ¿ÂÁ Ä � �k;, � §5Äâ/MY�® E , « 4 ,�§5Ä]/ í ¸N�s§5Ä]/
í ���k;,¿	 Î Jd¸�o;����/-'

Therefore,

hkÆ,¿	 ^�`�a�v@o;����/ ½ �ÄÃ fÆÅ ÇzÈ~ÉÊÌË �k;,¿�j/-'
So,

hkÆ,¿	 ^�`�a�v@o;����/ ÎâÎ ¯k Ü Ä ��'
That concludesthe proof of Lemma8 b).

Proof: [Proof of Lemma20] We considerhere i í � . We denoteby ²â������,�³E/ the support

of the law of a randomvariable ³ . We take i�Ä small enough.

a) We considerfor d+�
	�ÇU^�`�a�v@o;��� and � ½ i ½ i�Ä the function

7 ,Cd?Ai�/��lÚ¾��áÙy·äKoMäA�´²â������, « ó ,Cd?/ Î d?/-{�
which by (H2) is a continuousfunction of ,Cd?Ai�/ because, « ó ,Cd�/ Î d?/ is continuousin ,Cd~Ki�/ .
Moreover, since Zk, « ó ,Cd?/ Î d?/È�2� , 7 is strictly positive. By compactness,thereexists ¸ ¤ �
suchthat for d+�
	�ÇU^i`ja�v�o���� and � ½ i ½ i;Ä ,

7 ,Cd?Ai�/ ¤ Ç�¸~
Y?, « ó ,Cd�/ í dN�s¸�/ ¤ �²'
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By (H2), Y?, « ó ,Cd�/ í d|�´¸�/ is continuousand onceagain, by compactness,thereexists � ¤ �
suchthat for d+�
	�ÇU^i`ja�v�o���� and � ½ i ½ i;Ä ,

Y?, « ó ,Cd�/ í dN�s¸�/ ¤ �Q'
b) For all � ½ i ½ i�Ä , thereexist v]Ä ¤ � and ¹ ¤ � suchthat Y?,_^�`�a�v]Äcf « 4 ,¿�j/wf Î ¹K/ ¤ � . Like

in theproof of a, by (H2), we canchosev<Ä ¤ � and ¹ ¤ � continuousin i . By compactness,we

canchosev Ä ¤ � and ¹ ¤ � independentof i suchthat for all � ½ i ½ i Ä , Y?,_^�`�a�v Ä f « 4 ,¿��/åf
Î ¹K/ ¤ � and like in the proof of a), by (H2), that probability can be chosencontinuousin i .
Therefore,by compactnessagain, thereexists o ¤ � dependenton v andindependentof i such

that Y?,_^�`�a�v<Äcf « 4 ,¿�j/wf Î ¹K/ ¤ o . Take v¾f{v]Ä , we have Y�,_^�`�a�vèf « 4 ,¿��/wf Î ¹K/ ¤ o .

Proof: [Proofof Lemma17] Notethatby (H1),
ª f�g . � ó ,Cd�/ is anon-increasingcontinuous

function of d and so is Z5� ó ,Cd�/ . ZÞ� ó ,¿��/¢f(� , hencegiven i , thereexist �AfHv ø f(� such that

ZÞ� ó ,_^�`�a�v ø / ½ � , and for d í ^�`�a�v ø , Z5� ó ,Cd?/ ½ � . That gives point 1. For point 2, take
�

such

that for all d í � ,
,_^�`�aK,CdN���j/¿/ e ½ ,_^�`�aK,Cd?/¿/ e � � '

To prove that ^�Ò�ÚÍk Ü Ä�v ø �1� , it is enoughto prove that for a given ¦�fu� , we can find i small

enoughsuchthat ZÞ� ó ,-¦ /
½ � . That is truebecausefor a given ¦ , Z5� ó ,Cd�/ is a continuousfunction

of i which, by (H4) is negative for i¾�l� .
C. Proof of Theorem2

We reformulatethe problemin the spirit of Appendix A. Let � ¤ � . The O ¹ (resp. V�¹ ) are

now independentcomplex vectorsof size � whosecoefficientsare independentanddistributed

according to SXT (resp. SXW ). We denote by Y the probability associatedwith those random

sequencesand by Z the associatedexpectation.We considerthe following � )!�#,-� �1��/
channeltransfermatrix:

�102�
3 4 6 4 � :;:<: �
� .. . .. . . . .

...
...

.. . .. . . . . �
� :;:;: � 3 0 6 0

'

We considerthe following variable

I�0N,-�k/ � �
� �¿Ö ^�`�a é � �� �10G�1�0 
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where �l�u� � . Note that,

�10G� �0 �

b 354 b e ��b 684 b e f 3 e o 684w¤ � :<:;: �
f 3 e o 6 4 ¤ � b 3 e b eå��b 6 e b eÕf 3 ] o 6 e ¤ . . .

...

� . .. .. . . . . �
...

. .. .. . . . . f 3 0No 6 0 £�4w¤
� :;:<: � f 3 0No 6 0 £�4w¤ � b 3 0|b e ��b 6 0|b e



where b 3 ¹ b eÈ� �R © 4 b O ¹ P R b e and f 3 ¹  6 » ¤ � �R © 4 , O ¹ P R / � V »�P R .
Theorem 21 Assume(H1), (H2) and (H4)

a) For every � ¤ � , I�0N,-�c/ converges Y -a.s as � goesto infinity. We call the limit I ,-�c/ .
b) As � goesto infinity,

I ,-�c/��z^�`�ak����ZN^�`ja ñ ��b 6 b e� �+ç�,¿��/-
where theexpectationis takenin thefollowing way. ñ and V are independent.6 is a complex

� -vectorwhosecoefficientsare independentand distributedaccording to SXW . The law of

ñ is BNÄ , which is the uniqueinvariant probability of the Markov chain definedby

ñ¿ó v 4 ��b 3 ó b e ñ¿ó ��b 6 ó £�4 b e?�CÒ�� e , 3 ó  6 ó £�4 /
ñ¿ó ��b 6 ó £�4 b e

'
The restof this appendixis devoted to the proof of Theorem21.

As in AppendixA, we definethe sequenced ó as follows. dXÄÈ�l� , d 4 ��� , and for î í � ,
d ó v 4 �

ð Î b 3 ó b e Î b 6 ó b ef 3 ó v 4 o 6 ó ¤
d ó Î

f 3 ó o 6 ó £�4w¤ �f 3 ó v 4 o 6 ó ¤
d ó £�4 ' (58)

We get, like in (48), for ðß� Î ��� � ,
I�0N,-�k/ �E^�`�aK,-�Q���#/Æ� �

� ^�`�akb dU0 v 4 ,-ðX/-b�� �
�
0
¹ © 4 ^i`jakbif

3 ¹ v 4 o 6 ¹ ¤ b Y Î a.s' (59)

Set c ó ��d ó ��d ó £�4 , for î í Ç . By (58), we get

c ó v 4 � ð
Î b 3 ó b e Î b 6 ó b ef 3 ó v 4 o 6 ó ¤

Î f 3 ó o 6 ó £�4w¤ �c ó f 3 ó v 4 o 6 ó ¤ '
Let

�
ó �dc ó f 3 ó o 6 ó £�4w¤ . Then,

�
ó v 4 ��ð Î b 3 ó b e Î b 6 ó b e Î

b�f 3 ó o 6 ó £�4w¤ b e�
ó

��ð Î b 6 ó b e Î b 3 ó b e �Q� b 6 ó £�4 b e���`U� e , 3 ó  6 ó £�4 /�
ó
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where

�;`U� e , 3 ó  6 ó £�4 /��rbif 3 ó o 6 ó £�4w¤ b e~��b 3 ó b e~b 6 ó £�4 b e~'
Note that � ½ ��`U� e ½ � . Let ñ¿ó � Î

�
ó Î b 6 ó £�4 b e .

ñ¿ó v 4 � Î ðï��b 3 ó b e ñ¿ó ��b 6 ó £�4 b e?�CÒ�� e , 3 ó  6 ó £�4 /
ñ¿ó ��b 6 ó £�4 b e

 (60)

where �CÒ�� e � � Î �;`X� e . With the initial conditions,
�
e f Î b 684 b e , hence ñ e ¤ � and for all î ,

ñ¿ó ¤ � . Note that , ñ¿ó / is a Markov chainand that for all î , ñ¿ó is independentof 3 ó and 6 ó £�4 .
By (59), we get

I�0N,-�c/��E^�`ja8,¿�Q���#/Æ� �
�
0 v 4
¹ © e
^�`�akb c�¹ë,-ðX/-bj� �

�
0
¹ © 4 ^�`�akbif

3 ¹ v 4 o 6 ¹ ¤ b

�E^�`ja8,¿�Q���#/Æ� �
�
0 v 4
¹ © e
^�`�aK,-b � ¹�b�/Æ�+ç�,¿��/

�E^�`ja8,¿�k/Æ� �
�
0 v 4
¹ © e
^�`�a ñ ¹ë,-ðX/Æ��b 6 ¹ £�4 b e� �+ç�,���/

(61)

We only needto studythe Markov chain , ñ¿ó  6 ó £�4 / . For convenience,we set i¾� Î ð andwe

allow iè��� . We alsoassumewithout lossof generalitythat the chainstartsat , ñ 4  6 Äâ/ .
Proposition 22 Assume(H2) and (H4). Take i í � . The Markov chain , ñ¿ó ,�i�/- 6 ó £�4 / has a

unique stationary probability, say, jnk and for 8 ��¦ 4 ,�jnk;/ , for every starting point , ñ 4  6 Ä]/è�t v )#m � , Y " ô ? P ö E % -a.s,
�
î
ó
¹ © Ä

8 , ñ ¹� 6 ¹ £�4 / Î�ÎXÎ ¯ó Ü
Ø 8 � jnk;'

Moreover, jnk is weaklycontinuousin iè��� .
Proof: We considerthe Markov chain , ñ-ó / on the compact	��²�g+� . By (60), for î í � and

ñ �
	��²�g+� , Y ô , ñ¿ó ��g�/ ��� . Consider(60), by (H2), for ñ 4 �
	��²;g�/ , the law of ñ e under � ô ? is

absolutelycontinuouswith respectto the Lebesguemeasureon 	 i�;gq� . Moreover, by (H4), the

law of ñ e under � ô ? and the Lebesguemeasureon 	 i²;gq� are mutually absolutelycontinuous.

Therefore,for ñ 4 �2	��²;g�/ and î í � , the law of ñ¿ó under � ô ? and the Lebesguemeasure

on 	 i�;gq� are mutually absolutelycontinuous.That fact allows us to prove like in Appendix

B that the Markov chain , ñ¿ó / is � -irreducible, positive Harris with invariant probability Bµk ,
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where � is the Lebesguemeasureon 	 i²;gq� . Since Y ô , ñ¿ó ��g�/å�u� , B�k doesnot charge y²g�{ .
We identify Bµk and the measureit induceson t v . We denoteby Î ö the law of 6 . Sincefor

î í � , ñ¿ó and 6 ó £�4 areindependent,the Markov chain , ñ¿ó  6 ó £�4 / is �K)ÏÎ ö -irreducible,positive

Harris with invariant probability jnk}� B�kG)¬Î ö . By [34, Theorem17.0.1], the Markov chain

, ñ¿ó ,-ðX/- 6 ó £�4 / hasa uniquestationaryprobability jnk andfor 8 �$¦ 4 ,�jnk;/ , for every startingpoint

, ñ 4  6 Äâ/��+t v )#m � , Y " ô ? P ö E % -a.s,

�
î
ó
¹ © Ä

8 , ñ ¹� 6 ¹ £�4 / Î�ÎXÎ ¯ó Ü
Ø 8 � jnk;'

Let us prove that B�k convergesweakly to BNÄ when i convergesto 0, which will finish the

proof. y·Bµk<Ki í �²{ are measureson the compact 	��²;gq� henceit is enoughto show that B|Ä
is the only limit point when i goesto 0. By (H2), for a point d and an interval � in 	��²�g+� ,
Y ô ? , ñ e ,�i�/Q�+�¡/ convergesto Y ô ? , ñ e ,¿��/Q�+�¡/ . It implies that a limit point must be an invariant

measurefor the chainwith i¾�l� . The only possibility is BNÄ .
By (60), Bµk is stochasticallydominatedby the law of b 3 ó b e �mi . Therefore,by (H1), ,_d~MäK/�¯

^�`�aK,Cdß�&äK/��$¦ 4 ,�j k / . (61) andProposition22 concludethe proof of Theorem21.

D. Productof randommatrices

We prove Lemma8 a) assumingonly (H1) and(H2). We usethe theoryof productof random

matricestheory. For a generalintroductionto the aspectsof the theorywe usehere,the reader

may consult[25], [26], [35]-[37].

Let us take b : b any norm on m e and Ð : Ð the associatedoperatornorm on matrices.For a given

ð ,
d ó v 4d ó

�
Ñ £ õ T e õ ÷ £ õ W e õ ÷T!Ò e2Ó ? WKe

Î The¿W�Ò eÔf ?T1Ò e1Ó ? WKe� �
d ód ó £�4

For O  O ø MV�MV ø �&m Î � , we definethe following invertible matrices

Õ ,-ðU O  O ø �V²MV ø /��
Ñ £ õ T õ ÷ £ õ W ° õ ÷T ° Ò W ° Î T�W ÒT ° Ò W °

� � '
Finally, we define

Õ ó ,-ðX/Ù�|¦U,-ðU O ó  O ó £�4 �V ó £�4 MV ó /��
Ñ £ õ T e õ ÷ £ õ W e õ ÷T Ò e1Ó ? W e

Î T~e�W�Ò eKf ?T Ò e2Ó ? W e� � 
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Ö
ó � Õ ó ';';' Õ 4 '

So that
d ó v 4d ó

� Ö ó
�
� '

Set ×2�s,Mm Î ��/ � which is a Borel set of a separableand completemetric space.Ø ó �, O ó v 4  O ó MV ó MV ó £�4 / is a Markov chainon × , with invariantmeasureÎ���SUTQ)kSXTQ)kSUW?)kSUW . With

(H1),

Z·Ù ^�`ja v Ð Õ ,-ðU O  O ø �V²MV ø /#Ð?�q^�`�a v Õ ,-ðU O  O ø MV�MV ø / £�4 flg!'
Notice that Õ ó ,-ðX/ is a continuousfunction of Ø ó , therefore ,¿,,Ø ó  Ö ó /-hÎò/ is a multiplicative

Markovian process.By [38, Example1 and Proposition2.5], �²��îÈ^�`�a¶Ð Ö ó ,-ðX/#Ð converges Y -

almostsurelyand in l 4 ,!\5/ , we set

P?,-ðX/ �s^�Ò�Úó Ü Ø
�
î ^�`�a¶Ð Ö ó ,-ðX/#ÐK' (62)

P?,-ð�/ is the first Lyapunov exponent.

The l 4 ,!\5/ convergencealreadygives an easy upper bound for P?,-ð�/ . By the property of

operatornorm,

P?,-ðX/ ½ Z·Ùò^�`�amÐ Õ 4 ,-ð�/#Ð8'
Moreover, we canrefine that boundinto a whole family of upperbounds,for �¾�sy ,

P?,-ðX/ ½ �� Z¼Ù ^�`�a¶Ð Õ 4 ,-ðX/-'�'�' Õ R ,-ðX/#ÐK' (63)

Note that this upperboundis gettingbetteras � increasesand tight as �¾¯pg .

Let us now prove that �
î ^�`jakb d ó v 4 ,-ð�/-b Î·Î�Î ¯ó Ü

Ø P?,-ðX/-'
Definition 23 Themultiplicativesystem,¿,,Ø ó  Ö ó /-hÎò/ is irreducibleif there is no measurable

non-randomfamily y ª ,,Ø /-ÚØ¼�$Âï{ of proper subspacesof m e such that

Ö
ó
ª ,,Ø Ä /�� ª ,,Ø ó /- Y -a.s¼�Xî$�syc'

Lemma 24 Assume(H2). Themultiplicativesystem,¿,,Ø ó  Ö ó /-hÎò/ is irreducible

The proof is an adaptationof the proof of [39, Proposition6.1.1].
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Proof: Theproof is by contradiction.Assumethatthereis ameasurablefamily y ª ,,Ø�/-AØ¼�
Âï{ of propersubspacesof m e suchthat

Õ ] ª ,,Ø e /�� ª ,,Ø ] /- Y -a.s.���î$�syc'
We parameterizethe propersubspacesof m e by

c
� for c in , Î g�;gq� . Thereis a measurable

family yhc�,,Ø /-ÚØ �rÂï{ such that Õ ] c�,,Ø e /� and
c�,,Ø ] /
� are Y -a.s. collinear. A direct

computationgives

c�, O �  O ] �V ] MV e /�� ð
Î b O ] b e Î b V ] b eO �� V ] Î O ] V��ec�, O ]  O e MV e MV 4 / O �� V ]

 Y -a.s.
that is

c�, O ]  O e MV e �V 4 /��
O ] V �eO �� V ] Ñ £ õ ThÛ õ ÷ £ õ WKÛ õ ÷T Ò B WAÛ Î c�, O �  O ] MV ] �V e /

 Y -a.s.'

Note that theRHS doesnot dependon O e and V 4 , hence,c�, O  O ø MV²�V ø / doesnot dependon O ø and

V ø . Setting
� , O �V�/ � O � V·c�, O MVj/ , we get

� , O � MV ] / �uð Î b O ] b e Î b V ] b e Î b O ] b e~b V e b e� , O ] MV e /  Y -a.s.' (64)

The RHS doesnot dependon O � , hence,
� , O �V�/ doesnot dependon O . From (64), we get� ,CV e /b V e b e

� Î b O ] b e� ,CV ] / Î ðï��b O ] b eÞ��b V ] b e  YU[ -a.s.'
TheRHSdoesnot dependon V e , hence,

� ,CVj/-��b V²b e doesnot dependon V , set
� ,CV�/ �u¦}b V²b e , where

¦ is a fixed constant.Then,

,-¦�����/�b V ] b eÈ��ð Î b O ] b e �Q� �¦  YU[ -a.s.'
If ¦rü� Î � , b V ] b e is a measurablefunction of O ] and since it is also independentof O ] , it is a

constant,which is in contradictionwith (H2). Hence ¦
� Î � , which givesa contradictionwith

ðNf�� .
By [38, Lemma2.6], irreducibility implies that

^�ÒMÚó Ü
Ø �î ^i`ja

d ó v ed ó v 4
�dP Y Î a.s'

The following lemmacompletesthe proof.
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Lemma 25 Assume(H1).

^�Ò�Úó Ü
Ø �î ^�`�a d ó v ed ó v 4

Î ^�`�acb d ó v 4 b ��� Y Î a.s'
Proof:

^�`ja d ó v ed ó v 4
Î ^�`�akb d ó v 4 b��z^�`�a

c ó v e�
í �²'

Let us prove that for v ¤ � , Y 4
ó ^�`�a

c ó�
í v is a summableseries,which by the Borel-

Cantelli Lemmawill prove the lemma.We have

Y �
î ^�`�a

c ó�
í v ½ Y �

î ^�`jac,-b c ó b����j/ í v
½ Y¡,¿b c ó b í ñ ó ¢ Î ��/½ Y b c ó b í ñ

e!É
÷

½ Y b V ó £�4 bb O ó b
�

� Î ñ-ó
í
ñ
e1É
÷

½ Y b V ó £�4 bb O ó b
í
ñ
e!ÉB �EY �

� Î ñ-ó
í
ñ
e1ÉB ' (65)

We analyzethe right side of (65). We use the fact that ^�`�akb O ó b and ^i`jakb V ó £�4 b have a second

momentby (H1) andthat it doesnot dependon î . By the Bienayḿe-Tchebicheff inequality, we

get

Y b V ó £�4 bb O ó b
í
ñ
e1ÉB ��Y ^�`jakb V ó £�4 b Î ^�`�akb O ó b

í î/v
ÿ

½ �TÜ-Z ,_^�`�akb V ó £�4 b Î ^�`�acb O ó b�/Ceî e v e 
(66)

implying that the first term in the right sideof (65) forms a summableseries.Moreover

^�`ja �
� Î ñ¿ó

½ ^�`ja Î ðï��b V ó £�4 b e ��b O ó £�4 b eb V ó £�4 b e


which has a secondmomentby (H1), hence,by a computationlike (66) and the Bienayḿe-

Tchebicheff inequality, Y 44�£ ô e í ñ
e!ÉB is a summableseries.TheBorel-CantelliLemmaapplied

to the right sideof (65) concludesthe proof.
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E. Determinantsof Jacobi Matrices

An interestingandusefulcharacterizationof an �°)�� Jacobimatrix is that its determinant

canbe expressedby the following recursive formula [40]

�����U� > ��	 � > � >5P > �����X� >5£�4 Î 	 � > � >QP >Q£�4 	 � > � >Q£�4�P > �����U� >5£ e o¼Bs�l�²;'�';';��  (67)

with
���;�X� 4 �l	 � > � 4MP 4
���;�X� e �l	 � > � 4MP 4 	 � > � e P e Î 	 � > � 4MP e 	 � > � e P 4 

(68)

where � > is the principle submatrixof �#0 , obtainedby deletingits last ,-� Î B&/ columns.

This characterizationalreadyusedby Narula [14], can be easily proved by straight forward

calculationof the determinantof ��0 , startingfrom its last row.

Examining(67), it is observed that the determinantof a squareJacobimatrix is dependenton

a weightedsumof its two largestprinciple matrices’determinantsonly. Furthermore,�����U� >Q£�4
and �����U� >Q£ e are independentof the entries 	 � > � >QP > , 	 � > � >5P >5£�4 , and 	 � > � > v 4�P > .

It is worth mentioningthat this approachcannot be extendedfor matriceswith a numberof

non-zerodiagonalhigher than 3. Hence,a similar formula, can not be obtainedeven for five-

diagonalmatricesand the resulting formula involves Ýk,-��/ determinantsof submatrices(not

necessarilyprinciple submatrices).
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